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PREFACE. 


The  design  of  the  following  work  will  be  understood 
^y  reference  to  the  following  extracts  from  a  Grace  of 
the  Senate,  passed  in  May,  1846,  which  will  regulate  the 
examination  of  Candidates  for  Mathematical  Honours  in 


By  the  same  Author,  and  to  be  published  shortly    by 

MESSRS  J.  &  J.  J.  DEIGHTON, 

A  Collection  of  Problems  and  Examples,  adapted  to  the  Elemen- 
tary Course  of  Mathematics. 


and  Examiners,  taking  into  account  the  Examination  of  all  the  eight 
days,  shall  arrange  all  the  Candidates  who  have  been  declared  to 
deserve  Mathematical  Honours  into  the  three  classes  of  Wranglers, 
Senior  Optimes  and  Junior  Optimes,  as  has  been  hitherto  usual ;  and 
that  these  classes  be  published  in  the  Senate  House  at  nine  o'clock 
on  the  Friday  morning  preceding  the  general  B.A.  Admission. 

3.     That  the  subjects  of  the  Examination  on  the  first  three  days 
shall  be  those  contained  in  the  following  Schedule : — 

Euclid.     Book  I  to  VI.     Book  XI,  Props,  i  to  xxi.     Book  XII, 
Props.  I,  II. 


ASTOR.    LEN:  -X  AND 
riLDZN    FJUr,'DATIO:,6 
R  ltt2Si  L        I 


.   * 


•fc   •     s 


•     » 


•         k    •       t    K 


•  •  *'     * 


»>  3 


^       J  »         «--.^^  • 


PREFACE. 


The  design  of  the  following  work  will  be  understood 
^y  reference  to  the  following  extracts  from  a  Grace  of 
the  Senate,  passed  in  May,  1846,  which  will  regulate  the 
examination  of  Candidates  for  Mathematical  Honours  in 
January,  1848,  and  succeeding  years. 

It  was  determined  by  the  Grace  referred  to, 

1.  That  Questions  and  Problems  being  proposed  to  the  Question- 
ists  on  eight  days,  instead  of  six  days  as  at  present,  the  first  three 
days  be  assigned  to  tbe  more  elementary,  and  the  last  five  to  the 
higher  parts  of  Mathematics:  that  after  the  first  three  days,  there 
shall  be  an  interval  of  eight  days;  and  that  on  the  seventh  of  these 
days  the  Moderators  and  Examiners  shall  declare,  what  persons  have 
so  acquitted  themselves  as  to  deserve  Mathematical  Honours. 

2.  That  those  who  are  declared  to  have  so  acquitted  themselves, 
and  no  others,  be  admitted  to  the  Examination  in  the  higher  parts 
of  Mathematics;  and  that  after  that  Examination,  the  Moderators 
and  Examiners,  taking  into  account  the  Examination  of  all  the  eight 
days,  shall  arrange  all  the  Candidates  who  have  been  declared  to 
deserve  Mathematical  Honours  into  the  three  classes  of  Wranglers, 
Senior  Optimes  and  Junior  Optimes,  as  has  been  hitherto  usual ;  and 
that  these  classes  be  published  in  the  Senate  House  at  nine  o'clock 
on  the  Friday  morning  preceding  the  general  B.A.  Admission. 

3.  That  the  subjects  of  the  Examination  on  the  first  three  days 
shall  be  those  contained  in  the  following  Schedule : — 

Euclid.  Book  I  to  VI.  Book  XI,  Props,  i  to  xxi.  Book  XII, 
Props.  I,  II. 
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Arithmetic  and  the  elementary  parts  of  Algebra;  namely,  the 
Rules  for  the  fundamental  Operations  upon  Algebraical  Symbols, 
with  their  proofs ;  the  solution  of  simple  and  quadratic  Equations ; 
Arithmetical  and  Geometrical  Progression,  Permutations  and  Com- 
binations, the  Binomial  Theorem,  and  the  principles  of  Logarithms. 

The  elementary  parts  of  Plane  Trigonometry,  so  far  as  to 
include  the  solution  of  triangles. 

The  elementary  parts  of  Conic  Sections,  treated  geometrically, 
together  with  the  values  of  the  Radius  of  Curvature,  and  of  the 
Chords  of  Curvature  passing  through  the  Focus  and  Centre. 

The  elementary  parts  of  Statics,  treated  without  the  Differential 
Calculus;  namely,  the  Composition  and  Resolution  of  Forces  acting 
in  one  plane  on  a  point,  the  Mechanical  Powers,  and  the  propertiec 
of  the  Centre  of  Gravity. 

The  elementary  parts  of  Dynamics,  treated  without  the  Diffe- 
rential Calculus ;  namely,  the  Doctrine  •  of  Unifonn  and  Uniformly 
Accelerated  Motion,  of  Falling  Bodies,  Projectiles,  Collision,  and 
Cycloidal  Oscillations. 

The  1st,  2nd,  and  3rd  Sections  of  Newton's  Principia;  the  Pro- 
positions to  be  proved  in  Newton's  manner. 

The  elementary  parts  of  Hydrostatics,  treated  without  the  Diffe- 
rential Calculus;  namely,  the  pressure  of  non-elastic  Fluids,  specific 
Gravities,  floating  Bodies,  the  pressure  of  the  Air,  and  the  con- 
struction and  use  of  the  more  simple  Instruments  and  Machines. 

The  elementary  parts  of  Optics,  treated  geometrically:  namely, 
the  laws  of  Reflection  and  Refraction  of  Rays  at  plane  and  spherical 
surfaces,  not  including  Aberrations;   the  Eye;   Telescopes. 

The  elementary  parts  of  Astronomy;  so  far  as  they  are  neces- 
sary for  the  explanation  of  the  more  simple  phenomena,  without 
calculation. 

4.  That  in  all  these  subjects.  Examples,  and  Questions  arising 
directly  out  of  the  Propositions,  shall  be  introduced  into  the  Exami- 
nation, in  addition  to  the  Propositions  themselves. 
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5,  (Thig  article  refers  merely  to  the  days  and  haunt  of  Eiramiiia- 
tio7i^  and  is  therefore  o^nitted.) 

6.  That  the  Moderators  and  Exainiiierfl  fthall  Ix^  autliorizHl  to 
declare  Candidates,  though  they  have  not  deservinl  Mathematical 
Honours,  to  have  deserved  to  pass  for  an  Ordinary  Degree,  so  far 
as  the  Mathematical  part  of  the  Examination  for  such  degree  is  con- 
cerned ;  and  such  persons  shall  accordingly  he  excuscnl  the  Mathe- 
matical part  of  the  Examination  for  an  Ordinary  T)egree,  and  shall 
only  he  required  to  pass  in  the  other  suhjects,  namely,  in  the  parts 
of  the  Examination  assigned  in  the  Schedule  to  the  last  two  days: 
but  such  excuse  shall  be  available  to  such  persons  only  for  the  Ex- 
amination then  in  progress. 

When  the  preceding  regulations  had  passed  into  law, 
it  struck  me  very  forcibly  that,  in  order  to  carry  out  the 
expressed  wishes  of  the  University,  it  would  be  desirable, 
if  not  necessary,  that  a  short  course  of  mathematics  should 
be  compiled,  of  which  the  Schedule  agreed  upon  by  the 
Senate  should -be,  as  it  were,  the  table  of  contents.  It 
appeared  to  me  that,  with  regard  to  several  of  the  sub- 
jegin^pirfS  were  no  books  in  use,  which  would  put  before 
me  student  Ahe  portions  to  which  it  would  be  necessary 
for  him  to  devote  his  attention,  without  an  accumulaticm 
of  other  matter  which  would  be  likely  to  confuse  and  per- 
plex. I  mentioned  the  necessity  of  such  a  book  several 
times  in  the  course  of  conversation,  and  found  that  others 
agreed  as  to  the  want,  but  I  did  not  hear  of  any  one  who 
seemed  disposed  to  undertake  the  labour  requisite  for  its 
supply.  Under  these  circumstances  I  determined  to  at- 
tempt the  task  myself,  trusting  that  the  intention  would 
be  appreciated,  however  much  the  execution  of  the  design 
might  fall  short  of  my  own  hopes,  or  the  requirements  of 
the  case. 

For  indeed  it  is  a  task  of  no  ordinary  degree  of  diffi- 
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culty,  to  write  an  elementary  work  upon  an  abstruse  sub- 
ject ;  points,  which  appear  to  the  writer  plain  and  intelli- 
gible without  explanation,  sometimes  assume  a  very  dif- 
ferent aspect  to  the  beginner,  and  difficulties  of  which  the 
author  is  scarcely  aware,  may  be  of  huge  dimensions  to  a 
mind  not  already  familiarized  with  the  mode  of  thinking 
which  belongs  to  each  particular  subject.  Hence  it  has 
come  to  pass  that  so  few  elementary  works  have  long  re- 
tained their  ground ;  and  hence  also,  an  author  may  con- 
clude the  expediency  of  endeavouring,  so  far  as  he  may, 
to  follow  in  the  steps  of  those  few  who  have  shewn  an 
aptitude  for  this  kind  of  writing.  Time  has,  I  think, 
proved  that,  of  all  works  which  Cambridge  has  produced, 
that  which  the  most  nearly  fulfils  the  conditions  of  a  per- 
fect elementary  treatise,  is  Wood's  Algebra,  a  work  which 
it  is  impossible  too  much  to  admire  for  its  simplicity  and 
admirable  perspicuity.  In  writing  on  Algebra,  therefore, 
I  have  endeavoured,  as  far  as  possible,  to  take  Dr  Wood's 
treatise  as  a  model :  and,  indeed,  in  all  other  parts  of  my 
work,  where  the  nature  of  the  case  allowed,  I  have  endea- 
voured, though  I  fear  not  always  successfully,  to  keep  the 
same  example  in  view. 

I  may  remark  also,  in  general,  that  it  appeared  to  me 
that  the  worst  fault  into  which  I  could  fall,  in  such  a  work 
as  the  present,  would  be  an  affectation  of  originality.  Ori- 
ginality belongs  to  the  progression  of  science,  but  not  to 
the  exposition  of  those  portions  which  may  be  regarded  as 
permanent.  I  have,  therefore,  endeavoured  to  deviate  as 
little  as  possible  from  the  methods  pursued  in  those  books 
which  appeared  to  me,  on  the  whole,  to  be  the  best  and 
the  most  generally  acknowledged. 

In  each  treatise  I  have  included  all  propositions 
which,  according  to  my  judgment,  can  fairly  be  included 
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in  the  intention  of  the  Grace  of  the  Senate,  omitting 
however  some  which  are  usually  given,  but  which  are  only 
applications  of,  or  deductions  from,  the  fundamental  pro- 
positions. To  take  an  example,  in  the  treatise  on  Statics 
I  have  not  given  the  investigations  for  pullies,  when  their 
own  weight  is  taken  into  account,  nor  when  the  strings  of 
the  pullies  are  not  parallel,  because  these  are  only  deduc- 
tions from  the  simplest  case ;  and  it  would  seem  to  be  un- 
advisable  to  load  a  treatise,  intended  to  be  of  the  simplest 
description,  with  deductions  and  applications  which  may 
be  indefinitely  multiplied.  Nevertheless  my  judgment  may 
have  led  me  into  error ;  and,  indeed,  the  only  authorised 
conmient  on  the  meaning  of  the  Grace,  will  be  the  Exami- 
nation Papers  of  1848  and  the  few  succeeding  years :  the 
character  of  those  papers  may  perhaps  render  it  neces- 
sary to  modify  some  portions  of  my  work  in  a  succeeding 
edition,  should  that  be  called  for. 

I  will,  however,  be  bold  to  give  my  opinion,  that  the 
success  of  the  new  scheme  of  examination  depends,  to  a 
considerable  extent,  upon  the  Grace  of  the  Senate  being 
interpreted  in  the  narrowest  manner  possible.  The  great 
number  of  the  subjects  of  which  a  knowledge  is  required, 
renders  it  impossible  for  students  of  no  great  ability,  or 
whose  attention  is  principally  devoted  to  other  academical 
pursuits,  to  obtain  a  very  extended  knowledge  of  each ;  a 
very  real  and  useful  knowledge  may  doubtless  be  acquired, 
but  it  can  scarcely  be  expected  to  be  adequate  to  the  task 
of  answering  questions  proposed,  unless  those  questions  be 
almost  ccMifined  to  tiiat  small  number  of  propositions  which 
may  be  considered  to  be  classical  in  each  subject. 

A  few  remarks  may  be  made  respecting  certain  of  the 
following  treatises,  and  the  plan  upon  which  they  have 
been  written. 
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The  treatise  on  Algebra  has,  as  I  have  before  obsei'\'ed, 
been  formed  as  much  as  possible,  on  the  model  of  that  by 
the  late  Dr  Wood.  I  have  given  Euler's  proof  of  the 
Binomial  Theorem  for  fractional  and  negative  indices,  as 
being  at  once  the  most  elegant  and  the  most  useful  as  a 
mental  exercise. 

In  the  treatise  on  the  Conic  Sections,  1  have  prin- 
cipally followed  the  demonstrations  given  by  Mr  Hustler, 
partly  because  they  appeared  to  me  as  elegant  as  could  be 
desired,  and  partly  because  that  work  having  been  long 
published,  and  being  usually  counted  the  text  book  in  this 
subject,  I  thought  it  well  to  deviate  as  little  as  possible 
from  the  beaten  track.  I  have,  however,  abbreviated  to 
some  extent  by  omission,  making  it  in  general  a  neces- 
sary condition  of  the  admission  of  any  proposition  that  it 
should  be  necessary  to  the  understanding  of  the  first  three 
sections  of  Newton's  Principia ;  by  this  and  other  means, 
I  have  endeavoured  to  render  as  little  formidable  as  might 
be  a  subject  confessedly  difficult  and  unpalatable. 

In  the  subject  of  Mechanics,  it  is  more  difficult  than  in 
either  of  the  preceding  to  determine  precisely  the  limits 
to  which  questions  may,  according  to  the  Grace  of  the 
Senate,  extend.  On  principles  to  which  I  have  before 
referred,  I  have  made  the  treatises  on  both  Statics  and 
Dynamics  as  brief  as  possible. 

In  giving  an  English  version  of  the  first  three  sections 
of  the  Principia,  I  have  endeavoured  to  adhere,  as  nearly 
as  circumstances  would  allow,  to  the  original,  only  giving 
the  demonstrations  a  form  more  convenient  for  the  purposes 
of  the  student ;  and  any  interpolations  of  my  own  have 
been  enclosed  in  brackets.  In  one  instance  (Lemma  VI.) 
I  have,  after  the  example  of  a  version  much  used  in 
the  University,  substituted  a  different  mode  of  demon- 
stration for  the  very  short  method  given  by  Newton ;  but 
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the  mode  of  demonHtration  adopted  may  be  now,  I  think, 
considered  elassieal,  as  having  been  given  in  the  notes  to 
the  Jesuits'  edition  of  the  PHncipia,  One  proposition  of 
the  second  section,  which  it  has  been  usual  in  Cambridge 
to  omit,  I  have  also  omitted. 

The  theory  of  Cycloidal  Oscillations  has  been  made  an 
appendix  to  Newton's  second  section,  because  the  time  of 
oscillation  can  be  deduced  very  simply  from  Prop.  X.,  and 
this  method  at  once  avoids  a  complicated  investigation, 
and  also  appears  to  exhibit  clearly  the  nature  of  the  dyna- 
mical action  of  gravity. 

In  writing  on  Optics,  I  have  not  construed  the  terms 
of  the  Grace,  "  treated  geometrically,"  as  intended  to  ex- 
clude all  reference  to  the  representation  of  lines  by  sym- 
bols with  appropriate  signs  indicative  of  their  direction ; 
because,  this  being  a  method  with  which  the  student  will 
have  become  familiar  long  before  he  reaches  the  science 
of  Optics,  and  which  in  that  science  is  as  convenient  as 
in  any,  it  seemed  to  me  quite  certain  that  it  could  not  be 
the  design  of  the  Grace  to  forbid  the  use  of  a  conven- 
tion so  simple  and  useful.  I  have  not,  however,  trusted 
to  algebraical  generalizations  of  formulae  proved  in  parti- 
cular cases,  but  have  either  proved  them  for  each  case 
or  pointed  out  how  they  may  be  proved,  and  have 
then  explained  how,  by  the  convention  respecting  the 
meaning  of  the  minus  sign,  all  cases  may  be  compre- 
hended in  one  formula.  I  have,  in  fact,  rather  consi- 
dered the  term  geometrical  as  exclusive  of  any  new  mode 
of  investigation,  such  as  that  of  co-ordinates,  than  as  in- 
tended to  expel  from  Optics  conventions  which  are  recog- 
nised in  every  treatise  on  Trigonometry,  and  which  even 
Dr  Wood  has  not  wholly  excluded.  Dr  Wood's  treatise 
on  Optics  was  carefully  examined  with  reference  to  this 
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part  of  my  work,  but  the  great  improvements  in  the  mode 
of  treating  the  subject,  which  have  been  made  since  the 
publication  of  that  book,  and  of  which  I  deemed  it  wrong 
to  deprive  the  student,  rendered  it  of  comparatively  little 
service. 

The  most  difficult  subject  to  treat  in  a  clear  and 
elementary  manner  is,  I  think,  the  last.  Astronomy;  yet 
is  there  none  upon  which  a  treatise  adapted  to  the  new 
scheme  of  examination  was  more  required.  For  hitherto 
Astronoihy  has  only  been  studied  for  the  purposes  of  the 
Senate-house  examinations  by  a  few,  and  those  the  more  ad- 
vanced of  the  candidates  for  Honours ;  and  consequently  no 
book  has  been  called  forth  containing  those  elementary  por- 
tions of  the  subject,  which  will  henceforth  be  required,  in  a 
form  adapted  to  the  needs  of  the  majority  of  students. 
With  regard  to  the  manner  in  which  I  have  treated  the 
subject,  I  may  remark,  that  I  have  not  construed  the 
words  of  the  Grace,  "without  calculations,"  so  as  to  ex- 
clude the  introduction  of  mathematical  symbols  when  by 
that  means  distinctness  of  explanation  could  be  most  easily 
attained;  and  also  I  may  say  that  to  no  subject  more 
than  this  does  the  remark  apply  which  I  have  already 
made,  namely,  that  it  is  difficult  to  determine  what  is 
and  what  is  not  intended  to  be  included  in  the  schedule 
of  subjects,  and  that  the  difficulty  will  only  disappear 
under  the  light  of  the  examination  papers  of  1848  and 
a  few  succeeding  years. 

In  conclusion,  I  will  only  add  that  the  following  pages 
have  been  written  under  a  pressure  of  other  engagements, 
and  at  a  consequent  degree  of  personal  inconvenience, 
which  would  only  have  been  submitted  to  under  the  con- 
viction of  the  necessity  of  such  a  work  in  the  present 
state  of  the  University.     I  am  well  aware  of  the  imper- 
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fection  which  must  necessarily  attach  to  the  iMjrformance 
of  my  task,  but  which  yet,  I  trust,  will  not  be  such  as  to 
affect  to  a  material  extent  the  utility  of  my  book  to  those 
for  whom  it  has  been  principally  written. 

H.   GOODWIN. 

Dec.  1846. 


P.S. — I  hope  shortly  to  publish  a  set  of  Problems  and 
Examples  suitable  to  the  plan  of  the  present  course. 
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ALGEBRA. 


1.  Algebra  in  its  most  comprehensive  sense  may  be 
defined  as  being  the  science  of  reasoning  by  means  of  general 
written  symbols. 

In  its  simplest  form  we  may  consider  algebra  as  a  more 
general  species  of  arithmetic,  in  which  the  reasoning  and  the 
operations  refer  to  certain  general  representatives  of  numbers, 
instead  of  being  applied  to  the  symbols  of  specific  numbers, 
viz.  the  digits  1,  2,  3... which  are  the  subject  of  arithmetical 
reasoning.  The  science  of  algebra  is  of  a  far  more  general  and 
comprehensive  character  than  this;  but  even  restricting  our 
views  to  such  a  science  as  would  be  formed  by  a  substitution 
of  symbols  of  numbers  in  general  for  the  nine  digits,  we  may 
see  at  once  the  greatness  of  the  advance  which  we  have  made 
beyond  the  limits  of  mere  arithmetic,  because  any  rule  which 
has  been  established  by  means  of  algebraical  symbols  will  be 
universally  true,  since  the  symbols  may  represent  any  numbers 
whatever ;  whereas  it  is  difficult  to  establish  a  rule  by  means 
of  operations  which  deal  with  particular  numbers  only.  This 
remark  will  be  understood  better  as  the  student  proceeds. 

In  the  following  treatise  it  will  be  assumed  that  the  student 
has  already  made  himself  acquainted  with  arithmetic;  but  some 
of  the  rules  and  operations  of  that  science  will  be  proved  and 
explained  as  applications  of  algebra.  Indeed,  the  theory  of 
some  of  the  arithmetical  processes  will  seldom  be  seen  distinctly, 
until  the  mind  has  been  informed  by  the  more  general  science. 

2.  The  symbols  used  to  denote  numbers  or  quantities 
are  usually  the  letters  of  the  alphabet ;  and  it  is  the  common 
practice  to  express  known  or  determined  quantities  by  the 
early  letters,  as  o,  6,  c...,  and  unknown  by  the  latter,  as  a?,  y,  «\ 
but  this  rule  is  purely  conventional,  and  need  not  be  strictly 
followed. 
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It  will  be  convenient  here  to  enumerate  and  explain  the 
various  signs  which  are  used  in  algebra. 

3.  +  PluSf  signifies  that  the  quantity  to  which  it  is  pre- 
fixed must  be  added.  Thus  2  +  3  is  the  same  thing  as  5 ; 
using  letters,  a  +  b  represents  the  sum  of  a  and  6,  whatever 
are  the  values  of  a  and  6,  or  a  and  b  added  together. 

4.  -  MinuSy  signifies  that  the  quantity  to  which  it  is 
prefixed  must  be  subtracted.  Thus  3  -  2  is  the  same  thing 
as  1  ;  and  a  —  b  represents  a  with  b  taken  from  it. 

5.  Since  the  signs  +  and  -  prefixed  to  a  quantity  b  in- 
dicate addition  and  subtraction,  they  would  seem  to  imply 
some  antecedent  quantity  to  which  6  is  to  be  added  or  from 
which  it  is  to  be  subtracted ;  they  are  used  however  without 
this  restriction,  and  for  the  present  it  will  be  sufficient  for  the 
student  to  consider  +  ^  as  a  quantity  which  is  to  be  added, 
and  -  6  as  a  quantity  which  U  to  be  subtracted.  One  of  the 
signs  +  and  —  is  supposed  to  be  prefixed  to  every  algebraical 
quantity :  +  a  is  termed  a  positive  quantity,  —  a  a  negative 
quantity.  When  +  a  is  not  preceded  by  another  quantity,  it  is 
usual  for  shortness^  sake  to  omit  the  +»  and  to  write  simply  a. 

A  simple  illustration  of  the  meaning  of  a  negative  quantity 
may  here  be  of  service.  A  debt  may  be  regarded  as  a  negative 
quantity,  inasmuch  as  it  is  a  quantity  to  be  subtracted  in  case 
of  there  being  any  property,  which  is  positive,  from  which  to 
subtract  it. 

6.  X  Into,  signifies  that  the  quantities  between  which  it 
stands  are  to  be  multiplied  together :  thus  2  x  3  is  equivalent 
to  6. 

This  sign  is  frequently  omitted,  or  its  place  supplied  by 
a  point :  thus  a  xby  ab,  a.b,  are  equivalent. 

7*  When  the  same  quantity  is  multiplied  into  itself 
several  times,  the  product  is  represented  in  an  abbreviated 
form,  by  placing  above  the  quantity  a  figure  indicating  the 
number  of  times  that  it  is  repeated  :  thus  a  >c  a  is  written  a% 
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aadaxexoyo':  a*  is  called  the  second  paweVf  or  the  square 
of  a;  a*  the  third  power j  or  the  cube;  a*  the  fourth  power, 
and  10  on :  a'  is  the  same  thing  as  a. 

The  figure  which  indicates  the  p&wer  of  a  quantity  is 
ailed  its  indew  or  edtponeni.  The  meaning  of  the  terms 
fower,  indea,  ewponentj  will  be  hereafter  much  extended.  (See 
Art.  25.) 

8.  -7-  Divided  by^  signifies  that  the  former  of  two  quan- 
titiei  between  which  it  is  placed  is  to  be  divided  by  the  latter. 
Thus  6-r2  is  equivalent  to  S. 

Division  is  however  more  generally  represented  by  writing 
tbetwo  quantities  as  a  vulgar  fraction:  thus  a -^6  is  written 

a 

7)  and  is  commonly  read  for  shortness^  sake  thus,  aby  b. 

For  another  mode  of  representing  division,  see  Art.  25. 

9.  The  difference  of  two  quantities  is  sometimes  repre- 
sented by  the  sign  '^ :  thus  a  '-'b  means  a  •*  6  or  6  -  a  accord- 
ing as  a  is  greater  or  less  than  6. 

10.  When  several  quantities  are  inclosed  in  a  brackety 
thus  (a  +  6  —  c),  it  is  intended  that  any  sign  prefixed  or  affixed 
to  the  bracket  should  apply  to  all  the  quantities  included  by 
it :  thus  a  —  (6  4-  c)  means  that  6  and  c  are  both  to  be  sub- 
tracted from  a,  (a  +  6)*  means  that  the  sum  of  a  +  6  is  to  be 
multiplied  by  itself,  (2  + 1)  (3  +2)  is  equivalent  to  3  x  5  or  15. 

A  vinculum  or  line  drawn  over  several  quantities,  thus 
a  4-  6  +  c,  is  in  all  respects  equivalent  to  a  bracket. 

11.  »  Equahj  signifies  that  the  quantities  between 
wUcfa  it  is  placed  are  equal  to  each  other  :  thus  the  sym- 
bolical sentence  2  +  3  «  5  expresses  the  fact  that  2  and  3  added 
together  make  5. 

12.  An  algebraical  sentence  expressing  equality  between 
two  expressions,  such  as  .r  +  1  =  2,  or  ^  +  ^  +  1  —  0,  is  called 
an  tfjftia^ton* 

4 

13.  .-.  is  an  abbreviation  for  the  word  therefore. 
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14.  The  square  root  of  a  quantity  is  represented  by 
writing  over  the  quantity  the  sign  \/or  more  briefly  y/\ 
which  is  in  fact  a  corruption  of  the  letter  r  standing  for  radia 
or  root^  and  is  termed  a  radical :  thus  v  ^  or  V^  means  the 
square  root  of  o.  Similarly  the  cube  root  is  denoted  by  v^ 
the  fourth  root  by  y/ay  and  so  on. 

A  more  convenient  mode  of  denoting  these  quantities  will 
be  found  hereafter.     (See  Art.  25.) 

A  quantity  under  a  radical  sign,  the  root  of  which  cannot 
be  extracted,  is  called  an  irrational  quantity  or  a  surd :  thus 

x/s  is  a  surd  quantity.     Quantities  which  involve  no  surds 
are  called  rational. 

15.  The  number  or  quantity  by  which  any  other  quantity 
is  multiplied,  is  frequently  called  its  coefficient:  thus  in  the 
quantities  aw^  ly^  a  and  7  may  be  called  the  coefficients  of  as 
and  y  respectively.  When  no  coefficient  is  prefixed  to  a  letter, 
1  is  always  understood. 

16.  Any  combination  of  symbols  is  called  an  algebraical 
eixpression^  and  sometimes  an  algebraical /ormt^Za. 

An  expression  is  said  to  be  of  n  dimensions  with  respect 
to  any  letter,  when  the  highest  power  of  that  letter  in  the  ex- 
pression is  n:  thus  a^  +  2a'+l  is  of  three  dimensions  with 
respect  to  a. 

When  an  expression  is  composed  of  two  quantities  con- 
nected by  the  sign  +  or  — ,  it  is  called  a  binomial  expression; 
when  of  three^  a  trinomial;  when  of  several,  a  polynomial: 
a  +  6  is  a  binomial^  a+&  +  c  +  cZa  polynomial. 

When  an  expression  is  composed  of  quantities  connected 
by  the  sign  x,  (either  expressed  or  understood,)  the  several 
quantities  are  called  factors  of  the  expression :  thus  a,  6,  c, 
are  factors  of  abc. 

VJ.  Similar  or  like  algebraical  quantities  are  such  as 
differ  only  in  the  value  of  their  numerical  coefficient :  thus  2  a 
and  &a  are  like  quantities. 
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ItL  One  quantity  is  said  to  be  a  multiple  of  another 
when  the  one  can  be  divided  by  the  other  without  remainder, 
or  when  the  one  contains  the  other  as  a  factor:  thus  4a  is 
a  multiple  of  a,  and  ax  o{  at* 

19.     One  quantity  is  said  to  be  a  measure  of  another, 
when  the  former  will  divide  the  latter  without  remainder. 


20.  The  student  will  find  it  advantageous,  before  pro- 
ceeding further,  to  fix  in  his  mind  the  knowledge  acquired 
from  the  preceding  articles,  by  practising  upon  some  simple 
examples.  And  it  may  be  worth  while  in  this  place  to  re- 
mark, that  the  science  of  algebra,  as  well  as  others  which  will 
be  treated  of  hereafter,  are  most  easily  to  be  acquired  by 
the  practice  of  them ;  and  indeed  it  may  be  said  to  be  almost 
impossible  to  acquire  and  retain  a  perfect  familiarity  with  alge- 
braical theorems,  except  through  the  medium  of  a  considerable 
amount  of  industry  expended  on  the  working  out  of  examples. 
Wherefore,  once  for  all,  the  student  is  earnestly  requested  after 
reading  any  new  rule  or  theorem  to  turn  to  the  examples 
illustrative  of  it,  and  work  as  many  as  possible  before  pro- 
ceeding further. 

ADDITION. 

21.  Rule.  The  addition  of  algebraical  quantities  is 
performed  by  conriecting  those  that  are  unlike  with  their 
proper  signs^  and  collecting  those  that  are  like  into  one  sum* 

The  addition  of  algebraical  quantities  would  in  fact  be 
performed  by  writing  them  one  after  another,  and  connecting 
them  by  the  sign  +  ;  but  the  preceding  rule  indicates  the  mode 
of  reducing  the  sum  so  written  down  to  its  simplest  form. 

When  like  quantities  occur  with  different  signs,  their 
algebraical  sum  is  found  by  taking  the  smaller  coefficient  from 
the  greater  and  prefixing  the  sign  of  the  greater:  thus  4a  -3a 
would  be  written  a,  and  -  4a  +  3a  would  be  written  -  a. 

It  will  be  seen  that  addition  thus  considered  is  a  very 
different  operation,  in  some  respects,  from  arithmetical  addition, 
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since  in  arithmetic  to  add  is  always  to  increase^  but  in  algebra 
to  add  is  only  to  connect  a  series  of  quantities  with  their 
proper  signs ;  and  a  quantity  may  therefore  be  decreased  by 
having  another,  which  is  negative,  added  to  it. 

The  order  in  which  the  result  of  the  addition  of  several 
quantities  is  written  down  is  immaterial,  but  it  is  usual  OBteri* 
paribus  to  follow  the  order  of  the  alphabet :  thus  we  sbould 
write  a  4-  6  +  c,  not  a  -{-  c  -i-b. 

The  following  are  examples  of  addition,  which  the  student ' 
may  verify: 

2a  +    6  2a  -    6 

a  +  3b  a  +  3b 


Sum    8a  +  46 

-  2a  +    b 
a  +  36 


-    a  +  46 


a*  +  2a6  +  3V 
2a*-  aft +  46" 
Sa*  +  Sa6-.26" 

2a"  +  4a6  +  56" 


Sa  +  26 

2a-    6 

a  -S6 

8a -46 

-a+    6  + 

c+     d 

a  -    6  + 

c+     d 

a+    6  - 

c+     d 

a+    6  + 

c-     d 

2a  +  26  +2c  +  2c( 

a*  +  6c  +  cd 
6*  +6d  +  c* 
a*  +  y  +  c* 

2a*  +  26^  +  2c*  +  6c  +  6d  +  cd 


a<v  +  6y  +  Cjv 

fto?  -  cy  —  a» 

-  Cii7  +  ay  —  6» 


(a  +  6  -  c)w  +  (6  -  c  +  a)y  +  (c  -  a  -  6)« 
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SUBTRACTION. 


39.  Rule.  One  algebraical  gtumiUy  may  be  iubtracted 
firom  another  by  changing  He  sign  and  adding  ii  to  the  other. 

The  reascm  of  this  rule  is  apparent ;  for  to  subtract  +  a 
is  by  definition  the  same  thing  as  to  add  -  a ;  and  to  sub- 
tract a  quantity  which  itself  ought  to  be  subtracted  is  nothing 
else  than  to  add  that  quantity.  Using  an  illustration  already 
adopted,  we  may  say  that  to  subtract  a  debt  is  the  same  thing 
as  to  add  to  property. 

Hence  also  we  see  that  —  prefixed  to  a  bracket  changes  the 
sign  of  all  the  quantities  in  that  bracket,  so  that  --{a-^-b  --c) 
is  equivalent  to  -  a  —  6  +  e. 


2a  +    6 
a  +  36 

EXA 

b)ar' 
c)a!' 

c)ai' 

MPLES. 

2a  -    6               a  +  6-2c 
-a  +  36              a-6+c 

rence     a  —  26 

Sa-^b              26      ^Sc 

2a«+3a6-    6* 
o*  -  4a6  +  SV 

a  +  6  -  (c  +  d) 
a  -  (6  -  c)  +  d 

a«  +  7a6  -  46» 

26  -2c -2d 

(a- 

-(c-d)j^ 
+  (a  +  d)y» 

-  (a  +  c)y» 

MULTIPLICATION. 


23.  Unlike  quantities  cannot  be  multiplied  together  any 
further  than  by  connecting  them  by  the  sign  x  or  writing 
them  together  without  sign.      Thus  a  multiplied  by  6  gives 
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ah  or  ha,  for  it  is  indifferent  whether  we  consider  a  to  be 
multiplied  by  6  or  6  by  a. 

But  like  quantities  are  multiplied  together  by  adding  their 
indices.  Thus  a^  y,  a^  ^  a%  for  o^  signifies  aaa  and  a^  sig- 
nifies aaaa^  therefore  d^  x  a^  ^  aaa  x  aaaa  «  aaaaaaa  «>  a^ 
by  definition,  for  a''  means  nothing  else  but  a  multiplied  into 
itself  seven  times. 

The  sign  of  the  product  of  two  quantities  is  determined  by 
this  rule;  viz.  the  product  of  two  quantities  affected  by  the 
same  sign  is  positive^  of  two  affected  by  different  signs  nega- 
tive. 

Thus   +fifx  +/>  =  +a6; 

—  ax  +6=  —  a6; 

-l-ax  —  h  =  —  ab ; 

* 

—  ax-6=  +  «6. 
This  rule  may  be  thus  explained : 

(1)  +  a  X  +  6  signifies  that  a  is  to  be  added  b  times, 
which  is  the  same  as  adding  1  ab  times,  therefore  the  result 
is   +  ah. 

(2)  H-  a  X  -  6  signifies  that  b  is  to  be  subtracted  a  times, 
which  is  the  same  thing  as  subtracting  1  ab  times,  therefore 
the  result  is  —  ab. 

(3)  -  a  X  +  6  signifies  that  a  is  to  be  subtracted  h  times, 
therefore,  as  in  the  last  case,  the  result  is  —  ab. 

(4)  —  a  X  —  b  may  be  interpreted  to  mean  that  —  a  is 
to  be  subtracted  b  times,  or  that  -  ab  is  to  be  subtracted, 
or  that  ab  is  to  be  added,  therefore  the  result  is  +  a6. 

Numbers  are  multiplied  together  as  in  common  arith- 
metic :   thus  2a  X  3^  is  not  written  2  x  Sab  but  Gab. 

What  has  been  said  hitherto  applies  chiefly  to  the  multi- 
plication of  simple  algebraical  quantities,  or  expressions  of  one 
term  only.  When  two  polynomials  are  multiplied  together, 
each  term  in  the  multiplicand  must  be  multiplied  by  each  term 
in  the  multiplier,  and  the  sum  of  all  such  products  (arranged 
as  is  most  convenient)  will  be  the  complete  product  required.  . 


MULTIPUOATION. 


It  is  usual  in  algebraical  multiplication  to  commence  with 
the  term  on  the  left  hand  of  an  expression,  instead  of  com- 
mencing on  the  right  as  in  arithmetic. 

When  the  same  letter  occurs  in  an  expression  with  dif- 
ferent indices  it  is  usual,  and  in  most  cases  of  the  application 
of  algebra  necessary,  to  arrange  the  expressions  according  to 
the  powers  of  that  letter :  thus  the  expression  1— 307  +  3. r*  —  /r* 
ought  not  to  be  written  I  +  3ar^  —  Sw  —  a^^  but  it  may  with 
propriety  be  written  as  we  have  given  it,  in  which  case  it  is 
said  to  be  arranged  according  to  ascending  powers  of  w ; 
or  it  may  be  written  thus  —  a?^  +  Sa^  -  3a?  +  1,  in  which  case 
it  is  said  to  be  arranged  according  to  descending  powers  of  x. 
The  student  cannot  be  too  careful  in  attending  to  the  proper 
arrangement  of  expressions. 


EXAMPLES. 

a  +  6 
c  +  d 

a   +  6 

ac  +  be 

ad  +  bd 

d^  +  ab 
-ab-b^ 

ac  '\-  be  +  ad  +  bd 

««            -  6* 

• 
a   +     6a?  +     coEf^ 

a  -     bjp  +     ca^ 

a*  +  abtV  +  aca^ 

-  abx  --    6V  -  bca^ 

acx^  +  bcc^  +  c^x^ 

a"  +  (2ac-6^)a?2  +  c^o?' 

In  this  example  the  product  has  been  arranged  according  to 
ascending  powers  of  x,  because  the  multiplicand  and  multiplier 
were  so  arranged  ;  and  on  this  account  the  two  terms  in- 
volving a?*,  viz.  2 oca?"  and   -  fe^o?*,  have  been  collected  into 
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oDe  term,  and  the  combined  quantity  2ae  -  V  is  coniidered 
as  the  coefficient  of  j^. 

^+  2^r   -    1 
J?"  -  2^r  +    1 


«*  + 

2a^  ^ 

^ 

— 

207*- 

4^  +  2af 

«»*  +  2/r- 

1 

a^ 

- 

•  4^  +  4a?  - 

1 

DIVISION. 

24.  Division  being  the  inverse  of  multiplication,  its 
rules  may  be  deduced  from  those  of  multiplication. 

Unlike  quantities  can  be  divided  one  by  another  only 
by  writing  one  under  the  other  in  the  form  of  a  vulgar 
fraction. 

But  like  quantities  can  be  divided  one  by  another  by  sub- 
tracting the  index  of  the  divisor  from  that  of  the  dividend. 
Thus  a^-Ha  s  a%  because  as  we  have  seen  a>^a*^a\ 

The  rule  of  signs  is  this;  the  division  of  quantities  of 
like  signs  gives  a  positive  quantity,  and  of  unlike  signs  a 
negative. 

Sometimes  the  division  of  unlike  quantities  can  be  par- 
tially  effected :    thus  — —r-  «=  — — ,  where  the  dividend    can 

aba         a 

be  divided  by  the  factors  a  and  b  of  abd,  but  not  by  the 
factor  d. 

When  a  polynomial  is  to  be  divided  by  a  simple  quantity 
each  term  of  the  polynomial  must  be  divided  by  it,  and  the 
sum  of  the  terms  so  found  affected  with  their  proper  signs 
will  be  the  quotient. 

The  process  of  dividing  one  polynomial  by  another  is 
one  of  greater  difficulty,  but  is  rendered  sufficiently  simple 
by  its  analogy  to  long  division  in  common  arithmetic.    The 
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first  step  is  to  arrange  the  dhdaor  and  dividend  aoocMrding 
to  either  ascending  or  descending  powers  of  some  letter  com* 
mon  to  the  two;  the  division  of  the  first  term  of  the 
dividend  by  the  first  term  of  the  divisor  gives  the  first 
term  of  the  quotient;  multiply  the  divisor  by  this  term, 
and  subtract  the  product  from  the  dividend;  bring  down 
as  many  more  of  the  terms  of  the  dividend  as  may  be  re- 
quired, and  repeat  the  process  until  all  the  terms  have  been 
brought  down. 

The  only  point  in  this  rule  which  seems  to  require  ex- 
planation, is  the  arranging  of  the  expressions  according  to 
powers  of  some  common  letter.     The  reason  may  be  given 
thus:  division  is  the  inverse  of  multiplication,  and  in  order 
to  make  division  successful  we  must  be  sure  that  we  follow 
exactly  the  reverse  steps  of  some  particular  mode  of  multi- 
plying,  for   two   expressions  may  be  multiplied  together  in 
many  difierent  ways  according  to  the  arrangement  which  we 
choose  to  adopt;   now  we  are  sure  of  following  an  exactly 
reverse   process   by   attending   to   the   rule   of  arrangement 
which  has  been  given,  for  the  quotient  and  divisor  may  be 
conceived  to  have  been  multiplied  together  according  to  this 
rule  to  form  the  dividend. 

EXAMPLES. 

a  +  6j  a*  -  V  (0-6     Quotient 
a*  +  ab 


a^  —    a^y 

-  2a^y  +  Sofy^ 

-  2a^y  +  207^* 


ay^  -y^ 
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{V  +  y)  of  +  y"         (jT"'*  -  «»"""*y  +  a^"^y*  -  &c.   . 

&c.     &c. 

The  following  example  is  given  to  shew  the  importance 
of  arrangement: 

o  +  IJ    a^  +  2a  +  1    (^a  +  1 


o^+     a 


a  +  1 
a  -f  1 


thus  the  operation  terminates ;  but  suppose  we  had  proceeded 
thus: 

«+n    1  +  2a  +  a^    ( ;  +  &c. 

^  ^a      a* 

1 

1  +  - 
a 


1 

+  2a 

a 

1       1 
a      c? 


1 

-  &c. 
a~ 


and  the  operation  would  never  come  to  an  end. 
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ON   THE   MEANING  OF   NEGATIVE   AND 
FRACTIONAL   INDICES. 

25.  Hitherto  a"  has  been  understood  to  signify  ax  ax  ... 
n  times,  and  therefore  n  has  been  supposed  to  be  a  whole 
number.  But  it  becomes  a  question  whether  it  may  not  be 
possible  to  assign  a  meaning  to  the  symbol  a"  in  other  cases, 
whether  for  instance  we  may  not  assign  a  meaning  to  ai, 
and  to  a'*.  In  doing  so  the  only  thing  to  be  attended  to 
is,  that  no  supposition  be  made  contradictory  to  any  thing 
which  we  have  at  present  laid  down,  and  it  will  manifestly 
be  most  convenient  that  the  rules  for  multiplying  and  di- 
viding such  quantities  as  we  speak  of  should  be  the  same 
as  in  the  case  of  a  positive  index.  Suppose  then  we  make 
this  convention,  that  the  rule  of  indices  which  has  been  proved 
in  the  case  of  positive  integer  indices  (Art.  23)  shall  hold 
true  in  all  cases;    that  is,  let  us  assume  that  universally 

a^  ^  a*  ^  a*"*"*  (l) 

a"* 
and       —  =  a"-**  (2), 

a"  ^  ^ 

then  it  will  be  found  that  these  assumptions,  which  contradict 
nothing  preceding  them,  will  be  sufficient  to  determine  the 
meaning  of  a"  when  n  is  fractional  or  negative.  For  we 
have  by  (l) 

a^  X  a^  ■=  a^  ^  ^  ss  a, 
but  a^  ^  ah  z:s  (a^y ; 

.*.     (a^Y  =  a, 

or  ai  =  V  a. 
Or  more  generally, 

-  -  ,  -+7. top  terms 

a^  ^  a^  y^ p  times  =  a^  ^  =  a; 
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II  1    p 

but  €^  yi  aP  >c p  times  s  (o^)  ; 

.-.   (o^)  -a, 

or     a^  «  v«- 

Hence  the  symbol  o^  represents  the  p^^  root  of  a,  and  o^ 
represents  the  p^  root  of  a» :    thus  4*  =  2,  and  4l  «  8.     It 

will  be  seen  also  that  v  \/a  «  \/ai  =  aJ^J  =  a*^i  and  so  on. 

Again,  suppose  that  in  (1)  we  write  -  n  for  n,  then  we 
have 

but  by  (2)  —  =  o"-"; 

.'.  o"*  X  a""  =  — , 

a" 

which  proves,  that  to  multiply  by  a""  is  the  same  thing  as  to 
divide  by  a%  or  that  o""  «  — ;  thus  2-*  =  — ;=.,  and'4~i  =  i. 

Thus  we  have  assigned  to  negative  and  fractional  indices 

a  meaning  not  inconsistent  with  any  thing  which  precedes,  and 

which  will  be  found  of  great  service.      We   shall   therefore 

—  1  i 

henceforth  use  the  symbols  v^a,  — ,  and  e^^  a'*  indifferently. 

26.  A  rather  remarkable  consequence  follows  from  (2), 
which  will  require  a  few  words.  If  we  suppose  m  and  n 
to  be  equal,  we  have 

a"* 
or  1  =  a\ 

This  result  is,  at  first  sight,  somewhat  paradoxical,  nevertheless 
it  must  be  received  as  true,  being  a  legitimate  deduction  from 
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our  previous  asftumptions ;  moreover,  it  is  not  wholly  in- 
capable of  being  interpreted  in  such  a  way  as  to  make  it  in- 
telligible. For  suppose,  ^r«^,  that  a  is  a  number  greater  than 
1 ;  then  if  we  extract  its  square  root,  it  is  evident  that  the 
square  root  will  be  less  than  the  number  itself;  let  the  square 
root  be  again  extracted  and  the  number  will  be  still  further 
decreased;  let  this  process  be  repeated  a  great  many  times, 
say  a  thousand,  then  the  number  will  have  decreased  at  each 
process,  but  will  never  be  made  less  than  1,  because  if  so,  con- 
versely a  quantity  less  than  1  might  be  made  greater  than  1 


by  squaring,  which  is  absurd :  hence  a*'**^,  which  represents 

the  square  root  of  a  taken  a  thousand  times,  must  be  very 

nearly  s  i  but  not  quite.     Again,  secondly^  let  a  be  a  number 

less  than  1,  and  let  the  same  process  be  performed  upon  it, 

then  it  is  clear   from  the  same  kind  of  reasoning   that  the 

number  will  increase  at  each  process,  but  that  it  can  never 

1 
become  quite  «  i:  hence  also  in  this  case  a^'^  nearly  »  1  but 

not  quite.     But  -^  is  a  very  small  quantity  indeed,  and  it 

therefore  appears  that,  whether  a  be  greater  or  less  than  1, 
when  n  is  very  smally  a"  very  nearly  b  i,  and  hence  we  can 
see  the  meaning  of  the  equation  a^  a  i. 


THE  GREATEST  COMMON   MEASURE. 

27.  Def.  The  greatest  common  measure  of  two  numbers 
is  the  greatest  number  which  will  divide  both  without  re- 
mainder. 

The  greatest  common  measure  of  two  algebraical  expressions 
must  be  defined  rather  difierently. 

Def.  Let  two  algebraical  ewpressions  be  arranged  ac- 
cording to  descendifig  powers  of  some  common  letter^  then  the 
factor  of  the  highest  dimension  with  respect  to  that  letter^ 
which  divides  both  without  remainder,  is  the  greatest  common 
measure  of  the  two  expressions. 
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It  would  be  more  correct  to  speak  of  the  highest  commoti 
divisor^  since  the  terms  greater  or  less  are  not  applicable  to 
algebraical  expressions,  which  are  great  or  small  according  to 
the  numerical  values  which  we  choose  to  assign  to  the  letters 
involved  :  but,  in  accordance  with  established  usage,  the  name 
of  greatest  common  measure  will  be  used. 

28.  To  investigate  a  rule  for  finding  the  greatest  common 
measure  of  two  algebraical  expressions. 

Let  A  and  B  be  two  expressions  arranged  according  to 
descending  powers  of  some  common  letter,  and  let  the  highest 
power  of  that  letter  in  B  be  not  higher  than  the  highest  in,^. 
Divide  A  by  B^  make  the  remainder  the  divisor  and  B  the 
dividend,  and  so  on,  until  you  come  to  a  quantity  which  will 
divide  without  remainder;  this  last  divisor  will  be  the  greatest 
common  measure  required. 

The  operation  indicated  may  be  represented  as  under, 

B)   A    ^p 
pB 


C)   B  (J] 
qC 


D)    C   {r 
rD 


0 


from  which  we  have  the  following  relations, 

A^pB  +  C  (1), 

B  =  qC+D  (2), 

C  =  rD  (3). 

Now  it  is  manifest  that  any  quantity  (P)  which  measures 
two  others,  Q,  iZ,  will  measure  a  quantity  such  as  wiQ±wif *, 

•  The  expression  mQ±nR  stands  for  mQ-^nR  and  mQ  —  nR:   it  is  read 
thus,  m  Q  plus  or  minus  n  R, 
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since  it  will  divide  each  of  the  terms  mQ  and  uK;  but  from 
(3)  we  see  that  D  measures  C,  therefore  it  measures  qC  -^  Df 
that  is,  it  measures  J7,  by  (2) ;  therefore  it  measures  pB  ^  C^ 
that  is,  it  measures  A^  by  (l).  Hence  2>  is  a  common  measure 
of  A  and  B.  It  is  also  the  greatest  common  measure ;  for  if 
not,  let  it  be  ZX;  then  since  D'  measures  both  A  and  B  it 
measures  A  —pB^  that  is,  it  measures  C,  by  (l);  therefore  it 
measures  B^-qC^  that  is,  it  measures  Z>,  by  (2):  but  D  cannot 
measure  D  if  it  be  a  quantity  of  higher  dimensions,  therefore 
D'  is  not  a  greater  common  measure  than  D,  that  is,  D  is  the 
greatest  common  measure. 

In  order  to  render  the  preceding  process  successful,  it  will 
be  necessary  to  modify  the  remainders,  and  also  the  given  ex- 
pressions, in  such  a  manner  as  to  avoid  fractional  coe£Scients 
in  all  the  terms  which  occur.  We  may  do  this  by  multiplying 
by  any  quantity  which  does  not  introduce  a  new  common 
measure,  since  it  is  clear  that  the  proof  which  has  been  given, 
will  not  be  affected  by  supposing  the  expressions  so  modified. 
Also,  any  factor  which  is  found  to  belong  to  one  remainder, 
and  not  to  the  other  which  is  used  as  the  divisor  or  dividend  to 
it,  should  be  omitted. 

Ex.     Find  the  greatest  common  measure  of 

Sw^  +  Sa?'^  +  S«»  +  2  and   4^  +  lOa^  +  4a?  -  2. 

The  first  thing  to  be  done  is  to  reject  the  factor  2  which 
belongs  to  the  latter  quantity  and  not  to  the  former;  then 
the  operation  is  continued  thus: 

Sx^  +    2,r^  +    sa?  4-    2 
2^ 


hs>f^^h  -^jr^^J  - 


\^ 

-  22.T?'*  -  12a'^  +  18.**  +     8    (^-11 

-22.r^  -  .55.t?2  -  22.*'  +  11 

43.1?*'  +  40 /t'  -     a 


2 
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2^*+        5flr*+        2j?-        1 
48 

-     -     r  n  ^  -      -  -        -    ■  .       ^^ m. — 

43^7*  +  40a?  -  3)    S6w^  +    21507^  +  H6w  -      43    C.2af 

86^  +      80^  -        6a 


135a^  +      92a?  -      43 
43 

5805  a?*  +  3956  a? -1849    {JS5 
5805  a?*  +  5400a?  -    405 

—  1444ay  —  1444 

(Rejecting  the  factor  ~  1444) 

X  +  l)    4^30^  +  40a?  -  3    (^43a?  -  3 
43a?*  +  43a? 


-  3w  -3 

-  3x  "3 


Hence  a?  +  1  is  the  greatest  common  measure  required. 

The  example  here  given  is  one  of  considerable  complication, 
but  is  worthy  of  attention  as  illustrating  the  peculiar  diffi- 
culties besetting  the  search  for  the  greatest  common  measure. 
The  student  is  particularly  advised  to  obtain  facility  in  work- 
ing examples  under  this  rule  before  proceeding  further. 

29.  The  greatest  common  measure  of  three  quantities 
Ay  B  and  C,  is  found  thus;  find  D  the  greatest  common 
measure  of  A  and  B^  then  the  greatest  common  measure  of  D 
and  C  will  be  the  greatest  common  measure  required. 

For  every  measure  of  A  and  B  measures  D,  and  therefore 
every  measure  of  A^  B  and  C  measures  C  and  D,  and  hence 
the  highest  measure  of  Aj  B  and  C  will  be  the  liighest  measure 
of  C  and  D, 

30.  One  application  of  the  rule  for  finding  the  greatest 
common  measure  of  two  quantities  is  to  the  simplification  of 
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fractions;  they  may  frequently  be  simplified  by  inspection, 
but,  if  this  cannot  be  done,  find  the  greatest  common  measure 
of  the  numerator  and  denominator  by  the  preceding  method 
and  divide  both  numerator  and  denominator  by  it. 


THE  LEAST  COMMON  MULTIPLE. 

31.  Def.  If  A  and  B  are  two  algebraic  ea^essions 
arranged  according  to  descending  powers  of  some  common 
letter^  and  M  the  quantity  of  lowest  dimensions  with  respect 
to  that  letter  which  is  divisible  by  both  ewpressUmsj  then  M. 
is  the  least  common  multiple  of  A  and  B. 

To  find  M9  let  m  be  any  multiple  of  A  and  B^  so  that 

m  =  pA  =  qB, 

then  by  definition  M  will  be  that  value  of  m  for  which  p  and 
q  are  of  the  lowest  dimensions.      But  since  pA  ^  qB,  we  have 

^  s=  — ,  and  therefore  the  proper  values  of  ^  will  be  found  by 
q      A  "^    "^  q  ^ 

reducing  —  to  its  lowest  terms.     Hence  if  D  be  the  greatest 

common  measure  of  A  and  B^ 

B  A 

AB 

and  therefore  M  «  pA  =  qB  =  — - . 

Hence  we  have  this  rule:  Multiply  the  two  expressions 
together  and  divide  the  product  by  the  greatest  common 
measure,  the  quotient  will  be  the  least  common  multiple. 

In  practice  it  is  better  to  divide  one  of  the  quantities  by 
the  greatest  common  measure,  and  multiply  the  other  by  the 
quotient. 

Example.     Find  the  least  common  multiple  of  o?^ -2*1?  +  l 

and  «i?*  —  tir*  —  ^  +  1 . 

2—^ 


I 
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of'  -  %^  +  a 


-^  + 

2ar^ 

-2^  +  1 

-^» 

+  2.r-  1 

2a?* 

-  4/P  +  2 

^  -  2«  +  1^    ar*  -  2ar  +  1     (^0?  +  2 

df  -  2^  +  a? 


20?^^  -  8a?  +  1 

«a?*-  4a?  +2 

a?- 1; 

0?*-  2a7  +  1 

a?  —  X 

-  a?  +  1 

-  .r  +  1 

Hence  a?  -  1   is  the  greatest  common  measure. 


Again  a?  -  ij    a?*  -  a?'  -  a?  +  1    (y  -  1 

a^-a^ 


-  a7+  1 

-  a?  +  1 


.'.  (^'  -  l)(a7^  -  2a?  +  1)  »  a?^  -  2ar*  +  2a?  -  1  is  the  least 
common  multiple  required. 

32.  The  least  common  multiple  of  three  quantities  A^  B 
and  C  is  found  by  determining  the  least  common  multiple  D 
of  any  two  of  them,  as  A  and  B^  and  then  finding  the  least 
common  multiple  of  D  and  C 
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ON  FRACTIONS. 

33.  In  arithmetic  we  de&ne  a  fraction  thus:  A  fraction  is 
any  part  or  parts  of  a  unit  or  whole,  and  it  consists  of  two 
members,  a  denominator  and  a  numerator,  whereof  the  former 
shews  into  how  many  parts  the  unit  is  divided,  the  latter 
shews  how  many  of  them  are  taken  in  the  given  case. 

Thus  |-  denotes  that  the  unit  is  divided  into  5  parts  and 

the  unit  is  divided  into  b  parts  and  that  a  of  them  are  taken. 

In  algebra  we  cannot  give  exactly  the  same  definition,  for 

a 
we  call  any  quantity  of  the  form  -  a  friiction^  although  a  and 

6  are  not  necessarily  representatives  of  whole  numbers,  as  they 
must  be  if  the  fraction  be  an  arithmetical  at  vulgar  fraction. 

What  is  meant  by  the  algebraical  fraction  -  is  simply  this, 

that  any  quantity  affected  by  it  is  to  be  multiplied  by  a,  and 
divided  by  h ;  this  definition  however  includes  that  given 
above  for  vulgar  fractions,  as  it  ought,  because  algebra  is  a 
more  general  science  than  arithmetic,  and  includes  arithmetic 
in  its  rules. 

34.  To  add  two  or  more  fractions  together^  bring  them 
to  a  common  denominator^  add  the  numerators  for  a  new 
numerator^  and  take  the  common  denominator  for  the  new 
denominator. 

liCt  - ,  -  be  two  fractions, 
b    d 

a      c      ad      be      ad  -^  be 

for  in  the  first  place  r  =  7-7 ,  since  to  multiply  and  divide  by 

b       bd 
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d  cannot  affect  the  value  of  the  fraction  ;  and  in  the  next 

place  T-j  +  73  indicates  that  a  quantity  is  to  be  divided  by 
bd      bd 

bd  and  multiplied  first  hy  ad  and  then  by  bc^  and  that  these 

two  products  are  to  be  added  together,  whereas  the  expression 

ad  +  be  f 

—    ■■     indicates  division  by  bd  and  multiplication  by  ad-^be^ 

but  this  is  manifestly  the  same  operation  as  in  the  former  case, 

,  ad      be      ad  +  be 

hence  — —  +  —  « . 

bd      bd  bd 

When  any  number  of  fractions  are  to  be  reduced  to  a 
common  denominator,  the  rule  (which  requires  no  proof)  is 
this:  Multiply  each  numerator  by  every  denominator  except 
its  own,  and  all  the  denominators  together  for  a  new  denomi- 
nator. This  rule  may  be  sometimes  usefully  superseded  by 
the  following :  Find  the  least  common  multiple  of  the  denomi- 
nators, take  this  as  the  new  denominator  and  its  product  by 
the  several  fractions  for  the  several  new  numerators. 

35.  The  rule  for  subtraction  follows  at  once  from  that 
for  addition,  and  is  expressed  by  the  formula 

a      e      ad  —  be 
b^d"      bd 

36.  To  multiply  two  fraetions  together^  multiply  the 
numerators  together  for  a  new  numerator  and  the  denomi- 
nators together  for  a  new  denominator. 

Let  r »   J  be  the  two   fractions,    then   will    7  x  -:  «■  r^ . 
b     d  b      d      bd 

This   is  a  consequence  of  the  meaning  of  the  symbols,  for 

a      c    ,     , 

-  X  -  signifies  that  the  quantity  c  is  to  be  divided  by  d,  then 

b      d 

ac 
multiplied  by  a,  and  then  divided  by  b ;  and  --  signifies  that 

bd 

a  and  e  are  to  be  multiplied  together  and  then  divided  by  the 

product  bd ;   hence  the  operations  indicated  in  the  two  cases 
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are  the  same,  the  order  of  them  is  the  only  difference,  but  the 
order  of  operations  has  no  effect  on  the  result ; 

a      c      ac 

c      etc 
The  same  reasoning  will  shew  that  ^  ^  ;;  *=  ~7  • 

It  will  be  observed  here  as  in  other  cases  that  a  rather 
extended  sense  is  given  to  the  term  mtUiiplicaiion ;  the  stu- 
dent should  understand  by  the  term  an  algebraical  operation 
of  which  multiplication  in  arithmetic  is  the  type- 

37*  To  divide  one  fraction  by  another,  invert  the  divisor 
and  proceed  aa  in  mtUHpUcation. 

Since  to  divide  is  the  inverse  of  to  multiply ^  it  follows 

,  .  a  ,  b 

that  to  divide  by  -  is  the  same  thing  as  to  multiply  by  -  ; 

b  a 

and  hence  the  rule. 


ON  THE  THEORY   OF   DECIMAL   FRACTIONS. 

38.  The  principles  of  algebra  which  we  have  been 
developing  are  sufficient  to  enable  us  to  explain  and  prove 
the  rules  of  decimal  fractions ;  and  as  we  have  been  speaking 
of  fractions,  this  will  be  a  convenient  place  for  introducing 
the  subject. 

39.  D£F.  A  decimal  fraction  is  one  which  has  10  or 
some  power  of  10  for  its  denominator. 

Hence  a  decimal  fraction  will  be  represented  algebraically 

N 
by  — ;   where  n  is  the  number  of  decimal  places,  and  N 

is  the  whole   number  which  the  decimal  would  represent  if 

137 
we  omitted  the  decimal  point.      Thus   1.37  =  — 79  in  which 

case  N  =  137  and  n  =  2. 
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Having  obtained  this  general  symbolical  representation  of 
a  decimal,  all  the  rules  will  follow   with  great  simplicity. 

40.    To  prove  the  rule  for  the  multiplication  of  decimals. 

Let  — ,    —  be  two  decimals:  then 
lO"'       10* 

M       N       MN 

X 


10"       10"       10*+" 

The  numerator  of  this  last  fraction  shews  that  the  decimal 
quantities  are  to  be  multiplied  together  as  if  they  were  whole 
numbers,  the  denominator  that  there  must  be  m  +  n  decimal 
places,  that  is,  as  many  as  in  the  multiplier  and  multiplicand 
together. 

The  rule  for  division   may  be  proved  in  like  manner. 

41.  To  prove  the  rule  for  converting  a  vulgar  frac^ 
tioh  into  a  decimal. 

Let  -^  be  the  vulgar  fraction  ;   then 

A      Ay.  W-r-B  .,      .    „ 
-_.  aa identically. 

The  numerator  shews  that  we  are  to  add  cyphers  at  pleasure 
to  the  right  of  A,  (for  that  is  the  same  thing  as  multi- 
plying by  10",)  and  that  we  are  then  to  divide  by  B;  while 
the  denominator  indicates  that  as  many  places  are  to  be 
marked  off  for  decimals  as   we  have  added  cyphers. 

42.  To  prove  that  every  vulgar  fraction  must  produce 
either  a  terminating'  or  a  recurring  decimal. 

In  the  division  of  ^10"  by  B  every  remainder  must  be 
less  than  jB,  therefore  there  can  be  at  most  only  ^  -  1 
di£Perent  remainders;  hence  if  no  remainder  becomes  zero, 
that  is,  if  the  operation  does  not  terminate,  a  remainder 
must  recur  within  B  -  1  operations  at  furthest ;  the  figures 
in  the  quotient  will  tlien  retur,  and  the  result  will  be  a 
recurring  decimal. 
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43.      To  determine  the  form  of  those  vitlgar  fractions 
which  produce  terminating  decimate. 

We  have  as  before 

A  _  AW-T-B 
B"      ~l^ 

Now  in  order  that  the  above  may  be  a  terminating  decimal, 
B  must  divide  ^10"  without  remainder;  but  B  cannot 
divide  A  since  we  suppose  the  fraction  in  its  lowest  terms, 
therefore  it  must  divide  10\  But  it  is  easy  to  see  that 
the  only  numbers  which  will  divide  10"  are  those  which  are 
made  up  of  the  factors  2  and  5,  because  these  are  the  only 
two  numbers  which  will  divide  10.  Hence  B  must  have  no 
other  factors  than  2  and  5,  or  speaking  algebraically  B  must 
be  of  the  form  2^5^.  For  example,  ^  will  produce  a  ter- 
minating decimal,  because  8  «  2' ;  but  ^  will  not,  because 
24  is  divisible  by  3. 

These  are   the  most  simple  propositions  relating   to  de- 
cimals;  others  will  be  found  in   Arts.  (60)  and   (107). 


ON   INVOLUTION   AND   EVOLUTION. 

44.  Involution  is  the  process  of  multiplying  a  quantity 
by  itself  any  number  of  times ;  Evolution  is  the  finding  of 
a  quantity  which  being  multiplied  into  itself  a  given  number 
of  times  shall  become  equal  to  a  given  quantity,  in  other 
words  evolution  is  the  extraction  of  any  root  of  a  quantity. 

45.  The  involution  of  a  simple  quantity  is  effected,  as 
we  have  seen  (Art.  25),  by  multiplying  its  index,  and  the 
evolution  by  dividing  the  index ;   for 

(fl^)'/«  af"^  and   v/o?=«i. 

46.  The  involution  of  a  polynomial  is  a  very  simple 
though  frequently  a  laborious  process,  being  a  process  of 
actual   multiplication. 
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Ex.     Find  the  square  of  a  +  6. 

o  +  6 
a  +  6 


€?  +  ah 

ab  +  b' 


Find   the  cube  of  a  +  6. 

o'  +  2ab  +  6- 
a  +6 


a*6  +  2ab^  +  6'^ 


a^  +  Sa'b  +  Safc^  +  6^  =  (a  +  6)^ 

I  It  will  be  easily  seen  that  the  labour  increases  very  rapidly 
with  the  number  of  terms  in  the  polynomial  and  also  with 
the  degree  of  the  power. 

47.  The  squaring  of  a  polynomial  is  rendered  very  easy 
by  the  following  theorem  : 

The  aqtiare  of  any  polynomial  =  the  sum  of  the  squares 
of  the  terms  +  twice  the  product  of  each  two  terms. 

To  prove  this  we  observe  that  in  the  expression  for  (o  +  by 
the  rule  obviously  holds,  for  (a  +  6)^  =  a*  +  fe^  +  2a6 ;  now 
suppose  the  rule  to  hold  for  the  polynomial  a  +  6  +  c  +  ... 
+  /,  so  that 

(a  +  6  +  c+...+  /)*  =  a-^  +  6*  +  c^+...  +  r  +  2a6  +  2ac  +  ...  (1) 

then  introducing  another  term  m  we  must  have 

(a  +  6  +  c  +...+  /  -f-  my  =  (a  +  ft  +  C  +  ...+  /  +  my 
=  (a  +  6  +  c  +..jy  +  m^  +  2(a  +  6  +  c  -f-...+Q»» 
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(because  a  +  &  +  c  +  ...  +  /  may  all  be  considered  as  one  quantity ;) 

=  a* +  6*4-0*+...+  /*  +  2a6  +  2ac  + 

+  !»•  +  2am  +  26w  +  ...  by  (l) 

»  the  sum  of  the  squares  of  the  terms  +  twice  the  pro- 
duct of  each  two. 

Hence  if  the  theorem  be  true  for  a  polynomial  of  any  num- 
ber of  terms,  it  will  be  true  for  a  polynomial  of  that  number 
of  terms  increased  by  one :  but  the  theorem  is  true  for  an 
expression  of  two  terms,  .*.  it  is  true  for  one  of  ihrecy  .*.  for 
one  otfauVj  .*.  &c.,  .*.  for  any  polynomial. 

The  mode  of  reasoning  adopted  in  the  preceding  proposi- 
tion is  one  which  we  shall  have  to  make  use  of  again,  and  is 
therefore  worthy  of  attentive  consideration. 

Examples  of  the  application  of  this  theorem  : 

(a;*  -  ct?  4-  2)*  =  /p*  +  ^  +  4  -  2^  +  4tji*  -  4cr 

=  0?*  -  2^'  +  507*  -  4a?  +  4, 

(ar'-a?*+ J?- l)^=a?*  +  a?* +  0;*+ 1  - 207*  +  2a?* -207^ -2j?^+2a?*-2a7 

«  d?^  -  247*  +  Sof*  -  40?^  +  Sot*  -  2a?  +  I. 

48.  Evolution^  being  an  inverse  process,  is  not  so  simple 
as  involution,  and  the  rules  for  it  must  be  obtained  by  ob- 
serving how  the  power  of  a  compound  quantity  is  formed 
from  the  quantity  itself. 

49*      To  eiVtract  the  square  root  of  a  compound  quantity. 

Since  the  square  of  o  +  6  is  a*  +2ofc  +  6^  we  may  obtain  a 
general  rule  for  the  extraction  of  the  square  root  by  observing 
how  a  +  b  may  be  deduced  from  a*  +  2ab  +  6*. 

Arrange    the   expression    ac-  a'  +  ^ab  +  i^    (a+b 

cording  to  powers  (say  descend-  ^ 

ing)  of  some  letter  a.    The  square  

root  of  the  first   term   a*   is   o,  2o  +  bj    2ab  +  6* 
which   is   the  first    terra    in    the  2ab+b^ 

root;    subtract  its   square   from  


28  ALGEBRA. 

the  given  expression,  and  bring  down  the  remainder  2ab  +  b^; 
divide  2ab  by  2  a,  and  the  result  is  6,  the  other  term  in 
the  root;  multiply  2a  +  6  by  b  and  subtract  the  product 
from  the  remainder  2ab  -^  b^.  If  the  operation  does  not  ter- 
minate here,  t.  e,  if  there  is  another  remainder,  this  will  shew 
that  there  are  more  than  two  terms  in  the  root ;  in  this  case 
we  may  consider  the  two  terms  a  +  b  already  found  as  one, 
and  as  corresponding  to  the  term  a  in  the  preceding  operation ; 
and  the  square  of  this  quantity,  viz.  a'  +  2 aft  +  6%  having  been 
by  the  preceding  process  subtracted  from  the  given  expression, 
we  may  divide  the  remainder  by  2(a  +  b)  for  the  next  term 
in  the  root,  and  for  a  new  subtrahend  multiply  2(a  +  6)  +  the 
new  term  by  that  new  term.  The  process  may  be  repeated  as 
often  as  necessary. 

Example.     Find  the  square  root  of 

w^  -  2.r*  -I-  2a^  +  .r-  -  2a?  +  1    (  a-^  -  <r  +  1 


9,3^  -  .17)      -  2^*  +  2.1?^  +  0^ 

s 

-  2a?^  +  a?" 


2ar'-24?+lJ     2a?'-2a?-fl 

2^  -  2ci?  +  1 


50.      To  e/utract  the  cube  root  of  a  compound  quantity. 

We  have  seen  (Art.  46)  that  (a  -i-  6)^  =  a^  +  Sa^fc  +  Safe*  +  f. 
Hence  we  deduce  the  rule  as 

in    the    case    of    the    square        a^  -^  Sa^b  +  3ab^  +  b^    (^a  +  ft 
root.      Arrange    the   expres-        «» 

sion  according  to  descending      

powers  of  a,  the  cube  root  of     ^^')    Sd'b -^  Sab' ^  l^ 

the  first  term  a^  is  a,  the  first  Sa'ft  +  3oft«  +  6' 

term  of  the  root;   subtract  its 

cube  from  the  given  expression,  and  bring  down  the   remain- 

der;  divide  the  first  term  by  3a\  the  quotient  is  b  the  second 
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term  of  the  root ;  subtract  the  quantity  .Sa'6  +  Safe"-*-  6*,  if 
there  is  no  remainder,  the  root  is  extracted,  if  there  is  we 
must  proceed  as  before,  considering  a +  6  as  one  term  cor- 
responding to  a  in  the  first  operation. 

ExAMPLK.     Find  the  cube^root  of 

w^  +  124?*  +  60^*  +  l60ar^  +  240a?^  +  192 .*'  +  6|^  {a^  -^Ax  +4 

w 


(3a^b=)  12  <r* 
(Sati^  =)  +  48a?* 

(6»«)  +64a?^ 

3<r*-|-24a7^  +  48^j  12  a?*  +  960?^  +  240cr*  +  192.r  +  (>4 

(3a*6  =)  12^*  +  96^?^*  +  192.1?' 

(3o6'  =)  48ct?'^  +  192a? 

(6»  =)  +  64 


The  cases  of  the  square  and  cube  root  have  been  given 
separately  on  account  of  their  more  frequent  occurrence,  and 
in  order  to  explain  the  rules  for  their  extraction  in  arithmetic, 
but  they  are  both  included  in  the  following  investigation  of 
the  method  of  extracting  the  n^^  root  of  a  polynomial. 

51.     We  must  premise  the  following 

Lemma.  The  fitBt  two  terms  of  (jel-j-  b)°,  where  n  is  a 
positive  whole  number^  are  a**  +  na'^'^b. 

For  by  actual  multiplication  this  is  seen  to  be  the  case 
when  w  »  2,  because  (a  +  6)'*  =  a^  +  2ab  -f  6'*,  and  when  n  «  2 
a"  +  «a" -^6s=  a'  +  2a&.  Now,  suppose  the  proposition  to  be 
true  for  any  value  of  n,  i.  e.  suppose  that 

(a  +  6)"  =  a"  +  na*"^  b  +  terms  involving  lower  powers  of  a, 


I 

I 
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then  (a +  6)"+'*  (0  +  6)  {a»  +  wa*->/>+ ...} 

=  0"+*  +  na^h  + 

-I-  a^h  + 

by  actual  multiplicatioD, 

»  o»+i  +  (n  +  1)  a"*  + 

which  shews  that  if  the  Lemma  be  true  for  any  value  of  w,  it 
is  true  for  the  whole  number  next  greater;  but  it  is  true  when 
n  =  2,  .*.  it  is  true  when  n=  3,  .-.  when  n  =  4,  .*.  &c.  .-.  gene- 
rally true. 

52.      To  find  the  n*^  root  of  a  polynomial. 

m 

Suppose  the  n^  root  to  be  a  +  fejr  +  ca^  + which  is 

arranged  according  to   ascending   powers   of   some  letter  w: 

then  the  given  polynomial  is  (a  +  6«  +  e^  + )%  which 

however  we  are  to  suppose  expanded  and  arranged  according 
to  ascending  powers  of  «r. 

Now  by  Lemma 

(a  +  6^  +  ca^  -f )'*=a*  +  wo""*  (bw  +  cj}^  + )+ 

=  a"  +  na/*'^  hx  +    terms      involving 
powers  of  w  above  the  first. 

The  first  term  a  of  the  required  root  is  known  by  in- 
spection, being  the  n^  root  of  o*  ;  subtract  a"  from  the  given 
expression,  then  the  first  term  of  the  remainder  is  wa""'fcar; 
divide  this  by  na""^  and  we  have  hw  the  second  term  of  the  root. 

Again,  by  Lemma 

(tt  +  ftay+CtV^H- )"  =  (a  +  hwy  +  n  (a  +  6ti?)*~^(«jB^-f ) 

+  &c. 

=  (a  +  hxy  -I-  wa**-*  CtT*  +  terms  involv- 
ing powers  of  x  above  the  second. 

The  terms  a  and  bx  are  already  known ;  if  then  we 
subtract  (a  +  bx)"  from  the  given  expression,  the  first  term 
of  the  remainder   will  be  nu^'^ca^^  dividing  which   by  the 
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same  quantity  as  in  the  first  process,  viz.  na"~',  we  have  cai^ 
the  third  term  of  the  root. 

By  precisely  similar  reasoning  it  will  appear,  that  if  we 
subtract  {a  +  ha  ■\-  ccfy  from  the  given  polynomial  and  divide 
the  first  term  of  the  remainder  by  na*'^,  we  shall  obtain  the 
fourth  term  of  the  root ;  and  so  on. 

Example.     Extract  the  fourth  root  of 

^« 


ap  ~%aP  ^  Z4>aP  -  3207*  +  l6»'  {  =  (^  -  2cv)'  { 
4a?V  isoP  -  &c. 


A/»_8a?'+28ar*-56a7*+70a?*-o6ar*  +  28af*-8a?+l{  =  (^-.2^+iy| 


53.  The  preceding  investigations  are  quite  necessary  in 
order  to  understand  fully  the  theory  of  the  extraction  of  the 
square  and  cube  roots  of  numbers. 

5i.  On  the  rule  of  pointing  in  the  extraction  of  the 
square  root  of  a  number. 

Every  number  consisting  of  one  figure  or  digit  is  less  than 
10,  and  therefore  the  square  of  a  number  of  one  figure  is  less 
than  10^;  more  generally,  every  number  of  n  figures  is  less 
than  10",  (because  10"  represents  1  followed  by  n  cyphers,)  and 
therefore  the  square  of  such  a  number  is  less  than  10*'',  but 
also  every  number  of  n  figures  is  not  less  than  10*" \  and 
therefore  its  square  is  not  less  than  10*""^;  now  lo*""*  is  the 
smallest  number  of  2»-l  figures  and  10^"  the  smallest  of 
2n  + 1  figutes,  consequently  the  square  of  a  number  of  n 
figures  has  either  2n  or  2n  -  1  figures.  This  being  the  case 
if  we  put  a  point  over  the  unit'*s  place  of  a  number  of  which 
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the  root  is  to  be  extracted,  and  point  every  second  figure  from 
right  to  left,  the  number  of  points  will  always  be  equal  to  the 
number  of  figures  in  the  root :  if  the  number  of  figures  be 
even,  the  number  will  be  divided  into  compartments  of  two 
each ;  if  odd,  the  last  compartment  will  contain  only  a  single 
figure. 


Ex.  172436,  21547:  each  of  these  numbers  has  three 
figures  in  its  square  root. 

The  rule  for  extracting  the  square  root  of  a  number  is 
only  an  adaptation  of  that  for  extracting  the  square  root  of  an 
algebraical  expression.  The  nature  of  the  adaptation  will  be 
seen  best  by  an  example. 

Let  it  be  required   to  extract  the  square  root  of  2116. 

Point  the  unites  place  and  every  second  figure;  find  the 
greatest  number  the  square  of  which  is  not  greater  than  the 
number  expressed  by  the  first  period;  in  the  example  21  is 
the  first  period  and  4^  is  not  greater  than  21,  hence  4  is  the 
first  figure  in  the  root.  Then  subtract  the  square  of  the 
number  thus  found  from  the  first  period  and  bring  down  the 
second ;  divide  this  number,  omitting  the  last  figure,  by  twice 
the  number  already  found,  the  quotient  is  the  second  figure  of 
the  root ;  in  the  example  we  divide  51  by  8  which  gives  6  for 
the  second  figure.  Annex  the  figure  thus  found  to  the  divisor, 
and  multiply  the  divisor  so  increased  by  the  figure  of  the  root 
last  found  to  form  the  subtrahend ;  in  the  example  86  is  mul- 
tiplied by  6,  which  gives  the  subtrahend  516.  If  there  be 
more  periods  to  be  brought  down,  the  operation  must  be 
repeated. 

2116  (^46 
16 


S6J  516 
516 
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55.  On  pointing  in  the  extraction  of  the  cube  root. 

It  may  be  shewn  exactly  in  the  same  way  as  in  the  case 
of  the  square  root,  (Art.  54)  that  the  cube  of  a  number  of  n 
figures  contains  Sn,  3n  -  1,  or  Sn  -  2  figures,  and  therefore 
that  if  we  put  a  point  over  the  unites  place  and  on  each  third 
figure  we  shall  have  as  many  periods  of  figures  as  there  are 
figures  in  the  root. 

56.  The  rule  for  the  extraction  of  the  cube  root  of  a 
number  is  deduced  from  that  for  the  extracting  of  the  cube 
root  of  an  algebraical  expression,  exactly  in  the  same  way  as 
in  the  case  of  the  square  root. 

Let  it  be  required  to  extract  the  cube  root  of  121()7. 

Point    the   number   ac- 
cording to  the  rule;  in  the  ,ow^    ^!L      t     ^ 

?      ^,  ,  12167  (20  +  3  =  2:* 

example     there     are     two  ^ 

periods.     Find  the  greatest  ^ 

number  the  cube  of  which     ^^^  _  1200)  ~4l67 

is    not    greater    than     the 

number  expressed    by   the 

first  period,  this  will  be  the  540  :s  Sab"- 

first  figure  in  the  root ;  in  27  =  />' 

the    example    it   is    2 :    in  

order  to  compare  this  ope-  «67  =  subtrahend, 

ration  with  the  algebraical 

one  call  this  figure  with  a  cypher  affixed  to  it  a,  so  that 
in  the  example  a  »  20,  and  let  b  be  the  next  figure  required. 
Subtract  the  cube  of  the  figure  already  found  from  the  first 
period  and  bring  down  the  second,  divide  this  by  3a^  and 
the  quotient  will  probably  be  the  next  figure  b  of  the 
root ;  in  the  example  we  find  6  »  3.  Form  the  subtrahend  by 
compounding  the  formula  3a*fe+3afe^  +  6%  where  a  and  b 
have  the  values  already  found ;  if  this  subtrahend  is  too  large, 
take  the  number  next  less  than  that  found  for  b  and  try  again, 
and  so  on  until  you  find  a  subtrahend  sufficiently  small.  If 
there  are  more  than  two  figures  in  the  root,  bring  down  the 
next  period  and  proceed  as  before ;  the  subtrahend  will 
always  be  found  by  the  formula  3a^b  +  Sab^  +  b\  it  being 
3 


3G00  =  3a  b 
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remembered  that  a  stands  for  all  the  figures  already  found 
with  a  cypher  affixed ;  suppose  for  example  that  in  any 
extraction  the  figures  274  had  been  found  and  that  6  was  the 
next,  then  a  »  2740  and  6  =  6. 

57-  To  explain  why  it  is  that  the  rule  given  for  finding 
the  successive  figures  of  the  cube  root  of  a  number  frequently 
gives  a  number  too  large. 

Suppose  the  part  of  the  root  found  to  be  a,  and  the  next 
digit  6,  then  the  rule  is  to  subtract  a^  and  divide  by  3  a*;  but 
the  actual  quantity  given  by  this  rule  is 

3a*6+3a62  +  6'     ,      Sab^-^^b^ 

b  + 


consequently    the  result  given  by  the  rule  differs  from   the 

required  number  b  by  the  quantity — ,  which  may  very 

well  be  greater  than  1,  and  if  so  the  number  given  by  the 
rule  will  be  too  great.  The  rule  is  more  likely  to  be  in  error 
at  the  commencement  of  the  operation,  because  then  a  is  not 
so  great  as  afterwards. 

The  name  of  trial  divisor  has  been  very  properly  assigned 
to  Sa*. 

58.  Hence  we  see  why  in  arithmetic  no  rule  can  be  given 
for  the  extraction  of  the  higher  roots ;  for  the  rule  for  the 
cube  root  becomes,  as  we  have  seen,  uncertain;  and  if  in  the 
case  of  high  roots  we  adopted  the  method  of  Art.  (52),  we  should 
find  that  the  trial  divisor  na*"^  would  scarcely  ever  give  us 
any  help  in  discovering  the  figures  of  the  root. 

59.  The  distinction  between  the  algebraical  and  arith- 
metical operations  will  be  seen  at  once  by  observing  the 
difference  in  the  operations  of  squaring  (or  raising  to  any 
power)  an  algebraical  expression  and  a  number.     We  have 

{aoi  +  by  =  dK^  +  SafccT?  +  b^. 
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Now  suppose  X  =  10,  then  \Qa  ^h  represents  a  number  having 
digits  a  and  6,  but  (lOa  +  6)*  is  not  represented  arithmetically 
by  10*0*  +  10 .  2a6  +  6*  unless  2ab  is  less  than  10,  and  if  this 
be  the  case  the  square  of  the  number  will  have  lost  algebrai- 
cally the  type  of  the  number  itself. 

For  example,  18  «  10  +  8,  but  18^  is  not  represented   by 
10^  +  10.16  +  64,  but  by  10*. S  +  10.2  +4. 

60.     To  investigate  a  rule  for  pointing  in  the  extraction 
of  the  square  root  of  a  decimal  quantity, 

N 
A  decimal  quantity  may  be  represented   by  — ,  where  A^ 

represents  the  number  supposing  the  decimal  point  omitted, 
and  n  is  the  number  of  decimal  places.  Now  n  is  either  odd  or 
even ;  if  it  is  odd,  multiply  numerator  and  denominator  by  10, 

and  let  the  quantity  thus  modified  be  represented  by  — ^ . 

Then    v/  — --  a  ,  a  formula  which  indicates  that  the 

10^'        10^ 

square  root  of  jif  is  to  be  extracted  as  in  whole  numbers,  and 
that  m  places  are  to  be  marked  off  for  decimals  ;  but  in  point- 
ing JIf  it  is  to  be  observed  that,  since  we  made  the  number  of 
decimal  places  even,  a  point  will  necessarily  fall  on  the  origi- 
nal unity's  place.  Hence  we  have  this  rule:  Put  a  point  over 
the  unit'*s  place  and  point  every  second  figure  right  and  left. 

The  rule  for  pointing  in  the  extraction  of  the  cube  root 
may  be  found  in  a  similar  manner. 

61 .  When  p  Jigures  of  a  square  root  have  been  obtained 
by  the  ordinary  method^  P  "  1  more  may  be  obtained  by  divi- 
sion only. 

Let  a  be  the  part  of  the  root  already  obtained^  w  the  part 
consisting  of  p  —  1  figures  which  we  wish  to  obtain,  and  let 
N  be  the  whole  root,  so  that 

N  =  a  lOP-^  +  .r, 

.-.   A^  -  ««  10-^-2  +  2fffl?10P-»  +  .X?*. 

3—2 
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Subtracting   a"  10*^""    from   each    side   of   this  equation  and 
dividing   by  2a  10'"^  we  have 

2alOP-*                   2alOP-^  ' 
From  this  it  appears  that  the  division  above  indicated  will 
give  us  iV  correctly,  if  we  can  prove  -— j  to  be  a  proper 

fraction. 

Now  x  consists  of  p  -  l  figures,  and  .-.  is  <  10P~*; 

.-.  aj^  is  <  lO*'^-*; 
but  a  consists  of  p  figures,  and  /.  is  >  10^"' ; 


-I  in2l'-« 


a  10^-'       10*' 


<i; 


2a  10'* 


ai"  1 


and  hence  the   division   will   give  us  the  p  -  I   figures  of  x 
correctly. 


ON  EQUATIONS. 

63.  An  equation  has  already  been  defined  to  be  an  alge- 
braical sentence  expressing  the  equality  of  two  algebraical 
expressions,  or  (which  is  the  same  thing)  of  an  algebraical 
expression  to  izero. 

If  an  unknown  quantity  is  involved,  the  equation  involv- 
ing it  serves  to  determine  the  unknown  quantity,  and  it  is  our 
business  now  to  lay  down  rules  for  the  performance  of  this 
process,  which  is  called  the  solution  of  the  equation. 

If  when  cleared  of  radicals  an  equation  involves  only  the 
first  power  of  the  unknown  quantity  ^,  it  is  call^  a  simple 
equation  ;  if  it  involves  ^  also,  it  is  called  a  quadratic;  and,ij^ 
generally,  if  it  involves  .v"  it  is  said  to  be  an  equation  of  n 
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dimensions.     We  shall  in  this  treatise  be  conceraed  only  with 
simple  and  quadratic  equations. 

A  value  of  of  which  satisfies  an  equation  is  called  a  root  of 
the  equation. 

63.  Suppose  we  have  the  equation  ^v  +  a  =  6 ;  then  sub- 
tracting a  from  each  side  we  have  <r  =  6  —  a,  that  is,  a  quantity 
may  be  placed  on  the  other  side  of  an  equation  if  its  sign  be 
changed.  This  process,  which  is  one  of  the  most  frequent  in 
the  tolution  of  equations,  is  called  transposition. 

64.  It  is  manifest  that  if  the  same  operation  be  per- 
formed on  the  two  sides  of  an  equation,  the  equality  will  still 
subsist ;  we  may  therefore  multiply  or  divide  the  two  sides  of 
an  equation  by  the  same  quantity,  or  may  raise  the  two 
sides  to  the  same  power  or  extract  any  root  of  both  sides.  If 
for  example 

a?*  +  2ci7  -  3  =  3a^  +  1, 
then  wiU  the  following  equations  hold  good, 

P  (a?*  +  2^  -  S)  =  P(3a/^  +  1), 
^*  +  2a?  -  S      Sa/^  +  1 
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(cT*  +  20^  -  3)«  =  (Sat^  +  ly 
\/cf  +  2^7  -  3  =  \/sa?*  -f  1. 

65.  A  frequent  process  in  the  solution  of  equations  is 
clearing  the  equation  of  radicals ;  this  is  done  by  putting  any 
radical  of  which  we  desire  to  rid  the  equation  on  one  side  by 
itself,  and  transposing  all  the  other  terms  to  the  other  side, 
we  then  raise  both  sides  of  the  equation  to  the  power  indicated 
by  the  radical,  which  consequently  disappears.  The  process 
will  be  seen  best  by  an  example :   suppose 

,►  YiV  +  1  +  V'V  —1  =  2. 
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The  process  of  clearing  this  equation  of  radicals  will  stand  as 
follows, 


transposing,  \/ no  +1=2-  \/ x  -  1, 


squaring,  .i*  +  1  =4-4  \/ x  -  1  +  ci?  —  1, 

transposing,        4  s/x  —  1=2, 


dividing  by  4,       \/ x  -  1  =  ^, 

squaring,  a?  -  1  ^\\ 

which  is  a  simple  equation  free  from  radicals. 

It  is  obvious  that  it  is  generally  impossible  to  ascertain 
the  degree  of  an  equation,  that  is,  whether  it  is  simple,  c]uad- 
ratic  or  of  any  higher  degree,  until  it  has  been  cleared  of 
radicals. 

66.  An  equation  is  cleared  of  fractions  by  multiplying 
both  sides  of  it  by  the  least  common  multiple  of  the  deno- 
minators. It  is  however  perhaps  practically  the  easiest  method 
to  multiply  by  each  of  the  denominators  in  succession,  and 
make  such  simplifications  as  the  case  allows  after  each  mul- 
tiplication. 


ON   SIMPLE   EQUATIONS. 

67*  To  find  the  value  of  an  unknown  quantity  in  a 
simple  equation. 

An  equation  given  as  a  simple  equation  may  involve 
radicals;  if  so,  let  them  be  got  rid  of  first.  Next,  clear  the 
equation  of  fractions.  Next,  transpose  all  terms  involving  the 
unknown  quantity  to  the  left-hand  side,  and  all  terms  involving 
only  known  quantities  to  the  right-hand  side  of  the  equation. 
Divide  both  sides  by  the  coefficient,  or  sum  of  the  coefficients, 
of  the  unknown  quantity,  and  the  value  required  is  obtained. 


SIMPLE  BdUATlONS. 

Ex.  1.  2«  +  3  «  Sjf  -  1, 

3j?  -  2«  -  3  +  1, 
J?  =  4. 

2a?  -  1       3a?  -2       5 
Ex.2.  __  +  __.  =  ., 

2(20?-  1)  +3  (3a?  -2)  =  5, 
4.r  +  9»«  =  2  +  6  +  5, 
13a?  =  13, 
.r  =  1. 

Ex,  3,  Vso  +  1  +  y/s!  -  i  «=  2, 

v/iP+1  -  2  «  -  y/a  -  1, 
^  +  1  +4-4  \/  X  +  1  ss  a?  -1^ 
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4  \/a?  +  1  =  6, 

3 
°2' 

-x/o?  +  1 

«+  1 

9 
"4' 

4 

5 

4 

ON  QUADRATIC  EQUATIONS. 

68.  All  the  rules  for  the  simplification  of  equations 
which  iiave  already  been  given  apply  equally  to  quadratic 
equations ;  indeed,  as  has  been  observed,  it  is  not  always,  until 
the  simplification  has  been  cfTected,  that  we  are  able  to  say 
whether  the  equation  is  simple  or  quadratic.    ^By  such  sim- 
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plification  the  equation,  if  a  quadratic,  will  be  reduced  to  one 
of  these  forms, 

or  07*  +  aa?  =5  b. 

In  the  Jirst  case  we  have  at  once  by  extracting  the  square 
root  of  both  sides 

^  55  «k  V  6. 

Let  the  student  take  particular  notice  of  the  double  sign 
prefixed  to  the  radical,  and  which  in  the  solution  of  quadratic 

equations  ought  always  to  he  prefixed^  because  —  y/h  and 
-f-  y/h  satisfy  the  equation  ar^  =tb  equally  well,  since  the 
square  of  either  of  them  is  +  b. 

In  the  second  case  the  solution  is  not  so  obvious,  but  it  is 

easily  effected,  by   observing  that  the  quantity  —  added  to 

each  side  of  the  equation  will  make  the  left-hand  side  a  com- 
plete square  ;  in  fact,  we  have 

a*  a" 

or  +  aw  +  —  =  6+  — , 

4*  4 

which  may  be  written  thus 

\        2/  4' 

extracting  the  square  root  of  both  sides  we  liavc 

a  r      a* 

2  ^4 

transposing,  ,«  =  —  j=  a/  ft  +  — . 

2        ^  4 

The  two  values  of  j?, 

«        .  /.      a'       ,       a        ^  /,      «^ 

+    V  ^  +  —  and \/  6  +  « 

2  4  2  ^  4 

satisfy    the   equation   ar'^  +  a<v  ==  6,    and  are   called  its   roots. 
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The  student  may,  if  he  pleases,  actually  substitute  either  of 
the  expressions  which  we  have  found  in  the  equation,  and  he 
will  find  the  result  to  be  an  identity. 

69*  Hence,  further,  we  see  that  every  quadratic  has  two 
roots  and  no  more,  and  in  solving  quadratics  the  student 
should  be  careful  always  to  represent  both  roots. 

70.  The  following  form  of  a  quadratic  is  included  in  the 
preceding,  by  supposing  6  negative,  but  it  is  worthy  of  separate 
consideration.     Suppose 

or*  -f  a^  «  —  6. 
Completing  the  square  as  before, 


a*      a» 


af^  +  aof  -^  —  o 6, 

4        4 


a  Ic?     _ 

2  4 


a  /a* 


a«.    .  «• 


Now,  suppose  that  —  is  less  than  6,  then 6  is   a  ne- 

4  4 


V?- 


gative  quantity,  and  the  expression  \J h   represents  an 

operation  which  cannot  be  performed,  for  there  is  no  quantity 
the  square  of  which  is  negative.  Quantities  of  this  kind  are 
called  impossible  or  imctginary,  and  the  roots  of  an  equation 
when  they  involve  such  quantities  are  called  impossible  or 
imaginary  roots ;  so  far  as  we  are  concerned  at  present  how- 
ever roots  of  this  kind  are  quite  as  much  the  object  of  our 
search  as  real  roots,  since  the  question  is  merely  this,  what 
symbolical  quantity  substituted  for  w  and  operated  upon  ac- 
cording to  the  rules  of  algebra  will  satisfy  a  given  equation  P 

It  is  manifest  that  if  one  root  of  a  quadratic  is  imaginary 
the  other  is  also  imaginary. 
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71^  An  equation  may  sometimes  be  treated  as  a  quad- 
ratic which  has  higher  powers  of  m  in  it  than  the  second; 
in  fact  every  equation  is  virtually  a  quadratic  which  has  only 
two  powers  of  <r  involved,  one  of  which  is  twice  as  great  as 
the  other.     See  Ex.  (4). 

Ex.  1.  2a?*  +  3d?  +  1  =  0?^  +  5, 

«r*  +  3a?  =  4, 

..      ,         9      9      ,       25 
.i?"  +  3a?  +  -  =  -  +  4  «= — , 
44  4 

3  5 

0?  4-  -  =  =*»  -  , 
2  2 

.V  = =  1   or  -  4. 


2  1 

Ex.  2.  -f  -  =  4, 

0?  —  1         0? 

2a?  +  0?  -  1  =  4a?  (a?  -  l), 
4tv'-  4a7  —  3a?  *  -  1, 

4a?*-.7a?=  -  1, 

'     "    4        "4' 

.,       Ix       49  __  49       16  ^  33 
~  "4"  "^  64  '^  64  "  64  ~  64  ' 


Ex.  3. 


X  = 

7  ±\/33 
8 

ai" 

+  2a?  +  3  = 

4a?  +  1, 

0?-  -  2a?  = 

-2, 

.r'^  -  2a?+  1  =  -  1, 

07  -  1  =  ±\/-  1, 
,v  =  1  ±  x/-  1. 
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Ex.  4,  A-^  +  2«*  »  8, 

ct*  -f  207*  +  1  «=  9, 

^  +  I  »  *>i  3, 
^«-lsk3B2or-4, 

.17  B  y/2  or    —  \/4. 

ON   SIMULTANEOUS   EQUATIONS. 

72.  We  have  seen  how  it  is  possible  to  find  the  value  of 
X  which  satisfies  a  given  simple  or  quadratic  equation;  but 
sometimes  the  problem  is  presented  of  finding  two  unknown 
quantities  from  two  equations;  two  equations  which  are  thus 
given  to  determine  two  quantities  x  and  y,  involved  in  both, 
are  said  to  be  simultaneous, 

73.  The  simple  rule  for  the  solution  of  such  equations 
is  to  find  the  value  of  one  of  the  unknown  quantities  (y),  in 
terms  of  the  other  (<r)  from  one  equation,  and  substitute  the 
value  so  found,  in  the  other ;  we  shall  thus  have  an  equation 
involving  <r  only  for  determining  ^,  and  this  may  be  a  simple 
equation  or  a  quadratic,  according  to  circumstances. 

74.  The  process  just  described  is  not  always  in  practice 
the  most  convenient ;  it  is  manifest  that  it  does  not  signify  in 
what  manner  the  quantity  y  is  got  rid  of  between  the  two 
equations,  and  we  may  therefore  give  this  rule:  Eliminate  (i,  e. 
get  rid  of)  y  between  the  two  equations,  and  obtain  x  from  the 
result.  The  ingenuity  of  the  student  will  frequently  be  ex- 
ercised in  determining  the  most  convenient  mode  of  elimination. 

75.  It  is  not  difficult  to  see  that  two  equations,  and  no 
more,  are  necessary  for  the  determination  of  two  unknown 
quantities;  in  like  manner,  three .eqj||tions  will  be  necessary 
and  sufficient  to  determine  three  unknown  quantities,  and  so 
on.  The  name  simultaneous  is  applied  to  any  such  system  of 
equations,  however  many  there  may  be. 


Ex.  1.  Given     aw  -\-by  ^c      (l)i 

ax  +  h*y  =  c      (2). 


to  find  X  and  y. 


4i 
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Multiply  (1)  by  h\  and  (2)  by  6,  and  the  equations 
become 

ah' OB  +  bl/y  =  6'c, 

abx  +  bb'y  =  be. 

Subtract  one  of  these  from  the  other,  and  there  results 

(a6'-o'fc)a?  =  fc'c-6c; 

b'c  -  be 
ab  ^  a  b 
To  find  y  we  have  from  (l) 

9  =  -  (c  -  ao?), 
writing  for  «r  its  value 

1    abc  —  a'fcc     ac*  —  ac 
b      ab'  —  ab       aV  —  a'6 ' 

Thus  we  have  found  both  w  and  y\  the  latter  however 
might  have  been  determined  more  neatly  by  treating  (1)  and 
(2)  as  we  did  in  finding  a?,  that  is,  multiplying  the  former  by 
a\  the  latter  by  a,  and  subtracting  the  resulting  equations. 

76.  It  may  perhaps  be  also  worth  while  to  remark  even 
in  this  early  example  that,  in  a  system  of  equations  such  as 
(l)  and  (2),  when  w  has  been  found,  y  may  be  known  by  in- 
spection. For  it  is  to  be  observed,  that  in  (l)  and  (2)  w  bears 
the  same  relation  to  a  and  a ,  that  y  bears  to  b  and  6';  in  fact, 
if  in  those  equations  we  write  b  for  a,  and  V  for  a\  and  lastly, 
interchange  oo  and  y^  the  equations  remain  unchanged ;  hence 
we  conclude,  that  the  value  of  y  may  be  obtained  from  that  of 
a  by  writing  6  for  a,  V  for  a\  and  of  course  a  for  6,  and  a' 
for  6'. 

_  _  b'c  -  be 

Now  OD 


f  w    f 


y 


aV  —  a'b 

a  c  -  av 
ba  -  b'a^ 
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which  is  the  same  result  as  before,  though  written  in  a  manner 
slightly  diflFerent. 


Ex.  2.  +  -^ =  1  (1) 

2  3  ^  ^ 

t/  +  2 

2a?  +  I  - =  0  (2) 


[ 


These  equations  must  first  be  cleared  of  fractions  and  put 
in  their  simplest  form. 

Multiplying  (l)  by  6,  there  results 

307  -  3  -h  4y  -  2  =  6, 

or  Soo  +  ^y  =  11  (3). 

Multiplying  (2)  by  3, 

6a?  +  3-y-2  =  0, 
or  6a?  -  y  +  1  =  0 ; 
.'.  y  =  6ci?  +  1  (4). 

Writing  this  value  for  y  in  (3), 

3a?+4(6a?  +  1)  =  11, 
27a?  =  11  -  4  =  7; 


.'.  a?  =  —  ; 

27 

and  therefore  from  (4) 

^       7               14 
y«6x  —  ^-i«  —  + 

^             27              9 

23 
1  =  — . 

9 

Ex.  3.                       w  +y  ^  a 

0)) 

wymzh 

(2)r 

From  (1)                    y  «  a  -  a?, 

putting  this  value  for  y  in   (2), 

we  have 

a?  (a  —  oo)  ^  />, 

or  tP*  —  o.T  =  —  6. 

\ 
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Completing  the  square  according  to  the  rule  of  Art.  (68), 


a       a 


a^  ^  ax  -^  —  ^ 6, 

4       4 


V 

6, 

4  ~ 

/o» 

r  

-ft. 

4> 

1  «  /« 

and  y  =  a  -  A'  ss  -  qp   \/ A. 

^  2^4 

Ex.  4.  0?  +    y  +    «  =  0  (1), 

ci?  +  2y  +  3«f  =  1  (2), 

Subtracting  (l)  from  (2), 

y  +  2»«  1  (4). 

Multiplying  (I)  by  2,  and  subtracting  the  result  from  (3), 

-  y  +  j^r  s=  2  (5). 

Adding  (4)  and  (5), 

3«f »  3, 
»  =  1; 
therefore  from   (4)  y  =  1  -  2iJ?  =  I  -  2  =  -  1, 

and  from   (l)  ^aB-y-ijfs=l-l  =  0. 

Ex.  5.  a?  +  y  +  ;^  =  l  (I), 

(6  +  c)  *r  +  (a  +  c)  y  +  (o  +  6)  »  =  0  (2), 

6ctt?  +  aey  +  ofrs?  =  0  (3). 

Multiply  (2)  by  be  and  (3)  by  6  +  c  and  subtract,  then 

{(«  +  c)  fee  -  (6  +  c)  ac|  y  +  {(a  +  6)  6c  -  (6  +  c)  ab}  sf  =  0, 

or  (fee*  —  a(?)y  -^  {Jtrc  ~  ofe^)  «  =  0 ; 

6*  c  -  « 
c  0  —  a 
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Similarly  we  should  find  (see  the  remarks  on  Example  1), 


a'  c  ^  b 

a?=  -- «; 

(T  a—  b 


therefore  substituting  in  (l) 


a^  c  —  b         V  c  -  a 

— jjr  —  —  jjf  +  iJT  «  If 

(f  a  -^b  i?  b  ^  a 

a^  b  -  c     b*  c  ^  a' 


or 


/        a*  b  -  V     6"  c  -  a\ 
\        c*  a  —  6     c'  a  -^  bj 

«  {^(a  -  6)  +  o«(6  -  c)  +  b^c  -  a)}  =  c^(o  -  ft), 

«  {c^  (a  -  6)  +  afe  (a  -  ft)  -  c  (a*  -  fc^)}  =  r«  (a  -  ft). 

Dividing  by  a  —  ft 

«  {c*  +  aft  -  c  (a  +  ft)  I  =  c*, 
or  «  (c  -  a)  (c  -  6)  =  c* ; 


/.  » 


In  like  manner      y 


(c  -  a)  (c  -  ft)  ' 
6» 


(ft  -  a)  (ft  -  c)  ' 
and  ^ 


a* 


(o-6)(a-c) 

77*  Sometimes  a  system  of  equations  may  be  given  which 
are  not  really  sufficient  to  determine  the  unknown  quantities, 
in  consequence  of  not  being  independent^  that  is  to  say,  of  any 
one  of  the  equations  being  deducible  from  the  rest.  This 
dependence  is  not  always  to  be  detected  by  inspection,  but 
will  become  apparent  if  we  endeavour  to  solve  the  equations. 

Ex.  Let  it  be  required  to  determine  ^,  y  and  %  from  the 
following  system : 

2af  -{-  3y  +    z  =  11  (1), 

0?  -    y  +  2«  =    5  (2), 

*  +9y  -  4af  =    7  (3). 


48  ALGEBRA. 

Multiplying  (2)  by  3,  and  adding  the  result  to  (l),  we 
have 

5a?  +  7»  =  26  (4), 

Again,  multiplying  (2)  by  9  and  adding  (3), 

10a?  +  14«  =  52  (5). 

The  two  equations  which  we  have  thus  obtained,  viz.  (4) 
and  (5)  are  identical,  and  therefore  the  given  system  is  not 
sufficient  to  determine  x^  y  and  %\  in  fact  those  three  equa- 
tions are  equivalent  to  only  two  independent  equations,  any 
one  of  them  being  derivable  from  the  otlier  two. 

78.  The  preceding  examples  must  serve  for  the  eluci- 
dation of  the  method  of  solving  equations ;  the  illustrations 
of  the  process  might  be  indefinitely  extended,  but  a  familiar 
acquaintance  with  the  most  convenient  methods  can  only  be 
acquired  by  the  practice  of  actual  solution  on  the  part  of  the 
student  himself. 

ON  PROBLEMS  WHICH  MAY  BE  RESOLVED  BY  MEANS 

OF  ALGEBRAIC  EQUATIONS. 

79*  A  vast  variety  of  questions,  which  present  great  and 
perhaps  insuperable  difficulty  to  a  mind  unaided  by  the  art  of 
symbolical  reasoning,  are  rendered  extremely  simple  by  re- 
ducing them  to  algebraic  equations. 

80.  The  most  general  rule  which  can  be  given  for  the 
solution  of  such  questions  is  this :  Denote  the  unknown  quan- 
tities of  the  problem  by  symbols  (a?,  y^  «r,  &c.)  and  then  express 
the  conditions  of  the  problem  in  terms  of  those  symbols ;  we 
do  by  this  means,  in  fact,  express  by  algebraical  sentences  or 
equations  the  ordinary  written  sentences  in  which  the  problem 
is  given.  The  equations  thus  constructed  must  be  solved 
according  to  the  methods  which  have  been  previously  dis- 
cussed; the  equations  may,  for  aught  we  can  tell,  by  inspection 
of  the  problem  a  priori^  rise  to  a  degree  above  the  second,  but 
of  course  we  shall  confine  our  attention  here  to  those  problems 
which  produce  either  simple  equations  or  quadratics. 
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Ex.  1.  Divide  the  number  16  into  two  parts  such  that 
their  difference  shall  be  equal  to  half  the  number  itself. 

Let  tV  represent  one  of  the  parts,  then  will  l6  -  tV  re- 
present the  other  and  l6  -  2ar  will  represent  the  difference 
of  the  two ;  but  by  the  question  this  difference  is  equal  to 

16 

—  or  8; 
2 

.-.    l6-2d?=    8, 
2a?  =    8, 

w  tm    ^     one  of  the  parts, 
16-^—12      the  other  part. 

Ex.  2.  Two  pipes  will  separately  fill  a  cistern  in  a  hours 
and  6  hours  respectively ;  in  how  long  a  time  will  they  fill  it 
tc^ether  ? 

Let  w  be  the  number  of  hours  required. 

Call  the  whole  content  of  the  cistern  1,  then  since  the  first 
pipe  pours  in  1   (or  the  whole  quantity  required  to  fill  the 

cistern)  in  a  hours,  it  pours  in  -  in  one  hour,  and  therefore 

a 

-  in  iV  hours. 


Similarly,  the  second  pipe  pours  in  •-  in  the  same  time; 

therefore  they  together  pour  in  -  +  - , 

a      b 

But  this  quantity  is  the  whole  content  of  the  cistern  or  1  ; 

OB        CO 
.-.-+-  =  1, 

a       0 

1  ah 

and  00 


1       1      a^-b 
a       b 
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Ex.  3.  ^^s  money  exceeds  E"^  and  Cs  by  £a  and  &h 
respectively,  and  that  of  B  and  C  together  is  £c :  find  the 
sum  possessed  by  each. 

Let  Of  B  the  sum  possessed  by  A ; 
.*.  ii7  -  a  ss    B^ 

and  ir— 6s    C; 

therefore  by  question, 

a?  —  a  +  a?— 6«=c, 

2a?  =  a  +  6  +  c, 

a  +  6  +  c        ., 

ar  =  =  -4  s, 

2 

-  a  +  6  -H  c 

^  —  a  = as  ^  s, 

2 

a  -6  +  c 

cT  -  o  = =  (7 s. 

2 

Ex.  4.  Divide  £a  among  three  persons,  so  that  the  first 
may  have  m  times  as  much  as  the  second,  and  the  third  n 
times  as  much  as  the  first  and  second  together. 

Let  Of  s  the  sum  allotted  to  the  second ; 

.*.  mof  —  first, 

and  n{pS'\-mw)=i  third; 

.'.  w  +  mx  +  w  (tV  +  mx)  =  a, 
a?  (1  +  m)  (1  +  w)  =  «, 
a 


0?  =  - 


wo?  = 


(1  +  m)  (1  +  w)  ' 

ma 
(1  +m).(l  + w)' 


W  (a?  +  Wtl?)  = 


1  +  n 
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•  Ex.  5.  Divide  the  quantity  a  into  two  parts  such  that 
the  product  of  the  whole  and  one  of  the  parts  shall  be  equal 
to  the  square  of  the  other  part. 


Let 

Of  «one  part; 

.'.  a- 

«va  the  other; 

.*.  by  the  question. 

aa 

?  e  (a  -0?)' 

•> 
a?"  - 

•  Saw  «  -  a*; 

completing 

the  square. 

a?«- 

Saop  + 

9a*      9a^       ,     So" 
—  « a*  s= 

3a  \/5 

.•.  w =  ± a, 

2  2 

a?  a  a  . 

2 

We  must  take  the  n^ative  sign,  because «  «  greater 


than  a; 


3  -x/s 

•'•  fif  ^  — a> 

2 

v/5-  I 
a  —  09  ^ a. 


Ex.  6.      The  sum  of  two  numbers  is  a,  and  the  sum  of 
their  cubes  6 ;  find  the  numbers. 

Let  Of  =  one  of  the  numbers  ; 

.*.  a  —  0?  =  the  other ; 

.*,  by  question, 

<r*  +  (a  -  a^y  «  6, 

4 — 2 
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or  a;*  +  a^  -  Sd'^at  +  Sao?  ^  a^  =  b^ 

.ir  —  aw  =s 9 

Sa 

,  a^      b  ^  a^      a^ 

or  —  a^  +  -  «= +  —  ; 

4  3a  4 


a           lb  -  (J?      o* 
.-.  .V  =  -  ±  \/  +  — , 


2  3a 


a       ^  /ft  -  a       o 
9,         ^       Sa  4 


Hence  the  two  numbers  are  -  +  \J +  — , 


2  3a 


,  a       ^  /b  -  a^      c? 

and \/ H —  . 

2  3a  4 


Ex.  7.  There  are  three  magnitudes,  the  sum  of  the  first 
and  second  of  which  is  a,  that  of  the  first  and  third  6,  and 
that  of  the  second  and  third  c ;   find  them. 

Let  the  magnitudes  be  represented  by  co^  y^  z  respectively ; 
then, 

07  +  y  as  a, 

.»  +  «f  «  6, 

adding  these  equations  and  dividing  the  result  by  2, 

a  +  6  +  c 
^  2 

__  a  -^-b  '\-  c  a  -^b  -c 

Hence    ao  = c  = 

2 

a  +  6  +  c      _ 

^  2 

a  +  ft  +  c 

«  » a  s= 

2  2 


2 

? 

a 

-6 

+  c 

2 

> 

— 

0  + 

6  +  c 
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Ex.  8.      Required  four  magnitudes  the  products  of  which 
taken  three  together  are  a',  6',  &  and  cP. 

Call  the  magnitudes  <r,  y^  x  and  u. 
Then  y«u  ■=  a^ 

OfZU  «  fc*, 

oeyx  =  rf*. 
Multiplying  these  equations  together,  we  have 

.'.    ivyxu  s  abed; 

abed      abed 

.-.    a?  =  =  — =-  , 

yxu         a^ 

abed 
abed 


x  = 


u 


abed 


ON  RATIOS. 

81.  Ratio  is  the  « elation  which  quantities  of  the  same 
kind  bear  to  each  other  in  respect  of  magnitude. 

Thus  6  is  twice  as  great  as  3y  and  2  is  twice  as  great  as  1 ; 
therefore  we  should  say  that  the  ratio  of  6  to  3  is  the  same  as 
that  of  2  to  1,  or  as  we  may  write  for  shortness'  sake, 

6  :   3   ::  2   :    1. 

In  speaking  of  the  ratio  of  two  quantities  a  :  b^  a  and  6 
are  called  the  terms  of  the  ratio,  and  a  is  distinguished  as  the 
antecedent,  b  as  the  eonaequent. 
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82.  It  is  easy  to  shew  that  the  terms  of  a  ratio  may 
be  multiplied  or  divided  by  any  (the  same)  number.  For 
distinctness^  sake  let  us  consider  a  and  h  as  representing 
two  lines ^  then  by  the  symbol  a  we  mean  to  denote  a  line  a 
times  as  great  as  a  certain  standard  line  (a  foot  for  instance), 
and  by  6  a  line  h  times  as  great.  The  lines  in  question  are 
then  in  the  proportion  of  the  numbers  a,  b ;  but  if  we  had 
taken  a  line  only  half  as  long  (six  inches)  for  the  standard, 
the  lines  would  have  been  represented  by  2  a,  and  26  ;  but 
their  ratio  of  course  is  not  altered ; 

.*.     a  I  b  ::  2a  :  26. 

In  like  manner  it  would  appear  that  a  :  6  ::  3a  :  36,  and 
generally  that  the  terms  of  a  ratio  may  be  multiplied  by  any 
number  without  affecting  the  value  of  the  ratio. 

Conversely,  the  terms  may  be  divided  by  any  number. 

83.  Hence  it  follows  that  we  may  represent  ratios  alge- 
braicalhf  by  fractions ^  of  which  the  antecedent  is  the  nume- 
rator and  the  consequent  the  denominator. 

For  by  what  has  been  said  the  ratio  of  a  :  6  is  the  same 

a 
as  the  ratio  of  -   :   1 ;    now  I  is  a  given  quantity,  and  there- 

a 
fore  we  may  take  the  fraction  -  as  the  symbol  of  the  ratio 

a 

-   :   1,  and  therefore  as  the  representative  of  the  ratio  a  :  6. 

In  fact,  the  ratio  a  :  6  may  be  conceived  to  mean  that  a  is 

a 
as  many  times  as  great  as  6,  as  -  is  as  great  as  1,  and  therefore 

the  magnitude  of  the  fraction  -  measures  the  magnitude  of  the 

ratio  of  a  :  6. 

Henceforth  therefore  we  shall  represent  the  ratio  of  a  :  6 

by  the  fraction  -  . 
•^  6 


f 
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If  a  is  greater  than  6,  the  ratio  -  is  called  a  ratio  ot  greater 

inequality. 

If  a  =  ft,  the  ratio  is  called  a  ratio  of  equality. 
If  a  is  less  than  6,  a  ratio  of  leas  inequality. 

84.  JL  ratio  of  greater  inequality  ia  diminishedy  and  of 
less  inequality  increased^  by  adding  the  same  quantity  to  each 
of  its  terms. 

Let  T  be  any  ratio,  and  let  w  be  added  to  each  of  its 
terms;   then 


a  +  0?  .  a 

IS  >  or  <  -, 

ft  +  ,r  0 


according  as 


(a  +  .v)6  is  >  or  <  a(ft  +  .r), 
or  as  biV  is  >  or  <  ax^ 
or  as  6  is  >  or  <  a, 
i  e.   as  the  ratio  is  one  of  less  or  greater  inequality. 

85.  Ratios  are  compounded  by  multiplying  together  their 
corresponding  terms. 

Thus  -  compounded  with  -  becomes  -— . 
b  d  bd 

86.  A  ratio  is  increased  by  being  compounded  with 
another  of  greater  ineqttality^  and  diminished  by  being  com- 
pounded with  one  of  less. 

For  -  compounded  with  -  becomes   —■; 
6  d  ba 


,    ^  ac  ,  a 

but   —-  IS  >  or  <  7  , 
bd  b 

according  as  -  is  >  or  <  1, 

d 

or  c  is  >  or  <  rf, 

which  proves  the  proposition. 
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ON   PROPORTION. 

87.  Proportion  is  the  equality  of  ratios ;  and  therefore 
algebraically  four  quantities  are  said  to  be  proportional,  when 
the  fraction  expressing  the  ratio  of  the  first  and  second  is 
equal  to  that  expressing  the  ratio  of  the  third  and  fourth ; 

that  is^  a  :  b  ::  c  :  d  when  7  =  -. 

b      a 

88.  7/*  a  :  b  ::  c  :  d,  then  ad  ^  be. 

For,  as  we  have  just  seen, 

a      c 

and  .*.  ad  ^  be, 
89      7/"  a  :   b  ::  c  :  d,  then  asfcb:b::c±d:d. 

a  c 

a  ^b      c  ^d 
or  — - —  =  — -—  . 


90.     7/*  a  :  b  ::  c  :   d,  then 

ma^Ainb   :  pc  ±  qb  ;:   mc  ±  nd  :  pc  ±  qd. 
„       a      c 

ma      mc 


nb      nd  ' 


ma  mc 

nb  nd 
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ma  :^nb      mc  st  nd 


nb  nd 

ma  ^ab      nb       b 
mc^nd      nd      d^ 

in  like  manDer  it  may  be  shewn  that 

pa^qb      b 

^  ^^  • 

pc^qd      d^ 

ma^nb      pa^qb 
mc  ±  nd      pc^qd' 

91.     7/*  a  :  b  ::   c  :  d   ::  e  :   f  ::   &c.,  then 
a  :   b  ::   a  +  c  -f  e  +  •••   :   b  +  d  +  f  +  ... 

For   -=-  =  -«       . 
b      d     /       '•' 

.*.  ad  =  bc^ 
af^be^ 

.'.   by  addition, 

ad  -{-  af+  ...  =  fee  +6e  +  ..., 

ab  +  ad  -^  af  +  ...  =  6a  +  Ac  +  6e  +  ..., 

«{6  +  rf+/+  ...|  =6{a  +  c  +  c  +  ...}; 

a      a  +  c  +  e  -\- 


b       b+d+f+ 


92.  A  variety  of  other  propositions  in  proportion  may 
be  demonstrated  in  like  manner  as  the  preceding.  The  greatest 
simplicity  is  introduced  by  this  method  of  representing  ratios 
by  fractions,  and  it  will  be  instructive  to  inquire  into  the 
reason  of  the  much  more  complicated  processes  which  Euclid 
has  found  it  necessary  to  employ  in  the  fifth  book  of  his 
elements. 
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Euclid^s  definition  of  proportion  is  this ;  that  four  quanti- 
ties are  said  to  be  proportional  when  any  equimultiples  what- 
ever being  taken  of  the  first  and  third,  and  any  whatever  of 
the  second  and  fourth ;  if  the  multiple  of  the  first  is  greater 
than  that  of  the  second,  the  multiple  of  the  third  is  greater 
than  that  of  the  fourth,  if  equal  equal,  and  if  less  less.  Now 
this  definition  is  an  immediate  consequence  of  the  algebraical 
representation  of  ratio ;  for  suppose  a  :  b  ::  c  :  dj 

.        a      c 

pa      pc 
qb      qd ' 

and  if  pa  is  >qb^  pc  is  >qdj 

if  pa  ^qbj  pc  '=  qd^ 

and  if  pa<qb,  pc<qd^ 

which  is  Euclid'^s  definition. 

And  conversely,  from  Euclid^s  definition  may  be  deduced 

the  algebraical  rule  of  proportion  ;   that  is,  we  can  shew  that 

a      c 
if,  by  that  definition,  a  :  b  ::  c  :  d,  then  must  7  =  3. 

0      d 

For  let  a,  6,  c,  d  be  four  quantities  such  that  if  equi- 
multiples pa,  pc  be  taken  of  a  and  c,  and  equimultiples  g6, 
qd  of  b  and  d,  if  pa  be  >  qb,  pc  is  >  gd,  if  equal  equal,  and 
if  less  less. 

Then  since  we  may  choose  p  and  q  as  we  please,  we  can 

pa 
make  —  as  nearly  equal  to  1  as  we  please ;   we  cannot,  it  is 

true,  always  make  it  precisely  equal  to  1,  because  p  and  q  are 

to  be  whole  numbers,  and  a  and  b  need  not  be  so ;  but  never- 

pa 
theless  we  can  make  the  fraction  —  as  near  to  unity  as  we 

qb 

please ;   we  may  therefore  suppose  that  we  have  taken  p  and  q 

pa 
such  that  — -  =  1 ; 

qb 


PBOPOBTION.  59 

but  by  definition  we  must  in  this  case  have  also 

pc 
qd 

pa      pc 
qh      qd^ 

a      c 

Hence  it  appears  that  Euclid'^s  definition  of  proportion  and  the 
algebraical  follow  each  from  the  other ;  but  wherein  is  the 
propriety  of  Euclid^s  peculiar  definition  ?  in  this,  that  the 
algebraical  test  is  not  applicable  to  geometrical  quantities ;  we 
can  represent  addition  and  subtraction  geometrically,  but  not 
division^  and  therefore  it  is  necessary  in  geometrical  investi- 
gations to  adopt  some  definition  which  involves  only  the  notion 
of  addition  and  of  a  comparison  of  magnitudes  with  reference 
to  greater  or  less. 


ON  VARIATION. 

93.  When  one  quantity  y  depends  upon  another  a;,  in 
such  a  manner  that,  if  j?  is  changed  in  value,  tlie  value  of  y  is 
changed  in  the  same  proportion,  then  y  is  said  to  vary  directly 
as  ^,  or  shortly,  to  vary  as  w. 

For  instance,  we  know  by  Euclid,  vi.  1,  that  if  we  double 
the  base  of  a  triangle  the  vertex  remaining  the  same  we  double 
the  area,  and  that  in  whatever  proportion  we  alter  the  base 
the  area  is  altered  in  the  same  proportion,  hence  we  should  say 
that  (the  altitude  being  given)  the  area  of  a  triangle  varies  as 
the  base. 

The  phrase  y  varies  as  of  is  written  thus,  y  oc  w. 

94?.  It  will  be  seen  that  we  have  here  introduced  the 
notion  of  quantities  entirely  difterent  from  those  hitherto  con- 
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sidered ;  hitherto  we  have  had  to  do  odIj  with  quantities  which 
have  some  determinate  value,  but  the  relation  between  y  and  at 
implied  in  the  fact  of  y  varying  as  w  does  not  determine  either 
X  or  yy  but  only  a  relation  between  them.  Quantities  of  this 
kind  we  call  variable  quantities,  to  distinguish  them  from 
others  the  value  of  which  is  determinate  and  wliich  we  call 
constant, 

95.  The  relation  expressed  by  ^  oc  or  is  equivalent  to 
the  equation  y  =  Ca^,  where  C  is  some  constant  quantity ;  for 

~  is  the  ratio  of  y  to  w,  and  the  preceding  equation  expresses 

that  this  is  constant  or  always  the  same  whatever  values  w  and 
y  may  have,  and  this  is  the  same  thing  as  saying  that  when 
one  is  increased  the  other  is  increased  in  the  same  proportion. 

96.  If  we  have  any  two  corresponding  values  of  a?  and  y 
given  we  can  determine  the  quantity  C ;  thus,  suppose  y  oz  w 
and  it  is  given  that  when  tP  =  1,  y  =  2,  then  we  have 

but  2  =  Cl, 
.'.   y  =  2cV. 

97*  When  two  quantities  are  connected  by  the  relation 
y  =  — ,  y  is  said  to  vary  inversely  as  a?. 

And  when  three  quantities  <v,  y,  %  are  connected  in  such  a 
manner  that  z  =  Caiy^  «  is  said  to  vary  jointly  as  «v  and  y* 

98.     If  y  OCX  and  z  «  y,  then  z  oc  x. 
For  let  y  =  C^z?, 

and  CC  is  constant ;  .*.  x  cc  a\ 
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99.     If  y  OCX  and  z  also  «  x,  then  y/yz  «  x. 
For  let  y^  Cw^ 

.'.  yx  ■=  CC.sf^ 


and   y/CCf  is  constaDt;   .•.  y/yzazw. 

Many  other  propositions  may  be  demonstrated  in  like 
manner  with  perfect  facility.  We  shall  conclude  with  the 
following  proposition. 


100.  If  z  he  a  quantity  depending  upon  two  others,  x 
and  y,  in  such  a  manner  that  when  x  is  constant  and  y 
allowed  to  vary  z  oc  y,  and  when  y  is  constant  and  x  allowed 
to  vary  z  oc  x,  then  when  x  and  y  both  vary  z  wiU  oc  xy. 

Let  X  ^  u  ,  wy,  where  f«  is  a  quantity  which,  for  anything 
we  know  at  present  to  the  contrary,  may  involve  w  ov  y  ox 
both. 

Then  when  w  is  constant  and  y  variable  x  <xy,  but 
x=  uof.y,  therefore  uw  does  not  involve  y^  or  u  does  not 
involve  y. 

In  like  manner  u  does  not  involve  .r,  therefore  it  is  con- 
stant, or  jsr  oc  offy. 

We  may  illustrate  the  preceding  proposition  as  follows. 
When  the  base  of  a  triangle  is  given  the  area  oc  the  altitude, 
and  when  the  altitude  is  given  the  area  cc  the  base ;  hence 
when  neither  is  given,  the  area  oc  base  x  altitude. 
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ON  ARITHMETICAL   PROGRESSION. 

101.  Def.  Quantities  are  said  to  be  in  arithmetical 
progression,  when  they  increase  or  decrease  by  a  common 
difference. 

Thus  a,  a  +  d^  a-^Zd^ is  an  arithmetical  series. 

102.  To  €um  an  arithmetical  series. 

Let  a  be  the  first  term,  d  the  common  difference  of  the 
terms;  then  the  second  term  will  be  a  +  d,  the  third  a  +2d, 
and  generally  the  n^  term  will  be  a  +  (n  -  l)  .  d. 

Let  S  be  the  sum  of  n  terms,  then 

«$:»  a  +  a  +  d  +  a  +  2d  4- +  a  +  (n  -  l).d; 

writing  the  terms  in  the  reverse  order,  we  have 

,9a  a  +  (^-  l)d  +  a  +  (n  ^^)d  +  a  +  («  -8)d  + +  a; 

adding  together  these  two  equations, 

2*9  =  2o  +  (n  -  l)d  +  2a  +  (»-  l)d  +  2a  +  (n  -  l)d. ........ 

+  2a+  («-  l)d, 

«  {2a  +  («  -  1)  d\  fly  since  there  are  n  terms ; 

.-.  *?=  {2a  +  (n  -l)d}  -, 
which  is  the  expression  for  the  sum  required. 

The  expression  for  S  may  also  be  written  thus :  let  /  be 
the  last  term,  i.  e.  Z  =  a  +  (w  -  1)  d,  then 

^         ^2 

Cor.  Any  three  of  the  quantities  a,  d,  n  and  /9,  being 
given,  the  fourth  may  be  found. 
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Ex.  1.     Find   the   sum   of  10  terms  of  the   arithmetical 
series  2,  5,   8, 

Here  0^2,  d  «  3,  n  s  10 ; 

.-.  *?  =  (4  +  9  X  3)  5  =  31  X  5  =  155. 

Ex.  2.  There  is  an  arithmetical  series  the  fourth  term  of 
which  is  9  and  the  seventh  15 :  find  the  series. 

The  formula  for  the  n^  term  is  o  +  (w  -  l)  d,  therefore 
in  this  example  we  have 

a  +  6d  ==  15. 
In  subtracting  the  first  of  these  equations  from  the  second, 

3d  -  6, 
d  «  2; 
.-.  a  «  9  -6  «  3; 
.'.  the  series  is  3,  5,  7$  9 

Ex.  3.  Insert  n  arithmetical  means  between  a  and  b. 
This  is  in  other  words  to  form  an  arithmetical  series  of  n  +  2 
terms,  of  which  the  first  shall  be  a  and  the  last  b. 

Let  d  be  the  common  difference,  then  we  must  have 

a  +  (n  +  1)  d  «  6 ; 

6  —  a 

...     d  as  , 

n-i- 1 

Hence  the  terms  required  will  be 

5  —  a  6  —  a 

a+ ,     a  +  2 ,  &c. 

n  +  1  n  +  1 

Ex.  4.  Find  an  arithmetical  series  in  which  the  seventh 
term  is  three  times  as  great  as  the  second,  and  the  fourth  ex- 
ceeds the  second  by  four. 
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If  a  be  the  first  term^  d  the  common  difference,   we  have 
the  conditions 

a  -^^  6d  =i  S{a  +  d)^ 

a+  3d  =  a  +  d  +  4, 

or      2a  =  3d, 
2ds  4; 
.-.   d  =  2,      a  =  3, 
and  the  series  is  3,  5,  ?»  9$  &c. 


ON   GEOMETRICAL   PROGRESSION. 

103.  Def.  a  series  of  quantities  are  said  to  be  in 
geometrical  progression  when  each  term  of  the  series  is  equal 
to  that  which  precedes  it  multiplied  by  some  constant  factor, 
i.  €,  some  factor  which  is  the  same  for  all  the  terms,  or  in  other 
words,  when  the  ratio  of  any  two  successive  terms  is  the  same. 

Thus  o,  ar,  ar^^  ar^ is  a  geometrical  series. 

104.  To  sum  a  geometrical  series. 

Let  a  be  the  first  term,  r  the  common  ratio  of  the  terms  ; 
then  the  second  term  will  be  ar,  the  third  ar*,  and  generally 
the  n}^  term  will  be  ar^'K 

Let  S  be  the  sum  of  n  terms,  then 

S  ^  a  ■¥  ar  -k-  ar^  + +  ar""^, 

multiplying  by  r  we  have 

rS  =  or  +  ar^  + +  ar""*  +  ar^^ 

subtracting  the  former  of  these  equation^  from  the  latter,  we 
have 

(r  -  1)  *S  =  or"  -  a ; 

r'-l 


.*.  S  ==  a 


r-i' 


which  is  the  expression  for  the  sum  required. 


GEOMRTRICAL  PROORBSSTON.  65 

Cob.  Any  three  of  the  four  quantities  a,  r,  n,  S  being 
given,  the  fourth  may  be  found. 

105.  If  the  quantity  r  be  less  tiian  1,  r"  will  be  less  as 
n  is  greater,  and  if  we  supgose  n  indefinitely  great,  r*  will  be 
indefinitely  small,  and  we  shall  have 

a 
S 


1  -  r 


Hence  it  appears  that  if  we  have  a  geometrical  series  in 
which  the  common  ratio  is  a  proper  fraction  there  is  a  certain 

quantity,  viz. ,  to  which  the  sum  of  the  series  continually 

1  —  1* 

approximates  the  more  terms  we  take,  and  consequently  we 

may  say  that  the  sum  of  such  a  series  extended  ad  infinitum 

a 


is 


1  -r 


106.     An  example  of  a  geometrical   series  continued  ad 

infinitum  occurs  in  arithmetic,  in  the  case  of  recurring  decimals: 

3         3          3 
thus  the  recurring  decimal  .333 =  —  + — -h + , 


and  the  sum  of  this  series  is 


3 

10  3      1 


1       9      3 

""To 


But  more  generally. 


107.     To  find  the  vulgar  fraction  corresponding  to 
given  recurring  decimal. 

Let  the  decimal  be  represented   by  A.BRRR 

where  A  is  the  integral  part,  B  the  nonrecurring  decimal  part, 
and  R  the  recurring ;  and  suppose  B  to  contain  p  digits,  and 
R  to  contain  q  digits. 
5 
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Let  S  -  A.BRRR ; 

.-.  10^*^  S '=' ABE .  RR , 

and  10'S  =  AB.RR ; 

.-.  (IC**  -  10')  S  =  ABR  -  AB, 

,   „     ABR^-AB 

and  S  a=  — T-: — :; :  . 

10^(10^-.  1) 

Ex.  1.     Find   the   sum  of   10  terms  of  the  geometrical 
series  1,  2,  4,  8,   

In  this  case     a  =  1,  r  =  2,  n  «  lo ; 

...  S  = «  2^0  .  1  ^  JQ23 

2-1 

Ex.  2.     There  is  a  geometrical  series  of  which  the  second 
term  is  6  and  the  fourth  54 ;  find  it. 

Here  ar  cs  6, 

o      54 
.*    r*  B  ss  Q 

r  «  ±3; 

6 

.•.  a  s 88  db  2  ; 

±3 

.'.  the  series  is 

2,  6,  18,  54, 

or   -  2,  6,    -  18,  54, 

Ex.  3«  Insert  n  geometrical  means  between  a  and  6. 
This  is  in  other  words  to  construct  a  series  of  which  the  first 
term  is  a,  and  the  {n  +  2y^  term  6. 

Therefore  we  must  have 
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- '  ■  (D"'  • 


and  the  geometrical  means  required  are 

»(r-  «(r 'it- 

Ex.  4.      Find  the  sum  of  the  series    1  +^  +  ^+  ...   ad 
infinitum. 

In  this  case  a  *b  i,     r  «b  ^ ; 

1 

Ex.  5.     Find  the  vulgar  fraction   corresponding  to   the 
recurring  decimal  2.46262 

Let  i9  «  2  .  462^, 

1000  *y  «  2462.te, 

10*9  =      24.62 ; 
.'.  9dO<S'»«S488, 

2438       1219 


and  S 


990        495 


ON  HARMONICAL  PROGRESSION. 

108.  Def.  a  series  of  quantities  are  said  to  be  in 
harmonical  progression,  when  any  three  successive  terms  are  so 
related,  that  the  first  is  to  the  third  as  the  difference  between 
the  first  and  the  second  is  to  the  difference  between  the  second 
and  third. 

Thus  if  a,  6,  c  are  in  harmonical  progression, 

a:c::a  —  6:6  —  c. 

5—2 
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The  reciprocals  of  quantities  in  harmonical  progression 
are  in  arithmetical  progression. 

Let  a,  6,  c  be  quantities  in  harmonical  progression,  then 
by  definition 

a      a  ^  h 
c       b  --  c^ 

b  "  c      a  ^  b 


or 


a 


or = , 

c      b      h      a 

which  proves  that  the  difference  between  —  and  -  is  the  same 

a  h 

as  between  -  and  - ,  or  that  - ,  t  »  "  are  in  arithmetical  pro- 
b  c  a     b     c 

gression. 

Cor.  Hence  we  may,  if  we  please,  take  it  as  the  defi- 
nition of  quantities  in  harmonical  progression  that  their  re- 
ciprocals are  in  arithmetical. 

109.  A  series  of  quantities  in  harmonical  progression 
admits  of  no  simple  summation. 

110.  The  three  kinds  of  progression  which  have  been 
treated  of,  may  be  brought  under  one  point  of  view  as  follows: 

If  a,  6,  c  are  in  arithmetical  progression,  we  have 

a  -b      a 


If  in  geometrical^ 


If  in  harmonical^ 


b 

— 

c 

a 

a 

— 

b 

a 

b 

— 

c 

b 

a 

— 

b 

a 

b  •-  c       c 
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ON  PERMUTATIONS  AND  COMBINATIONS. 

111.  The  different  ways  in  which  any  number  of  quanti- 
ties can  be  arranged  are  called  their  permutations. 

Thus  the  permutations  of  the  letters  a,  6,  c  taken  two 
together  are  a6,  acj  ha^  he,  ca^  cb. 

The  combinations  of  a  number  of  quantities  are  the  col- 
lections which  can  be  made  of  them  without  regard  to  ar- 
rangement. 

Thus  the  combinations  of  a,  6,  Cj  taken  two  together,  are 
ab,  acy  be  :  aby  ba,  which  were  two  permutations^  form  only 
one  combination^  and  so  of  the  rest. 

112.  To  Jind  the  number  of  permutations  of  n  things 
taken  r  together. 

Let  |nPr}  denote  the  number  of  permutations  of  n  things 

a^  by  Cy  d taken  r  together.     Now  suppose  we  omit  one 

of  the  letters,  as  a,  and  form  the  remainder  into  permutations 
taken  r  —  1  together,  of  which,  according  to  our  notation,  there 
will  be  |(n  -  l)  P(r  —  l)(  ;  then  before  each  of  these  permu- 
tations we  may  place  a,  thus  forming  {(n  —  ^)P(r  -  1)}  per- 
mutations of  n  things  taken  r  togethery  in  which  a  stands 
first:  the  same  may  be  said  of  i,  c,  d,  and  there  are  n  of 
them ;   therefore  we  shall  have 

{nPr}  =n  {(n  -  l)P(r-  1)}  ; 

in  like  manner, 

|(n-.i)P(r-l)}  =  (n-l){(n-2)P(r-2)}, 

{{n  -  i)P{r  -  2)}  =  (7^  -  2)  {{n  -  S)P{r  -  3)}, 

&c.  =  &c. 

{(w  -  r  +  2)  P2}  =  (n  -  r  +  2)  {(n  -  r  +  1)  Pi} 

=  (?i  -  r  +  2)  (»  -  r  +  1), 

[since  it  is  manifest  that  |(n  -  r  +  l)Pl}  =  n  -  r  +  1.] 
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Now  multiplying  together  the  corresponding  sides  of  these 
equations  and  leaving  out  the  common  factors,  we  have 

{nPr}  mn(n  "  l)(n  -2) (n  -  r  +  2)  (» -r  +  l). 

Cor,     If  raw,  we  have 

JnP»|  =  n  (n  -  l)  (n  -  2) 2  . 1. 

113.  To  find  the  number  of  permuiaiions  of  n  things 
taken  all  together,  when  a  are  of  the  same  kind. 

Let  /»  be  the  number  required. 

Then  since  all  the  a  quantities  enter  into  each  permutation, 
if  we  suppose  them  all  different,  each  permutation  would  be  re- 
solved into  {a Pa}  permutations,  and  therefore  the  whole 
number  of  permutations  would  be  {a Pa}  times  as  great ;  but 
in  this  case  the  number  of  permutations  would  be  that  of  n 
things,  all  different,  taken  all  together,  or  {nPnj;  hence  we 

have 

a?  {aPo}  =  [nPn], 

n(«- 1) a,i 

or   07  »  — r . 

a  (a  —  1), 2.1 

Cor.  In  like  ipanner^  if  tber^  were  a  quantities  of  one 
kind,  /3  of  another^  y  pf  another,  &c.  we  should  hav^  for  the 
number  of  pern^ytations 

u(n^  i),.....g,i 

1.2.,.a.l.fl...|3.1.9..,Y.Qro.  ' 

114.  To  find  the  nuwkber  of  cQmHnatiQns  of  n  things 
taken  r  together. 

Let  {wCr}  denote  the  pumber  of  combinations.  Then 
since  the  order  of  the  quantities  is  not  regarded  in  a  combina- 
tion, each  combination  of  r  quantities  may  he  resolved  by 
permuting  them  into  [rPr]  permi^tation^.     Hence  we  have 

\nCr}  {rPr\  -  {nPr}, 

or  [nCr]  ^^^^'^> (n  ^  r -H) 

*         *  1.2 r 
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115.     The  number  of  cemMnaiions  of  n  tfUnge  taken  r 
together  ia  the  same  as  that  of  n  thinge  taken  (n  •  r)  together. 

In  other  words,  {nCr\  =  \nC{n  -  r)}. 

w(n-  1) (n  -  r  +  1) 


Now  \n  Cr} 

I  •  ss< 


|nC(»-r)},    ^^ ^^^J^. 

Suppose  n  —  r  greater  than  r,  which  may  be  done  with- 
out affSecting  the  generality  of  the  proof : 

then   |i»C(«>r)}-.^<^-^> <"  "^  ^> 

*  ^         1.2 n-r 

^n(n  -  l)...(n-r  +  1)  (n  -  r) (r  +  1) 

1 .« rir-^  1) (»-♦•) 

n(9i*-  1) (n-r+  l) 


1 .2 


(w  Cr) . 


116.  Another  mode  of  proving  this  proposition  is  as 
follows  :  whenever  r  of  the  n  quantities  are  taken  to  form  a 
combination,  n  —  r  are  necessarily  omitted,  and  these  may  be 
supposed  to  be  formed  into  a  combination  which  may  be 
called  with  reference  to  the  former  a  complementary  combina- 
tion. Hence  each  combination  of  r  quantities  has  its  comple- 
mentary combination  of  n  -  r,  and  therefore  the  number  of 
the  two  sets  of  combinations  is  equal. 


ON  THE  BINOMIAL  THEOREM. 

117.  We  have  already  seen  (Art.  46.)  that  (a  +  6)' 
=  o^  +  2a6  -f  6%  and  that  (a  +  6)^  «  a'  +  Sa^h  •\'  Sab^  -{-  fe*,  and 
we  might  find  the  expansion  of  any  other  positive  integral 
power  of  a  +  6  by  actual  multiplication  :  the  binomial  theorem 
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is  a  formula  for  the  general  expansion  of  (a  +  by  according  to 
powers  of  6,  and  that  not  only  in  the  case  of  n  being  positive 
and  integral,  but  also  when  it  is  fractional  and  negative. 

118.  To  investigate  the  Binomial  Theorem  in  the  case 
of  a  positive  integral  index. 

We  have  by  actual  multiplication 
(^  +  o)  (^  +  6)  =  a?*  +  (a  +  b)w  +  a6, 
(a?  •»-  a)  (a?  +  6)  (07+ c)  =« A**  +  (a  +  6  +  c)  a^-\-  {ah-\-  ac  +  fee)  J?  +  ahc. 

In  examining  the  preceding  expressions  we  observe  the 
following  laws  : 

(1)  That  they  consist  of  a  series  of  descending  powers 
of  w^  and  that  the  first  and  highest  index  is  the  number  of 
factors  forming  the  expression. 

(2)  That  the  coefficient  of  the  first  term  is  unity;  of  the 
second,  the  sum  of  the  products  of  the  quantities  a,  6,  c,  taken 
one  together;  of  the  third,  the  sum  of  the  products  of  the  same 
taken  two  together ;  of  the  last,  the  product  of  them  taken  all 
together. 

Let  us  suppose  that  this  law  holds  for  n  factors,  that  is, 
that 

(j?  +  a)  (a?  +  6)  (^H-c)...(a?+jp)  =  a?*  +  *S'i^"^  +  *S'2J?""^  +  ...+  *S„, 
where   Si  «o  +  6  +  c+..,  +  p, 
iSg  =  o6  +  ac  +... 


•  • 


Sn  =  abc.p. 

Then  will 

(x  +  a)  (a?  +  b)  {x  +  c)...(a?  +  p)  (w  +  q) 

=  (^  +  ^)  [^  +  'S'l^"'  +  'S.a?--^  +...  +  *?„} 

+  qx""   -^^  qSiX"*"^  ■¥...'{'  qS^ 
=  x^-^^+  SiX""  +  SzX""-^  H-...+  Sn  suppose. 
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where  ^/  «  iSi  +  ^ -  a  +  6  +  c  + ...  +  p  +  g, 

*S/«=  S^  +  ^*yi  ^  ab  ■¥  ac  +...+  qa  ■¥  qb  +  ... 
Sn  =  qSn  =  abc.pq. 

Hence  it  appears,  that  if  the  assumed  law  be  true  for  n 
factors,  it  will  be  true  for  n  +  1 ;  but  it  is  true  for  three ; 
.'.  tor  four;    .•.  &c.  .•.  generally  true. 

Now  let  a  =s  6  =  c  =...  =  p. 

Then    Si  =  a  +  a  -f  a  +...to  \ terms  ^b  na, 

*S,  =  a*  +  a*  +  ...to  as  many  terms  as  there  are  com- 
binations of  n  things  taken  two  together 

n(n-  1)   ,  ,. 
=  — ^^ aS  (Art.  114.) 

&C.  s  &C. 

and  (a?  +  a)(af  +  b)  {w  +  c).,.(a?  +  p)  becomes  =  (a?  +  dy ; 

.*.  («»  +  a)"  =^  +  na?*"*a  +  — ^ ^  af^'^a^  +...+  a*. 

^  1.2 

Ane  general  term  being a^  *^a',   and 

1  •  2, •«••«.. .....I* 

the  number  of  terms  »  +  1. 

n(n  -  1)    -. 

CoR.  1.     (1  +  ar)"«  1  +  wa?+ —  or  +...+cr". 

^  ^  1.2 

Cor.  2.  It  appears  from  the  proposition  proved  in  Art. 
115.  that  the  coefficients  of  terms  at  the  same  distance  from 
the  beginning  and  end  of  the  series  are  the  same ;  which  is 
also  otherwise  apparent  from  the  fact  that  {x  +  a)*  =  (a  +  a?)*. 

Ex.  1.    (a  +  by^a'  4-  ^a^h  +  ^4  "  «**'  +  ^^^^^  «^'+  ^\ 
^  '  1.2  1.2.3 

=  a*  +  4a'6  +  6a'62  +  4a6'  +  6'. 
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Ex.  2.  Find  the  coefficieDt  of  a^b^  in  the  expansion  of 
(a  +  b)\ 

r^,  «.     .  8.7.6 

The  coefficient  = =  56. 

1 .2.3 

119.  The  series  which  has  been  proved  for  (l  +  «»)■ 
when  n  is  positive  and  integral  may  be  shewn  to  be  the  true 
series  in  the  case  of  n  being  fractional  or  negative ;  it  is  to 
be  remarked,  however,  that  there  is  this  important  distinction 
between  the  two  cases,  that  when  n  is  a  positive  integer  the 
series  comes  to  an  end,  but  when  n  is  fractional  or  negative  the 
series  will  be  infinitely  extended.  In  fact  we  have  seen  that 
the  genera)  term  of  the  series,  when  n  is  a  positive  integer,  is 

n.  (ti  -  1) (n  -  r-H  1) 

1 .2 r  ' 

and  this  becomes  zero  when 

r  =  n  +  1  ; 

but  if  we  prove  that  the  same  is  the  general  term  when  n  is 
fractional  or  negative,  it  will  be  apparent  that  it  never  can 
become  zero,  and  therefore  the  series  can  never  terminate. 
We  may,  however,  consider  the  series  indefinitely  continued 
even  in  the  case  of  a  being  a  positive  integer,  only  that  after 
a  certain  number  the  terms  will  be  in  reality  evanescent. 

This  being  premised,  we  may  proceed 

120.  To  extend  the  Binomial  Theorem  to  the  case  of 
fractional  and  negative  indices. 

Let  the  series 

m  (m  -^  1)    „ 

1  +  mw  + or  +  &c., 

1.2 

{where  m  may  be  any  quantity  whatever)  be  represented  for 
shortness'  sake  by  the  symbol  f(m). 

Then,  according  to  the  same  notation, 

/.,  X                       n(n  -  I)    ., 
f(n)  =  1  +  wo?  +  —  cv^  + 
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Our  first  step  will  be  to  determine  the  form  of  the  product 
/(m)  x./(n) :  to  do  this  we  observe,  that  by  actual  multi- 
plication it  is  clear  that  /(m)  x/(t})  will  be  a  series  proceeding 
by  ascending  powers  of  co^ 

=  1  +  Aoa  '^Bai^  + suppose. 

It  would  be  possible  to  determine  the  coefficients  A^  B ... 
by  actual  multiplication ;   but  we  obtain  them  more  simply 

by  this  consideration,  that  although  the  iialue%  of  A^  B^ 

are  altered  by  altering  m  and  n,  yet  their  forms^  that  is,  the 
manner  in  which  m  and  n  are  involved  in  them,  are  the  same 
whatever  m  and  n  may  be ;  and  therefore,  if  we  discover  the 
form  of  the  product  fijn)  ^f{n)  in  the  case  of  m  and  n  being 
positive  integers,  we  shall  know  its  form  whatever  m  and  n 
may  be. 

But  in  that  case      f(fn)  ««  (l  +  ^)'*, 

and  f(n)  =  (1  +  /»)" ; 

=  /(w  +  n)  by  the  notation  ; 

and  hence,  by  the  preceding  reasoning,  we  must  have  uni- 
vmally 

f(m)  xf(n)  =/(m  +  n); 

and  in  like  manner  we  shall  have  for  any  number  of  factors, 

f{m)  xf{n)  x/(p)  X mf(m^  n+ja  + ) 

This  being  premised,  in  the  formula 
/(m)  xf(n)xfip) -/(m  +  n  4- p  + ), 

make  «»=tn  =  jo=«,. =»^, 

where  /a  and  v  are  positive  whole  numbers,  and  let  there  be  v 
factors  ;    then  we  have 


m 


=  (1  +  a^y  since  /m  is  a  positive  integer  ; 


76 


ALOBBIU. 


\v/  V  1.2 

which  proves  the  theorem  for  fractional  indices. 

Again,  in  the  formula 

/(m)  y^f{n)  -=^f{m  +  n), 
let  m  s  -  n,  and  let  n  be  positive ; 

.•./(-n)x/(«).=  /(0)  =  l; 

.-.  (1  +  a?)-"  =/(-  w)  «  1  -  n^  +  ""  ^  V-  ^  -    )  ^  _  ^^ 
which  proves  the  theorem  for  negative  indices. 


Ex.  1. 

^  1.2  1.2.3 

2.3    ,      2.3.4    ,       „ 

=  1-2j?  + or or  +  &c. 

1.2  1.2.3 

=  1  -  2a?  +  Sx^  -  ^aP  +  &c. 


1   /        6<»\"* 
Ex.  2.  (a  +  6a?)-^  =  -    i  +  — 

a  \         a  J 

\i      hco      -l(-l--l)feV      -l(-l-l)(-l-2)  6^  1 

a\a  1.2  a*  1.2.3  a^  j 

If        6a?       1.2  6*a?«       1.2.3  6V  ) 

a\         a        1.2    a*        1.2.3    a'  j 


a\         a         a'         a^  I 
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which  is  a  result  obtainable  by  actual  division ;  it  may  be 
observed,  however,  that  if  the  result  had  been  so  obtained 
we  should  have  had  also  a  remaindery  of  which  there  is  no 
trace  in  the  preceding  series:  the  fact  is,  that  the  series 
obtained  by  the  Binomial  Theorem  can  only  be  considered  as 
numerically  equal  to  the  quantities  expanded,  when  the  series 
are  convergent.  When  the  convergence  is  very  rapid  the 
Binomial  Theorem  may  be  conveniently  used  for  purposes  of 
approximation,  as  will  be  seen  in  the  next  Example. 

Ex.  3.     To    find   an    approximate   value  of  \/ N^  +  «, 
when  %  is  much  smaller  than  A'''. 


NPJ 


^Nli-^"  —-  +  £—L — -  + V. 

\       p   N^  1,2        JNT'^'  J 

By  taking  a  few  terms  of  this  series  we  may  obtain  the  result 
with  a  considerable  degree  of  accuracy. 

Ex.  4.     To  find  an  approximate  value  of  \/50. 
v/50=:(49+l)i  =  7  (l  +^] 

■      r      *49"^       1.2       49^^  1.2.3  49»  — j 

/  1    1         1     1  11  \ 

V       2  49      8  4.9^^      16   49*  / 

/         .020408       .000416       .000008  \ 

=  7  (1.010204  -  .000052  +  ..,) 
=  7  (1.010152)  =  7.071064. 
which  is  correct  to  five  places  of  decimals. 
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ON  LOGARITHMS. 

121.  Def.  The  logarithm  of  a  number  N  is  the  value 
of  ic  which  satisfies  the  equation  a*  »  iV,  where  a  is  some 
given  number. 

Thus  if  a  be  10,  the  logarithm  of  100  is  2,  that  of  1000  is 
3;  and  that  of  any  number  between  100  and  1000  will  be 
greater  than  2  and  less  than  3,  so  that  it  may  be  represented 
by  2  followed  by  places  of  decimals. 

If  we  give  a  any  value,  as  10,  it  is  possible  to  find  the  values 
of  Off  corresponding  to  all  values  of  N,  that  is^  to  find  the  loga- 
rithm of  all  numbers  to  the  base  10 ;  suppose  these  found  and 
registered  in  tables^  these  will  be  the  common  tables  of  loga- 
rithms ;  we  shall  see  of  what  use  they  may  be  made  from  the 
following  propositions. 

122.  The  logarithm  of  the  product  of  two  numbers  is 
the  sum,  and  the  logarithm  of  the  quotient  is  the  difference  of 
the  logarithms  of  the  numbers. 

For  let  a'^:=^Ni  o^  =  JV",  where  N  N'  are  any  two  numbers, 
and  (v  y  their  logarithms  to  the  base  a, 

then  a'-^y^NIf, 

but  by  definition  ^  +  y  is  the  logarithm  of  NN'  to  base  o,  or 
(as  we  usually  write  it)  ti?  +  y  «  log^  NN' ; 

.-.  \ogaNN'  ^\og^N  +\og^N\ 

In  like  manner 

N 

N 
and  .-.  loga— -tlog^AT-log^JNT'. 
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123.  The  logarithm  of  any  power  of  a  number  it  the 
logarithm  of  the  number  multiplied  by  the  index  which  ex- 
presses the  power. 

Suppose  a^  =i  Ny 

then  o^'  «  JV^ 

or  par  ^  logaJV  by  definition, 

but  Of  =  loga  N ; 

.-.    logaN^  ^plogaN. 


In  like  manner 


i      1 

logaNP  =  -  logaiV. 
P 


134.  Hence  it  appears  that  by  means  of  a  table  of  loga- 
rithms, multiplication  may  be  performed  by  addition,  division 
by  subtraction,  involution  by  multiplication,  and  evolution  by 
division. 

For  suppose  that  we  possess  such  a  table,  and  that  we 
wish  to  multiply  together  two  numbers  N  and  N\  We  look 
for  the  logarithms  of  these  two  numbers,  add  them  together, 
and  then  look  among  the  logarithms  for  the  sum  thus  found, 
the  number  corresponding  to  that  logarithm  will  be  NN^: 
and  so  of  the  other  operations.  From  this  it  will  be  easily 
understood  that  the  use  of  logarithms  greatly  facilitates  long 
calculations. 

125.  To  explain  the  advantage  of  choosing  10  as  the 
base  of  a  system  of  logarithms. 

Suppose  we  have  any  two  numbers  in  which  the  digits  are 
the  same,  but  which  differ  from  each  other  in  the  position  of 
the  unit's  place :  for  example,  137  and  13700.     Then 

13700  =  137  X  100  =  137  x  10* ; 

•••   logio  13700  e  logio  137  +  2. 

Hence  the  logarithms  of  the  two  numbers  in  question  differ 
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from  each  other  only  in  this,  that  the  larger  one  has  2  added 
to  it,  the  decimal  parts  of  the  two  being  the  same.  And  we 
may,  in  like  manner,  conclude  that  the  decimal  parts  of  the 
logarithms  of  all  numbers  having  the  same  digits,  but  a  dif- 
ferent unites  place,  are  the  same.  Hence,  if  we  have  a  rule  for 
assigning  the  integral  part  of  a  logarithm,  the  tables  need  not 
contain  the  logarithms  of  all  numbers,  but  only  of  those  in 
which  the  digits  are  different. 

The  integral  part  of  a  logarithm  is  called  the  character- 
istic^ the  decimal  part  the  mantissa. 

126.  To  find  a  rule  for  ascertaining  the  characteristic 
of  the  logarithm  of  any  number. 

We  have  log,o  10*  =  2,  and  log^o  10'  =  3  ;  hence  the  loga- 
rithm of  any  number  between  100  and  1000,  i.e.  of  any  number 
composed  of  three  digits,  is  between  2  and  3,  and  therefore  the 
characteristic  is  2 ;  similarly  for  numbers  of  four  digits  the 
characteristic  is  3  ;  and  generally  the  characteristic  is  one  less 
than  the  number  of  digits.  If  the  number  be  decimal  we 
must  have  a  negative  characteristic,  for 

logio  1  =  0 
logio  1*51  = '^gio .  1  =  -  1> 
and    logio  Y^  =  log,o  .01  =  -  2  ; 

hence  the  logarithm  of  a  number  between  1  and  .1  is  less  than 
0  and  greater  than  -  1,  and  may  therefore  be  represented  by 
-  1  +  a  mantissa ;  in  like  manner  the  logarithm  of  a  number 
between  .1  and  .01  will  be  -  2  +  a  mantissa ;  and  generally, 
the  characteristic  will  be  one  greater  than  the  number  of 
cyphers  which  precede  the  first  significant  figure. 

127.  The  preceding  articles  contain  the  principal  pro- 
perties of  logarithms,  which  constitute  their  utility  ;  the  actual 
calculation  of  them  would  involve  us  in  series  with  which  the 
student  is  not  at  present  acquainted,  and  for  which,  if  he 
be  desirous  of  pursuing  the  subject,  he  is  referred  to  other 
treatises. 
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1.  The  science  of  plane  triffonometry^  according  to  the 
strict  meaning  of  the  words,  treats  of  the  measurement  of 
plane  triangles;  we  may  however  consider  the  name  as  ap- 
plicable to  the  more  general  subject  of  the  measurement  of 
plane  angles^  of  which  the  measurement  of  triangles  forms  an 
important  part. 

2.  The  term  angle  will  be  used  in  this  subject  in  a  more 
extended  sense  than  that  which  is  attached  to  it  in  Euclid^s 
elements,  for  an  angle  according  to  Euclid's  definition  cannot 
exceed  two  right  angles,  and  indeed,  according  to  our  ordinary 
conception  of  an  angle  or  corner^  it  is  manifest  that  there  can 
be  no  such  thing  as  an  angle  exceeding  that  limit :  but  there 
is  no  such  restriction  in  Trigonometry ;  in  that  science  the  mag- 
nitude of  an  angle  is  unlimited.  To  make  this  understood, 
let  BO  J  be.  a  fixed 
straight  line,  and  OP  a 
line  which  revolves  about 
O9  and  which  at  first  co- 
incided with  OJ.  Then 
we  say,  that  when  OP  is 
in  the  position  repre- 
sented in  the  figure,  it  has  described  the  angle  JOP;  but  this 
mode  of  conceiving  an  angle  admits  of  extension  to  angles  of 
any  magnitude,  for  we  may  suppose  OP  to  revolve  beyond 
OB  and  so  describe  an  angle  greater  than  two  right  angles,  or 
more  generally  we  may  suppose  it  to  describe  an  angle  of  any 
magnitude  whatever. 

3.  The  same  thing  may  be  put  in  a  slightly  different 
point  of  view,  by  considering  the  point  P  to  trace  out  a  circle 
with  centre  O.  Then  it  is  proved  by  Euclid,  (vi.  33,)  that  in 
the  same  circle  the  angle  standing  on  any  arc  is  proportional 

6—2 
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to  that  arc,  bo  that  the  arc  subtending  an  angle  is  a  proper 
measure  of  that  angle.  Now  it  will 
be  seen  that  the  arc  traced  out  by  P 
may  be  perfectly  unlimited,  may  in 
fact  consist  of  any  number  of  cir-  g/ 
cumferences  or  any  portion  of  a  cir- 
cumference. The  student  will  fre- 
quently find  it  convenient  to  have 
before  his  mind  the  notion  of  the 
subtending  arc,  as  the  measure  of  the  subtended  angle. 


ON  THE  MODE  OF  MEASURING  ANGLES. 

4.  Suppose  a  right  angle  to  be  divided  into  ninety  equal 
parts,  and  let  each  part  be  called  a  degree ;  suppose  a  degree 
to  be  divided  into  sia^ty  parts  called  minutes,  and  a  minute  into 
siivty  parts  called  seconds:  then  the  magnitude  of  an  angle 
may  be  assigned  by  saying  how  many  degrees,  minutes,  and 
seconds  it  contains. 

Degrees,  minutes,  and  seconds,  are  thus  denoted,  25^  SO' 
32",  We  may,  if  we  please,  denote  parts  of  a  second  by  a 
similar  notation ;  but  in  general  an  angle  will  be  determined 
with  sufficient  accuracy,  by  assigning  the  degrees,  minutes, 
and  seconds,  which  it  contains,  or  we  may  make  the  value 
exact  by  setting  down  besides  fractions  of  a  second. 

According  to  this  notation,  90°  represents  a  right  angle, 
180°  two  right  angles,  and  S60°  four  right  angles  or  the  angle 
described  by  a  complete  revolution  of  the  revolving  line. 

5.  It  is  obvious,  that  this  mode  of  measuring  angles  is 
perfectly  arbitrary ;  we  might,  for  instance,  (as  some  French 
authors  have  done)  divide  the  right  angle  into  one  hundred 
degrees,  each  degree  into  one  hundred  parts,  and  so  on ;  and 
this  is,  in  fact,  a  very  convenient  division,  because  no  new 
notation  will  be  required  to  denote  the  different  parts;  for  such 
tf  quantity  as  S«45'l/'  might  be  written  3.4517,  and  thus  the 
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only  mark  required  is  a  decimal  point  to  separate  the  degrees 
from  the  parts.  Nevertheless  as  the  former  division  is  uni- 
versal in  this  country,  we  shall  adopt  it  here.  Another  mode 
of  measuring  angles  will  be  given  hereafter.  (See  Art.  52, 
page  123.) 


ON  THE  USE  OF  THE  SIGNS  +  AND  -  TO  INDICATE 

THE  DIRECTIONS  OF  LINES. 

6.  The  primary  use  of  the  signs  +  and  -  is,  as  we 
have  seen,  (Algebra,  Art.  5.)  to  denote  addition  and  sub- 
traction ;  nevertheless,  we  found  that  these  signs  immediately 
introduced  the  notion  o{  negative  quantities,  and  we  illustrated 
the  meaning  of  a  negative  quantity  by  a  debt,  which  may  be 
looked  upon  as  a  quantity  to  be  subtracted. 

We  must  now  still  further  generalize  the  meaning  of  the 
signs  +  and  — ,  and  it  will  be  easy  to  shew  that  if  a  line  drawn 
in  one  direction  be  called  positive^  then  a  line  drawn  in  the 


a 


B 


opposite  direction  will  properly  be  accounted  negative.  To 
make  this  appear,  let  JB  be  any  straight  line  of  length  a,  and 
let  us  cut  off  from  it  a  portion  CB  =  6,  then  the  remainder 
AC  ^  a  —  b.  Now  so  long  as  b  is  less  than  a,  C  lies  to  the 
right  of  A  and  a  -  6  is  positive ;  but  suppose  we  endeavour 
to  cut  off  from  AB  a  portion  BC  greater  than  itself,  then 
(although  the  operation  is  really  impossible,  yet)  according  to 
the  analogy  of  the  preceding  operation  we  shall  have  for  the 
remainder  ACft  which  is  a  line  drawn  to  the  left  of  A  and  is 
represented  by  -  (6  —  o),  or  by  a  negative  quantity.  Hence 
then  we  see  how  that  if  a  line  drawn  in  one  direction  is  ac- 
counted  positive,  then  a  line  drawn  in  the  opposite  direction  is 
properly  accounted  negative. 
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7*  A  more  comprehensive  view  of  this  subject  may  be 
given,  by  saying  that  the  signs  +  and  -  denote  any  exactly 
opposite  qualities  of  a  quantity;  we  are  at  liberty  to  take 
these  signs  in  such  a  sense,  because  it  includes  the  original 
meaning,  viz.  that  of  addition  and  subtraction,  for  additive  and 
subtractive  are  qualities  exactly  the  reverse  of  each  other. 
And  if  we  take  the  signs  +  and  -  as  having  this  meaning,  we 
shall  see  at  once,  that  among  other  qualities,  they  properly 
designate  opposition  in  direction  when  applied  to  lines. 

As  an  example,  let  us  consider  what  will  be  the  meaning 
of  a  negative  angle. 
Suppose  the  line  OP  by 
its  revolution  about  O 
and  upwards  from  OA 
to  describe  the  angle 
JOP9  and  let  angles  de- 
scribed in  this  manner 
be  considered  positive. 
Then  if  the  line  revolve 
downwards  from  OA 
and  describe  the  angle 
AOP^f  this  angle  will  be  properly  accounted  negative! 

The  same  explanation  would  apply  to  negative  arcs, 

8.  In  what  follows, 
we  shall  consider  that  if 
AOBy  CODj  are  two  lines 
at  right  angles  to  each 
other,  then  lines  drawn 
parallel  to  A  OB  are  po- 
sitive if  to  the  right,  ne-  B" 
gative  if  to  the  left  of 
CD^  and  lines  drawn  pa- 
rallel to  COD  are  positive 
if  drawn  above  AOB, 
and  negative  if  below  it. 

We  shall  see  immediately  the  great  advantage  of  the  pre- 
ceding conventions. 


o 


..# 
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ON    THE    TRIGONOMETRICAL    FUNCTIONS    OF 

AN    ANGLE. 


Fig.  I. 


Fig.  II. 


N     A 


«       N 


O 


Fig.  III. 


Fig.  IV. 


B 


N 


9.  Let  the  line  OP  revolving  from  the  initial  position 
OJ  about  O  describe  the  angle  A  OP:  from  P  let  fall  the 
perpendicular  PN  upon  the  line  JOB,  then  the  ratio 


(1) 


(2) 


(3) 


(4) 


(5) 


PAT 
OP 

ON 
OP 

PN 
ON 

ON 
PN 

OP 
ON 


is  defined  to  be  the   sine  of  the  angle  AOP. 


co»%ne 


tangent 


cotangent 


aecant 
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(6) 


OP 
FN 


is  defined  to  be  the  cosecant  of  the  angle  AOP. 


(7)     1- 


ON 
OP 


versedsine 


The  ratios  to  which  we  have  just  assigned  names  are  called 
the  trigonometrical  functions  of  the  angle,  that  is,  quantities 
which  depend  upon  that  angle  for  their  value,  and  (conversely) 
which  being  given  determine  the  value  of  the  angle. 

For  shortness^  sake  we  usually  denote  an  angle  by  some 
single  letter,  as  for  instance  A ;  and  we  write  the  names  of 
the  functions  above  defined  thus,  sin  A,  cos  A,  tan  A,  cot  Ay 
sec  Ay  cosecAy  vers  A, 

10.  The  meaning  of  these  names,  and  the  relations  of  the 
trigonometrical  functions  to  each  other,  will  be  seen  more 
distinctly  from  another  mode  of  defining  them. 


Suppose  the  point  P  at  the  extremity  of  the  revolving  line 
OP  to  trace  out  a  circle  of  radius  r.  At  the  point  A^  which 
is  the  initial  position  of  P,  draw  the  tangent  TAT'y  and  let 
OP  be  produced  to  meet  AT  in  T;  also  draw  PN  perpen- 
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dicular  to  OA;  then  we  may  define  the  trigonometrical  func- 
tion of  the  angle  POA  or  A,  thus : 


sin^  s 

PN 
r 

tan^  » 

r(- 

PN 

ON 

sec^  s 

OT  1 

r     \ 

OP 

ON 

vers -4  = 

AN 

• 

,  by  similar  triangles]  , 
,  by  similar  triangles]  , 


With  regard  to  the  three  other  functions  we  may  observe 
that  the  complement  of  an  angle  is  its  defect  of  a  right  angle, 
and  that  cosine  merely  signifies  sine  of  the  complement^ 
cotangent  tangent  of  the  complement^  and  cosecant  secant  of 
the  complement.  Hence  these  functions  need  no  new  defi- 
nition; but  if  we  take  AOC  a  right  angle  and  draw  the  tangent 
CT^\  and  PM  perpendicular  to  OC^  and  produce  OP  to  meet 
CT^'  in  T",  we  shall  have 

.    ^^^      PM 

cosA^  sm  COP  •' 


cot  J  =  tan  COP 


5 

r 

CT"     PM 

ON 

r         OM 

PN' 

OT'      OP 

OP 

r         OM 

PN' 

cosecA  ■■  sec  COP 


Another  function  is   sometimes  introduced :    if  we  join  AP^ 

AP 

then is  called  the  chord  of  A  or  chd  A. 

r 


11.     From   the  definitions  given   of  the  trigonometrical 
functions  a  number   of  connecting   relations   may  be   easily 
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deduced ;  the  following  are  some  of  the  most  important,  and 
the  student  is  advised  to  examine  their  truth  and  make  himself 
familiar  with  them : 

sin"* A  +  cos* A  -  l*^ 

sin  A 


\.tXlM.  ^Z 

COS^  ' 

sec  J 

= 

1 

COS -4  ' 

cot -4 

= 

COS^ 

sm  A 

ICU^/*    ji 

1 

sin  A 


12.  Furthermore,  if  one  of  the  trigonometrical  functions 
be  given^  it  is  not  difficult  to  express  all  the  rest  in  terms  of 
it.  For  example,  let  it  be  required  to  express  all  the  functions 
in  terms  of  the  sine. 

We  have  cos  A  =  ^  \/l  -  sin^  A, 

sin  A 


tan  A  ^  ^ 


sec  A  =  ± 


cot  ^  =  ± 


\/l  -  sin^A ' 

1 
\/l  -sin^A' 

y/\  -  sin*^ 

SWlA 


1 

cosec  ^  =  ±  -; . 

sm^i 


*  The  notation  sin'^  cos^^  &c.  represents  (sin^)^  (cos^)^  &c.  orthtf  f^nortf 
of  sin^  zwA  &c.  It  appears  on  the  whole  to  be  the  most  conyenient  notstkiif, 
though  not  univertaUy  adopted. 
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13.     Let  us  here  inquire  by  the  way  what  is  the  meaning 
of  the  ambiguity  of  the  sign  in  the  preceding  example. 

The  reason  will  ap- 
pear thus:  let  AOP  be 
the  angle  of  which  the 
sine  is  given ;  take  BOF 
-AOPy  then  it  is  evident  _ 
that  sin  ^OP'^  sin  JOP,  ^ 
and  therefore  the  given  sine  may  as  well  belong  to  AOP 
as  to  AOP,  But  it  is  not  true  that  cos -4 OP' =  cos -i OP ; 
for  OAT,  ON*  are  drawn  on  opposite  sides  of  O,  and  there- 
fore if  one  is  positive  the  other  is  negative :  hence  we  have 
cos  JOP's=  -  cos  ^ OP;  and  therefore  in  the  above  set  of 
formulae,  we  must  take  the  upper  or  lower  sign,  according  as 
we  suppose  the  given   sine  to  belong  to  AOP  or  AOP . 


14*.  The  difference  between  a  given  angle  and  two  right 
angles  is  called  its  supplement.  The  preceding  remarks  shew 
us  that  the  sine  of  an  angle  is  the  sine  of  its  supplement,  and 
that  the  cosine  of  an  angle  is  the  cosine  of  its  supplement  with 
the  sign  changed. 


15.     To  trace  the  signs  of  sin  A,  cos  A,  tan  A,  sec  A, 
as  A  increases  from  0®  to  S60®.      (See  the  figures  of  Art.  9.) 

PN 

By  our  definition,  sin  A  =  -^  ,  and  has  therefore  the  same 

sign  as  PN,  since  there  is  no  reason  why   OP  should  ever 
change  sign. 

Hence  sin  A  is  positive  when  A  is  between  (fi  and  180^, 
negative  when  between  180°  and  sGcP. 

ON 

Cos  A  =  ,  and  has  therefore  the  same  sign  as  ON. 

OP 

Hence  cos  A  is  positive  when  A  is  between  0°  and  90<*, 
fixative  when  between  90°  and  270°,  and  positive  when  between 
270*^  and  360°. 
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PN 

Tan  J  =  -—-; ,  and  is  therefore  positive  when  PN  and  ON 
ON 

have  the  same  sign,  negative  when  they  have  contrary  signs. 

Hence  tan  J  is  positive  when  A  is  between  0  and  dO",  or 
between  180°  and  270°;  negative  when  it  is  between  90°  and 
180°,  or  between  270°  and  360°. 

OP 

Sec  A  =  -;rr;,  and  has  therefore  the  same  siern  as  cos  A. 
ON  ^ 

In  like  manner  may  be  determined  the  signs  of  cot  A  and 
cosec  A.     Vers  A  is  always  positive. 

The  sign  of  chd  A  may  be  deter- 
mined thus.  Let  AOP  be  the  angle  A, 
AP  the  subtending  arc ;  join  AP^  then 

AP 

chd  A  «=  — -.  Now  draw  OQ  perpen- 
dicular to  APy  and  therefore  bisecting  it; 
then  OQ  also  bisects  the  angle  AOP^  and   o 

A 

therefore  each  of  the  angles  AOQ,  POQ  =  — ; 

,  ,    .      AP        AQ        .    A 
.-.  chd^  =  -rr-  =s  2  -----  =2sin  —  . 
AO        AO  2 

,   A  .    A  . 

Hence  chd  A  has  the  same  sign  as  sin  — :  but  sin  —  is  posi- 

tive  while  —  is  between  0°  and  180°,  or  A  between  0°  and  SGOP^ 
2  ' 

A 

and  negative  while  —  is  between  180®  and  S60®,  or  A  between 

360®  and  720®.  Therefore  chd  A  is  positive  while  the  revol- 
ving line  makes  its  first  revolution,  negative  while  it  makes  its 
second,  and  so  on. 

16.  To  determine  the  change  of  magnitude  of  sin  A, 
COS  A,  tan  A,  sec  A,  cot  A,  cosec  A,  while  A  increases  from 
0®  to  36CP. 
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Retaining  the  same  figures  as  in    the  last  article,  it  will 
be  seen  that  as 

A  increases  from  (fi  to  9(f^y  ON  decreases  from  OP  to  0, 

PN  increases  from  0   to  OP, 

A 90  to  180^,   ON  increases  from  0   to  OP, 

PN  decreases  from  OP  to  0, 

A 180°to270P,   ON  decreases  from  OP  to  0, 

PN  increases  from  0  to   OPy 

A 270°  to  3600,   Q]>j  increases  from  0  to  OPy 

PN  decreases  from  OP  to  0. 


Hence  observing  the  changes  of  Agn^  as  already  explained, 
it  is  easy  to  deduce  the  following  table  for  the  changes  of  sign 
and  value  of  the  functions. 


A  between 

0  ...gcP 

90°... 180° 

180°... 270° 

270°...  360^ 

sin  A 

0  ...    1 

1  ...   0 

0  ...  -  1 

-1   ...   0 

cos  A 

1  ...   0 

0  ...  -  1 

-1   ...   0 

0  ...    1 

tan  A 

0  ...  +00 

-00  ...   0 

0  ...  +  00 

-00  ...    0 

sec  A 

1    ...  +00 

-00  ...  -  1 

- 1  ...  -co 

+  00  ...     1 

cot  A 

+  00  ...  0 

0  ...  -00 

+  00  ...    0 

0  ...-00 

cosec  A 

+  00  ...   1 

1   ...  +00 

-00  ...  -  1 

-1    ...  -00 

The  student  is  recommended  to  make  himself  as  familiar 
as  possible  with  the  results  of  the  preceding  table :  and  it  may 
be  observed  to  aid  him  in  doing  so,  that  if  he  becomes  well 
acquainted  with  the  changes  of  the  sine  and  cosine^  those  of 
the  other  functions  are  at  once  deducible. 

It  will  be  remarked  that  the  trigonometrical  functions 
change  sign  in  passing  through  0  and  oo  ,  and  for  no  other 
values. 
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17*     The  values  of  vers  J  and  chd  A  have  not  yet  been 

given.     They  are  of  no  great  importance,  as  those  functions 

J 
may  always  be  replaced  by  1  -cos  A 9  and  2  sin  —  respectively; 

they  are  however  as  follows : 


A  between 

O0...90*' 

900...I8O0 

180°...  270'' 

270°... 360^ 

vers -4 

0  ...  1 

1  ...   2 

2  ...    1 

1    ...   0 

■ 

A  between 

0^..180" 

180\..360<* 

360°.. .540'^ 

540°... 720° 

chord  A 

0  ...  2 

2  ...  0 

0  ...  -2 

-2  ...   0 

We  have  already  seen  that  sin  A  =  sin  (180°-  A)  and  that 
cos  -4  =  -  cos  (180°  -  A)  (Art.  14) ;  we  shall  now  prove  more 
general  propositions  of  the  same  kind. 

18.      To  prove  that^  n  being  any  integer^ 
sin  A  =  ^sin  (4n.90°  =t  A)  =  ±«iw  {(4n  +  2)90°T  A}. 

It  is  manifest  that  none  of  the  trigonometrical  functioiis, 
(except  the  chord,)  are  altered  by  supposing  the  angle  to 
be  increased  by  any  number  of  complete  revolutions  of  the 
revolving  line ;  that  is  to  say,  sin  A  =  sin  (4n.90"  +  A). 


Again,    if    we   take    P^OA  =  -  POA9    it    is  evident    that 
PNr^PN,  and 
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/.  sin  ^  «  -  sin  (-  A) 

=  -  sin  (4n  .  90"  -  J) 
by  what  precedes. 

Again,  if  we  produce  PO,  PO  to  P"',  P",  it  may  be  seen 
that 

sin  (180°  -  J)  =  sin  J, 

and     sin  (180^  +  -4)  =  -  sin  A. 

Hence  sin  -i  =  ±  sin  (2.90*^  =f  A) 

=  i  sin  { (4w  +  2)  .  90«  T  ^} . 

Other  propositions  may  be  demonstrated  in  like  manner : 
as  for  example, 

cos  A  =  cos  (720^  sfc  A)y 

cos  J  ss  -  cos  (540"  ±  A), 
-^  tan  ^  «  i  tan  (180'*  ±  ^). 


ON  FORMULA  INVOLVING  MORE  THAN  ONE  ANGLE. 


19.      Given  the  sines  and  cosines  of  two  angles^  to  find 
the  sine  and  cosine  of  their  sum  or  difference. 


JLet  POQ^  QOM  be  any   two  angles,  which  call  A  and 
B  respectively. 
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From  any  point  P  in  OP  draw  PQ  perpendicular  to 
OQy  and  from  P,  Q  draw  PJV,  QM  perpendicular  to  OJIf, 
and  QR  perpendicular  to  PN, 

It  will  be  seen  that 

QPR  =  90"  -  PQR  =  RQO  =  QOM  =  iJ. 


Then  sin  ( J  +  5)  =  sin  POJV 


PJV      PR  +  Qilf 


OP 


OP 


PQ    PR      OQ    QM 
OP'  PQ"^  OP'^ 

sin  A  cos  B  +  cos  A  aia  B  (l). 


Again,  cos  {A  +  B)  =  cos  POJNT 


ON      OM  -  QR 


OP 


OP 


OQ    OM     PQ    QR 


OP    OQ      OP    PQ 

=  cos  A  cos  £  —  sin  ^  sin  B' 


(2) 


For  the  sine  and  cosine  of  the  difference  of  two  angles 
we  must  make  a  new  construction. 


Let  POQ  =  J,  QOM  =  jB  as  before,  then  POM  ^  A  -  B, 
From  any  point  M  in  OM  draw  the  lines  MP^  MQ  perpen- 
dicular to  OP  and  OQ  respectively,  QN  perpendicular  to  OP, 
and  MR  to  QN.     It  is  evident  that  MQR  ^  J. 
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PM      ON  -  OR 
Then  sin  (J  -  fi)  =  sin  POM  =  ^^  =  ^^3^- 

(jN     OQ       QR    MQ 
'7)Q'  OM"  MQ'  OM 

■=  sin  A  cos  B  —  cos  ^  sin  i?   (.S). 

OP       ON  +  J//? 


Again,  cos  {A  -  B)  ^  cos  POJf  = 


OJf  OM 


ON    OQ      MR    MQ 
'  OQ'OM^  IfQ    OM 

=  COS  A  cos  fi  +  sin  -4  sin  B (4). 

20.  It  will  be  observed,  that  the  preceding  formulae  have 
been  proved  by  means  of  figures  which  suppose  both  A  and 
Bj  as  well  as  A  +  B  and  A  -  B9  to  be  each  less  than  a  right 
angle;  nevertheless  we  are  justified  in  concluding  that  the 
same  formulae  will  hold  in  all  cases,  provided  the  proper 
signs  be  given  to  the  quantities  which  enter:  and  herein 
consists  one  great  advantage  of  the  mode  of  denoting  the 
directions  of  lines  by  their  signs,  that  when  any  formula 
has  been  established  for  a  standard  case  in  which  all  the 
lines  are  positive,  the  same  may  be  safely  assumed  to  be 
true  in  all  other  cases. 

As  an  example  of  what  has  been  here  remarked,  it  may 
be  observed,  that  the  formulae  (3)  and  (4)  just  proved,  may 
be  deduced  from  the  formulae  (l)  and  (2)  by  changing  the 
sign  of  the  angle  B.     For  we  have  from  (1), 

sin  (^  +  S)  =  sin  A  cos  B  +  cos  A  sin  B ;  . 

now  write    —  B  for  S,  and  we  have 

sin  (A  -  B)  ^  sin  A  cos  (-  B)  +  cos  ^  sin  (-  B) 

=  sin  A  cos  B  -  cos  A  sin  5, 

which  agrees  with    (3) ;   and   similarly  (4)   may   be    deduced 
from  (2). 
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But  still  further,  (2)  may  be  deduced  from  (l)  :  for  we 
have 

cos  (^  +  J?)  «  sin  {(90®  -  A)-  B} 

=  sin(90«-^)cos(-J?)  +  cos(90«-^)sin(-J?) 

=  cos  A  cos  J?  —  sin  ^  sin  B, 

Hence  it  appears,  that  the  only  formula  which  it  is  quite 
necessary  to  establish  by  reference  to  a  geometrical  figure,  is 
the  fundamental  formula  (l). 

21.     By  making  B  =  A  we  obtain  the  following  formula* : 

sin  2  ^  =  2  sin  A  cos  A^ 
cos  ^Z  A  =  cos^  A  —  sin*-  A^ 

which   last  formula,  in   consequence  of  the  relation 

cos''^  A  +  sin^  -4  =  1, 
may   be  put   under  either  of  the  following  forms, 

cos  2^=2  cos^  A  —  \^ 
'  cos  2^  =  1  -  2  sin^  A, 
Also,  conversely,  we  have  the  following  useful  formulae. 


/l  +  cos  2^ 


cos  A 

2 


.      ,            /l  -  cos  2  A 
sni  ^  ==    \/ . 


22.      To  e/vpres,s  tan  (A  ±  B)    in  term  a  of  tan  A    and 
tan  B. 

We  have 

sin  {A  ±  B) 


tan  (v^  ±  J?)  = 


cos  {A  ±  B) 

sin  A  cos  B  =4=  cos  A  sin  B 
cos  //  cos  B  ^  sin  ^  sin  B 
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(dividing  numerator  and  denominator  by  cos  A  cor  B) 

tan  A  ^  tan  B 
1  =f  tan  A  tan  B  ' 

Making  B  ^  A  yre  obtain  the  formula, 

S  tan  A 

•  tan  2  A  =      -        „      . 

1  -  tan' A 

23.      The    following    formulae    are    of    great    service    in 
trigonometrical  investigations. 

We   have 

,      A  ^  B      A--  B 

A  =  +     , 

^      A  +  B      A-^B 
B  = ; 


o 


.     ,       .    A^B        A^B  A^  B  .    A-B 

.    sm  A  =  ^\n      —      cos h  cos   -  sin  , 

2  2  2  2 

.    „       .    A^B       A^B  A  +B  ,    A  "B 

sm  B  =  sm • —  cos cos sin  -  -        -  , 

2  2  2  2 

A  +  B       A'-B       .    A  +  B  ,    A-B 

cos  A  =  cos cos    —  —  sin sm , 

2  2  2  2 

A^  B       A^B       .    A^  B   .    A-  B 

cos  B  =  cos  cos    +  ^m  —         sm     - 

2  2  2  2 


Hence 


sm  ^  4- sin  ^  =  2  sin    -  cos  (1)      \ 

2  2  \ 

A  +  B  ,    A-^B  ,         \ 

sin  ^  -  sin  ^  =  2  cos     sm     —       (2) 

«  2  2 

A  +  B       A-  B 

cos^  +  cos J?  =  2cos cos (3) 


,    A+B ,    A-B 

cos^-cos-4  =  2sm sin  (4) 


7—2 


40&?.'i  K 
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24.  The  formulse  which  have  been  investigated  in  the 
last  few  articles  may  be  easily  extended  to  functions  of  three 
or  more  angles.     For  instance, 

sin  (i<  +  S  +  C)  =  sin  {A  +  B)  cos  C  +  cos  {A  +  B)  sin  C 

=  (sin  ^cos£  +  cos^sinf)  cosC  +  (cos-4cosS  -  sin  J  sin  jB)  sin  C 

=»8in^cos£cosC  +  sin£cos^cosC 

+  sinCcos^cos^  -  sin  J.  sin  Ssin  C 

Similarly  we  may  express  cos  (-4  +  S  +  C),  tan  (-4  +  S  +  C), 
&c.,  in  terms  of  the  trigonometrical  functions  of  the  simple 
angles. 

In  like  manner  we  may  express  sin  SA^  cos  3^. 

sin  SA  as  sin  {A  ■\-  ZA)  -  sin  A  cos  2  J  +  cos  A  sin  ^A 
=  sin  -4  (1  -  2  sin*  -4)  +  2  sin  A  cos"^  A 
==  sin  ^  { 1  -  2  sin*  -4  +  2-2  sin*  A  \ 
=  3  sin  -4  -  4  sin*  A  ; 

cos  SA  =  cos  (-4  +  2  -4)  =  cos  A  cos  2  -4  -  sin  ^  sin  2  -4 
=  cos  A  (2  cos*  -4  -  1)  -  2  sin*  A  cos  A 
=  cos  -4  |2  cos*  -4-1-2  +  2  cos*  A  \ 
=  4  cos^  -4—3  cos  A. 


DETERMINATION  OF   THE   NUMERICAL   VALUES    OF 
THE  TRIGONOMETRICAL  FUNCTIONS  OF  ANGLES. 

25.  The  value  of  the  trigonometrical  functions  of  certain 
angles  may  be  expressed  with  great  facility  and  simplicity, 
that  of  others  must  be  found  by  a  laborious  course  of  calcu- 
lation. A  few  which  present  the  most  simple  investigation 
are  here  given. 


DETERMINATION    OF    NUMERICAL    VALUES. 

To  find  the  value  of  sin  45**. 

In  general        sin'^  +  cos^  ^  «  1. 

Let  A  =  45** ;    .•.  cos  A  =  cos  45®  =  sin  45® ; 
.-.  2  sin*  45®  =  1, 
sin*  45®  =  ^, 
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sin  45 


1 


v/2  ' 


the  positiYe  sign  of  the  radical  is  taken,  because  we  know  that 
sin  45®  is  positive. 

Hence  also  cos  45®  =  — p= ,   and  tan  45®  «=  cot  45®  «=  1. 

To  find  the  value  of  sin  30®. 

cos  so®  «  sin  60®  =  2  sin  SO®  cos  SO® ; 
.•.  2  sin  SO®  =  1, 
sin  SO®  «  ^. 

^S 

Also   cos  SO®  =  VI  -  sin*  30®  = , 


tan  30® 


vy 


The  values  of  sin  45®  and  sin  30®   may  be  obtained  very 
simply  by  a  geometrical  figure,  thus : 

Liet  ACB  be  an  isosceles  triangle  and  having  a  right  angle 
at  C      Then  each  of  the  angles  A  and  B  is  an  angle  of  45®. 
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.-.   sin  45"  = 


BC 


BC 


BC 


AB      y/jC  ^BC"  \/^BC'      \/2  ' 


Again,  let  ABC  be  an  equilateral 
triangle,  and  draw  BD  perpendicular  to, 
and  therefore  bisecting  AC-  Then  since 
the  angles  A^  J?,  C,  are  equal  to  each 
other  and  together  equal  to  180",  each  of 
them  is  60°,  and  therefore  ABD^  which 
manifestly  is  half  of  ABC,  =  S0\ 


B 


.-.   sin  30"  = 


AD 
AB 


1 

2 


To  Jind  the  value  of  sin  18^, 

36"  =  90"  -  54" ; 
.-.    sin  3&^  =  cos  54". 


We  have  seen  (Art.  24)  that  cos  SA  =  4cos3  ^  -  3  cos 
also,  36"  =  2  X  18",   and   54"  =  3  x  18"  ; 

.-.  2  sin  18"  cos  18"  =  4cos^  18-3  cos  18", 
2  sin  18"  =  4cos''^  18"  -  3  =  1  -  4  sin^  18", 


sm''  18"  + 


sin  1 8''       1 


2 


Completing  the  square, 


•in2  1  QO 


sin^  IS'^  + 


sin  18" 


sin  18"  = 


■*"l6      4  ■*"  16      16' 
-1  +  \/5 


the  positive  sign  is  given  to  the  radical,  because  we  know  t 
sin  18"  is  positive. 
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By  means  of  the  preceding  values,  we  may  investigate  a 
variety  of  others.  For  instance,  if  it  were  required  to  find 
sin  12",  we  should  have 

sin  12°=  sin  (30"  -  18°), 

=  sin  30"  cos  18"  -  cos  30°  sin  18^ ; 

and  consequently  sin  12"  becomes  known.  In  short,  we  can 
find  the  values  of  the  trigonometrical  functions  of  any  angles, 
which  are  combinations  of  those  which  have  been  discussed. 

26.  The  values  of  the  trigonometrical  functions  of  all 
angles  from  l'  up  to  90"  may  be  calculated  by  methods  not 
here  explained,  and  arranged  in  tables  for  the  purposes  of 
practical  application.  Still  more  useful  are  tables  containing 
the  logarithms  o{  these  values ;  the  student  who  is  desirous  of 
understanding  the  mode  of  constructing  such  tables  is  referred 
to  the  treatise  of  Snowball  or  Hymers^  or  any  other  complete 
treatise  on  Trigonometry. 


ON   THE   SOLUTION    OF  TRIANGLES. 

27-  A  triangle  consists  of  six  parts,  viz.,  three  sides  and 
three  angles :  three  of  these  being  given,  the  others  may 
be  found,  unless  the  three  angles  be  the  three  given  parts,  in 
which  case  nothing  further  can  be  found.  The  angles  of  a 
triangle  are  not  in  fact  independent  partSy  their  sum  being 
always  two  right  angles  ;  it  may  be  said  that  if  three  indepen-^ 
dent  parts  be  given,  the  others  may  be  found. 

28.  Before  we  engage  ourselves  with  the  solution  of  a 
triangle  we  must  investigate  certain  formula?  connecting  the 
parts  of  a  triangle. 

We  shall  denote  the  angles  of  a  triangle  by  A^  B,  C\  the 
sides  respectively  opposite  to  them  by  a,  6,  r. 
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29.      The  sides  of  a   triangle  are  proportional   to  the 
sines  of  the  opposite  angles. 


Fig.  1. 


Fig.  2. 


Let  ABC  be  a  triangle.  From  any  angular  point  A  let  fall 
the  perpendicular  AD  on  the  opposite  side  (fig.  1),  or  that 
side  produced  (fig.  2). . 

Then  in   the  first  case,  AD  =  c  sin  J?  =  6  sin  C  ; 
in  the  second,   AD  =  c  sin  5  =  6  sin  (180°  -  C)  =  6  sin  C ; 


therefore  in  both, 


sin  B      sin  C 


In  like  manner, 

sin  A      sin  B      sin  C 
a  b  c     ^ 

which  proves  the  theorem. 

30.      To  ewpress  the  cosine  of  an  angle  of  a  triangle 
in  terms  of  the  sides. 


I 

] 


With  the  same  figures  as  in  the  last  proposition,  we  have  < 
in  fig.  1, 

a  =  BD  +  DC  =  c  cos  5  +  6  cos  C, 

in  fig.  2, 

a  =  BD  -  DC  =  c  cosjB  -  b  cos  (180°  -  C)  «=  c  cosJ?  +  6  cosC; 


1 
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therefore  in  both  cases, 

cos  B      cos  C        a^ 
h  c         abc 

_.,  cosC      cos -4        6* 

m  hke  manner, +     =  -— — , 

c  a  abc 

cos  A      cosB        c* 

and   -^  — — =  — -; 

a  b  abc 

adding  the  last  two  of  these  equations  and  subtracting  the  first, 

we  have 

6«  +  c*  -  a^ 

cos  A  =s : ,  y 

%bc 

which  is  the  expression  required. 

31.      To    ewpress   *tw— ,    cos  —  ,,   tan—  in  terms  of  the 

Z  SS  /S 


sides. 


^       .                ,  ^A      l-cos-4      26c-6*-c*  +  o'^ 
By   Art.  21,   sin^  —  « =  ,  , 

a^-(6-c)*      (a-6+6')(a+6-c) 
4fbc  4ibc 

Let     a  +  6  +  c  =  2Sy 

.-.   rt  -  6  +  c  =  2(*S'-  6), 

o  +  6  -c  =  2(19  -  c), 

and      sm— =    \/^ .    . 

2  6c 

In  like  manner, 

^A       1-Hcos^       26c  +  6*  +  c^-a^ 

« __^  „^ ,  1,     _^^_^_____^_________^ 

2  2  46c  ' 

(6  +  c)^  -  a^      (a  +  6  +  c)  (6  +  c  -  a) 
46c  46c 

be       ' 


cos 


/. 


;'/^'  '       ■'.-  .-/y-      • 


y 
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A        ^  /S(S-a) 

.*.      cos—    =       \/    ; ~    . 

2  he 


Hence  also  we  have 


'^"?=    ^      S(S-a)       ■ 
32.      To  express  sin  A  in  terms  of  the  sides. 

This   is  done  at  once   by   means  of  the   expressions  just 
proved :    for 

sm  ^  =  2  sin  — ^cos— , 


=  —  \/S  (S  -  a)(S-b)(S-c). 

DC 

This  expression  has  the  advantage  of  being  adapted  to 
logarithmic  computation,  that  is  to  say,  it  consists  of  factors. 
The  formula  for  the  cosine  (Art.  30)  has  not  this  advantage. 

33.      To  prove  the  following  formula, 


A-B      a- 

tan =  

2            a  + 

b 

,  cot 
b 

C 

2  ■ 

>Ve  have 

by 

Art 
a 

.  29, 
sin  A 

,         • 

sin  B ' 

• 

a  - 

h 

sin  ^  -  sin  5 

sin  A  +  sin  jB 

•    • 

a  + 

b 

J  + J?   .    A- 

2  cos — sin 

2                  2 

B 

.    A^B       A- 

2  sm cos 

2                     2 

B 

= 

A^B 

tan 

2 

• 

tan         -- 

2 

,  by  Art.  23, 
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but  ^  +  5  =  180°  -  C, 
...   =  900-- 

A -¥3  C 

and  tan =  cot—. 

2  2 

Substituting  in  the  equation  before  obtained,  we  have 

A-B      a-b       C 

tan =  ,  cot—. 

2  a  +  6         2 


Having  established  the  preceding  necessary  formulae,  we 
now   proceed  to  the  solution  of  triangles. 

34.  Let  two  angles  and  the  side  between  them  (A,  C,  b) 
be  given 

The  other  angle  is  known  at  once,  because 

5  =  180°  -  J  -  C. 

Again,  we  have 

,  sin-^ 
sin  B 

and  c  =  h   .     „  ; 
sm  B 

which  determine  a  and  c. 

35.  Le^  ^w;o  angles  and  a  side  opposite  to  one  of  them 
(A,  C,  a)  be  given. 

As  before,  the  third  angle  is  known,  because 

B  =  iso'^  -  ^  -  C. 
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Also,  6  =  a  - — 7, 

sm^ 

sin  C 
c  ^  a  - — -  , 
sin  A 

which  determine  b  and  e. 

36.     Let  two  sides  and  the  included  angle  (C,  a,  b)  be 
given. 

We  determine  the  other  angles  thus, 

^  +  B  -  180®  -  C. 

Again,  by  Art.  33y 

J^B      a-b        C 

tan  as  -cot—, 

2  a  +  6        2 

which  determines  A  —  Bi   thus  A  ^  B  and  A  --'  B  are  both 

known ;  and  therefore  A  and  B*  which  are  +  

2  2 

and respectively,  are  also  known. 

To  determine  c  we  have 

sin  C 


c  =  a 


sin^ 


37.      There  is  another  mode  of  solving  the  triangle  in  this 
case. 

bnico  cos  C  = , 

2a6 

we  have  r  =  o*  +  ft*  -2o6cosC; 

and  this  equation  in  fact  determines  c«  but  in  its  present  state 
it  would  Im>  practically  of  no  use  because  it  is  not  adapted  to 
iogarithmic  computation  :  wo  can  however  modify  it  in  such 
a  manner  as  to  render  it  suitable,  as  follows : 
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fj*  =  a*  -f  6*  -  2ab  cos  C 

=  (o^  +  fe*)  I  COS*  —  +  sin*  —  I  -  2ah  (cos* sin'  — ) 

C  C 

=  (a  -  by  cos'  — h  (a  +  6)*  sin*  — 

Since  the  tangent  of  an  angle  may  be  of  any  magnitude, 

there  will  be  an  angle  the  tangent  of  which  is tan  — ; 

a  —  h        2 

let   0  be  such  an  angle,  so  that 

^      a+  fe        C 

tan  d  = .  tan  — , 

a  "  h        2 

C 
or  that  log  tan  9  =  log  (a  +  6)  -  log  (a  -  ft)  +  log  tan  —  . 

The  value  of  Q  is  found  by  looking  in  the  tables  and  find- 
ing an  angle  which  has  for  its  logarithmic  tangent  the  preceding 
quantity,  and  may  therefore  be  now  supposed  to  be  known. 


Also  we  have 


C 

c2  =  (o  -  hf  cos'  -  (1  +  tan«  9) 


c 

=  (a  -  hV  cos'     sec"^  0, 
^2 


C 

cos  — 
2 

or  c^{a  "h) , 

cos^ 

which  equation  determines  c. 
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The  sides  a,  6,  c  being  all  known,  A  and  B  may  be  de- 
termined by  any  of  the  expressions  given  in  Arts.  (30),  (31), 
(32). 

38.  The  process  of  adapting  a  formula  to  logarithmic 
computation,  which  has  been  introduced  in  the  preceding 
article,  is  one  of  frequent  use.  The  angle  0,  which  has  been 
employed  to  assist  the  calculation,  is  called  a  subsidiary  angle. 
It  will  be  seen  that  the  possibility  of  facilitating  calculations 
by  this  means,  arises  from  the  fact  of  our  possessing  tables  con- 
taining all  the  trigonometrical  functions  of  the  same  angle,  so 
that  as  soon  as  one  function  of  an  angle  is  known  all  the  others 
become  known  ;  for  instance,  in  the  case  we  have  been  con- 
sidering, as  soon  as  a  certain  quantity  was  fixed  upon  as 
representing  the  tangent  of  an  angle,  the  cosine  of  that  angle 
was  known  by  inspection  of  the  table,  and  the  calculation  was 
spared  by  which  it  would  have  been  necessary  to  determine  the 
cosine  from  the  tangent.  The  adaptation  of  formulae  to  loga- 
rithmic computation  is  a  matter  not  of  rule,  but  of  ingenuity, 
and  frequently  a  formula  may  be  adapted  in  various  ways 
equally  good  ;  we  must  however  be  careful  to  ascertain  that 
the  supposition  we  make  involves  no  absurdity  ;  for  instance, 
we  may  not  assume  a  quantity  to  be  =  cos  0,  {Q  being  the  sub- 
sidiary angle,)  unless  we  have  ascertained  that  the  quantity  is 
not  greater  than  unity,  and  so  in  other  instances. 

39.  We  may  here  make  a  remark  respecting  the  tables 
of  logarithmic  trigonometrical  functions,  which,  if  we  had 
troubled  the  student  with  a  complete  account  of  the  formation 
of  such  tables,  would  have  found  a  more  fitting  place  elsewhere. 

It  appeared  from  the  account  of  logarithms  given  in  the 
treatise  on  Algebra,  (page  80,  Art.  126,)  that  the  logarithms  of 
numbers  less  than  unity  have  negative  characteristics.  Now 
all  sines  and  cosines  are  less  than  unity,  (except  sin  90®  and 
cos  0®,)  and  therefore  their  logarithms  have  negative  character- 
istics; but  it  is  not  convenient  to  register  such  quantities  in 
tables,  and  therefore  it  is  usual  to  add  10  to  each  of  the  loga- 
rithmic functions,  and  thus  the  characteristic   —  1    is  replaced 
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by  9.  This  is  mere  matter  of  convenient  arrangement,  but  it 
entails  the  following  precaution,  that  when  the  logarithms  of 
numbers  and  those  of  trigonometrical  functions  occur  in  the 
same  equation,  10  must  be  subtracted  from  each  logarithmic 
function  of  an  angle. 

For  instance,  suppose  we  had  the  equation 

b  ^  asm  C, 

in  which  a  and  C  are  given  and  b  is  to  be  found ;  we  should 
take  the  logarithms  thus, 

log  b  =  log  a  +  log  sin  C  —  10, 
instead  of 

log  h  =  log  a  -f-  log  sin  C 

Or  we  may  make  the  distinction  between  the  two  kinds  of 
logarithms  more  manifest  by  a  diflFerence  of  notation,  and  may 
write  the  preceding  formula  thus, 

log^o^  =  log|(,a  +  Z,  sin  C  -  10, 

where  logio  indicates  the  logarithm  of  a  number  to  base  10, 
and  L  the  logarithm  of  a  trigonometrical  function  to  the  same 
base  when  10  has  been  added  to  it. 

4?0.  Let  two  sides  and  an  angle  opposite  to  one  of  them 
(a,  b,  A)  be  given. 

To  determine  B^  we  have 

sin  J?  =  -  sin  A  ; 
a 

C  is  then  known  from  the  formula 

C  =  180«  -  ^  -  B, 

i»n(l  c  from 

sin  C 
0  =  a  —  -   . 
sin  A 
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41.  The  solution  of  the  triangle  in  this  case  however  is 
not  without  ambiguity ;   for  the  equation 

sm  J?  =  -  sin  A^ 
a 

does  not  determine  one  angle  but  two^  because 

sin  5  =  sin  (180"  -  J5), 

and  the  question  is  whether  there  is  any  test  to  guide  us  in 
choosing  one  of  the  values  rather  than  the  other. 

Now  180°  -  J?  =  ^  +  C,  and  therefore  B  and  180°  -  i5 
cannot  both  be  less  than  ^ ;  but  the  greater  side  is  opposite  the 
greater  angle,  (Euclid,  i.  18,)  consequently,  if  h  be  less  than 
a,  B  must  be  less  than  J,  but  the  two  values  of  B  determined 
cannot  both  be  less  than  A^  therefore  we  know  which  to  choose. 
On  the  other  hand,  if  b  be  greater  than  a,  B  must  be  greater 
than  Ay  but  both  of  the  values  determined  may  be  so,  there- 
fore the  solution  is  ambiguous, 

42.  The  same  results  may  be  obtained  very  simply  by 
geometrical  considerations. 

Let  CAB  be  the  given  J^ 

angle,  AC  the  given  side  ;  /     \ 

with  centre  C  and  distance  X   /   \ 

a  (the  value  of  the  other  X       /      \ 

given  side)  describe  an  arc  X  /        \ 

of  a  circle,  which,  if  a  be  X  /  \ 

less  than  b  will  (as  in  the     X J  \... 

figure)  cut  the  straight  line  ^  -^  -^ 

AB  in  two  points  B^  B'  on  the  same  side  of  A,  Now  each  of 
the  triangles  CAB^  CAB\  has  all  the  data  of  the  question,  and 
therefore  the  solution  is  ambiguous.  If  a  had  been  greater 
than  6,  the  points  BB'  would  have  been  on  opposite  sides  of 
A^   and  there  would  have  been  only  one   triangle  answering 


the  given  conditions. 
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43.      It  may  perhaps  be  not  without  use  to  give  a  third 
investigation  of  Ae  ambigtwits  case  in  the  solution  of  triangles. 

We  have  the  formula, 

^  o*  =  ft^  +  c^  -  2hc  cos  A^ 

or  c*  —  2ftc  cos  A  ^  a^  -  ft*. 

In  this  equation  ah  and  A  are  given,  and  we  may  there- 
fore find  c^    completing  the  square, 

c"  "^hc cos  A  +  h^  cos*  A  ^  a^  —  W  sin*^ ; 

.\  c  =  ft  cos  A  i  \/o''  -  ft**  sin"^. 

We  have  here  two  values  of  c,  and  if  both  values  are 
admissible  the  solution  is  ambiguous;  but  the  only  thing 
which  can  limit  their  admissibility  is  their  sign;  hence  the 
solution  is  ambiguous  if  both  values  of  c  are  positive^ 

L  €.  if  b  cos  A  >  \/a^  -  h^  sin*  A, 
or  b^  cos^A  >  a^  "  h^  sin*^, 
or  If  {co^A  +  sin*^)  >  a*; 
or  6  >  a  ; 

which  is  the  same  conclusion  as  that  which  we  have  arrived  at 

before. 

44.     Let  nil  the  sides  he  given. 

This  case  may  be  solved  by  any  of  the  formulae. 


A  /  {S-b){S-c) 

Sin  —  =    \/ ^ 

2  ^  he 


A  ^    ^S  {S  ^  a)  ^ 


cos 

2         "^         he 


8 
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tan  —  =    V    — — -— r — 


sin  A  =  -lv/57^  a)  (5*-  6)(5'-  c) 
be 

45.  We  have  now  considered  all  the  cases  of  oblique- 
angled  triangles.  In  practice,  the  triangles  to  be  solved  are 
frequently  right-angled,  in  which  case  the  solution  is  much 
simplified.  One  application  of  the  methods  of  solving  trian- 
gles is  to  the  finding  of  the  heights  and  distances  of  inaccessible 
objects ;  in  problems  of  this  kind  we  suppose  the  magnitudes 
of  certain  lines  and  angles  to  be  measured  by  means  of  proper 
instruments,  a  description  of  which  however  would  not  be 
appropriate  here.  We  subjoin  a  few  simple  examples  of  the 
method  of 

FINDING   HEIGHTS  AND   DISTANCES. 

A. 

Ex.    1.       A    river    of   unknown 

breadth    runs   between    an    observer 

and  a  tower   on   its  opposite  bank ; 

find   the  breadth   of  the    river   and 

the  height  of  the  tower. 

t>  O 

Let  AB  he  the  tower,  BC  the  breadth  of  the  river ;  let 
the  angle  BCA  be  observed,  and  then  let  the  observer  retreat 
in  the  direction  of  the  line  BC  to  Z>,  measuring  the  distance 
CZ),  and  observing  the  angle  CDA, 

Let  ACB  =  a,   CDA  =  /3,   CD  ^  a, 

AB  =  0?,      BC^  y. 

Then  y  =  a?  cot  a  from  triangle  ABC9 

and  y+  a  =  ,a?cot/3 ABD, 

subtracting  the  first  of  these  equations  from  the  second 

a  ^  w  (cot  (i  —  cot  a)  ; 
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a  sin  a  sm  A 

. .  *  = =  a    .-  ,      - "  -  , 

cot  j3  -  cot  a  sin  (a  -  p) 

cos  a  sin  /3 
y  =  ,»  cot  a  =  a  ~r—z —    L  . 

sm  (a  -  p) 


Ex.  2.  From  the  top  of  a  tower,  a  person  observes  the 
angle  of  depression  of  two  distant  points  in  the  horizontal 
plane,  the  distance  of  which  from  each  other  he  knows,  and 
also  the  angle  subtended  at  his  eye  by  the  line  joining  the  two 
points ;    required  the  height  of  the  tower. 


Let  AB  be  the  tower,  C,  D  the  two  points ;  then  the 
angles  observed  are  BCA^  BDA^  CBD^  which  call  a,  /3,  7 
respectively  ;   also  let  CD  =  a,  and  let  the  height  of  the  tower 


=   <17. 


Then  in  the  triangle  BCD^  BC  =  «r  cosec  a,  BD  =  x  cosec  /3; 
.  •.  a^  =  a?  ^cosec^  a  +  x^  cosec^  (i  —  2x^  cosec  a  cosec  3  cos  7, 


and  X  s= 


a 


V  cosec^  a  +  cosec^  /3  —  2  cosec  o  cosec  jS  cos  y 


Ex.  3.  From  a  station  B  at  the  base  of  a  mountain,  its 
summit  A  is  seen  at  an  elevatioi)  of  6o° ;  after  walking  one 
mile  towards  the  summit  up  a  plane  making  aii  angle  of  30^ 

8 — 2 
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with  the  horizon,  to  another  station  C,  the  angle  BCA  is  ob 
served  to  be  135".      Find  the  height  of  the  mountiin. 


From  the  triangle  ABC^  we  have 
^5  =  fict^^^ 


sin  BAC ' 


<=BC. 


sin  BCA 


sin  (BCA  +  ABC) 


BC- 


sin  135" 


sin  (135"+  30") 


Sin  15^ 

and  the  height  of  the  mountain  =  AB  Mn  60^ 

sin  60^  sin  45° 


^BC. 


sin  15^ 


But  sin  60P 


\/3 


2 


sin  45^= —7= , 
V2 


sin  15® 


W- 


-cosS()° 


2 


=  \/^Zyi  =  l  ^4-2v/i^\/3--J 


2\/^ 


and  5C=  1760  yards; 


\/s 


.-.   the  height  =  176O  .     t= =  880  (S  +  y/s). 
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We    shall    here   subjoin    a    few    propositions   relating    to 
triangles. 

46.      To  find  the  area  of  a  triangle  in  terms  of  the  aides. 

Let  ABC  be  the  triangle;  from  A  draw  the  perpendicular 
AD  on  the  opposite  side  BC*     Then 


the  area 


BCy^AD      axbsinC 


2 


but  (by  Art.  32)  sin  C  -  —  \/S{S  -  o)  (5'  -  b)  {S-c); 


ab 


therefore  the  area  =  y/S  {S  -  a)  (iS  -  b)  (S  -  c). 


47.   To  find  the  radius  of  a  circle  inscribed  in  a  triangle. 

Let    ABC    be     the 

triangle ;   bisect  the  an- 

glesy  and  let   O   be  the 

Pc^int  in  which  the  bisect- 

''^g  lines  meet,  then  (by 

^Uclid   IV.  4),  O  is  the 

^^Xitre,   and   if  we  draw 

0-»,  OE,  OF,  perpendi-  ^ 

^^lar  to  the  sides  BC,  AC,  AB,  respectively,  any  one  of  these 


118 


PLANE    TBIGONOIIBTRT. 


will  be  the  radius  of  the  inscribed  circle.      Call  the  radius  r ; 
then 

area  of  A  ABC  =  A  BOC  +  A  AOC  +  A  AOB^ 

y——- — ra      rb      re 

or  s/S(S-a)(S-b)(S-c)^  _+_  +  _=r^; 


48.     To  find  the  radius  of  a  circle  circumseribed  about  a 
triangle. 

Bisect  the  sides   in    the  points  D,   £,  F^  and  from   the 
points  of  bisection  draw  perpendiculars  meeting  in  the  point 


O;  then  (by  Euclid  iv.  5),  0  is  the  centre  of  the  circum- 
scribed circle ;  join  OA^  OB^  OC9  and  describe  the  circle 
BCA,     Call  the  radius  R  ;   then 

AB   BC 

(as  in  Art.  46)  area  of  ABC  = '- sin  ABC^ 


/ ac  .    AOC     ._ 

or  VS (S -a){S^b){S-c)^  —  sin ,  (Euc.  iii.  20), 


ac 


sin  AOE 


2 

ac      b 
2    '2i?' 
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.-.  R 


ahc 


WS{S-a){S-^h){S-'cy 


49.     To  find  the  circumference  and  area  of  a  regular 
polygon  inscribed  in  a  circle^ 

Let  O  be  the  centre  of  the  circle,  AB  one  of  the  sides 
of    the   polygon,   of  which   suppose  that  the   number  is  n ; 


and  let  the  radius  of  the  circle  be  r.     Join  OA^  OB  and  draw 

360^ 
OP  perpendicular  to   AB ;  then  the  angle  AOB  = ,  and 


n 


circumference  of  polygon  =  n  .  AB^ 

^Qn.AP^^n  AO  sin  AOP, 


=  %nr sm 


n 


Again,  area  of  polygon 


=3  n  .  area  of  AOB^ 
AB.OP 


=  n 


2 


=  nAO  sin  AOP  x  AO  cos  AOP, 

^   .     180^         J  80" 

=  wr^  sin cos . 

n  n 
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From  these  expressions  we  see,  that  if  the  number  of  sides 
is  given,  the  circumference  of  the  polygon  is  proportional  to 
the  radius^  and  the  area  to  the  square  of  the  radius  of  the 
circumscribing  circle. 

50.  To  find  the  circumference  and  area  of  a  regular 
polygon  circum^scribed  about  a  circle. 

Let  AS  be  any  one  of  the  sides  of  the  polygon,  tooching    * 


A  F  B 

the  circle  at   P,  n   the  number  of   sides,  and  r  the  radius, 
as  before.     Join  OP*     Then  circumference  of  polygon 

=  n  .  AB^ 

=  2n  AP, 

^  2n  OP  tan  AOP, 


—  2nr  tan- 


180' 


n 


Again,  area  of  polygon  =  n  .  area  of  AOB, 

AB.OP 


=  n 


2 


nOPtariAOPx  OPr 

180" 

«r*  tan . 

n 
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As  in  the  case  of  the  inscribed  polygon,  we  observe  that 
the  circumference  is  proportional  to  the  radius^  and  the  area 
to  the  square  of  the  radius^  the  number  of  sides  being  given. 

51.  If  we  suppose  a  regular  polygon  to  be  inscribed  in  a 
circle,  and  another  of  the  same  number  of  sides  to  be  circum- 
scribed about  it,  it  is  easy  to  see,  that  the  greater  the  number 
of  sides,  the  more  nearly  will  each  of  the  polygons  approximate 
to  the  other  and  to  the  circle  which  lies  between  them.  In 
fact,  suppose  C,  C/  to  be  the  circumferences  of  the  two  poly- 
gons, then  we  have  seen  that 

.    180° 

C  =  2nr  sin , 

n 

(7  agfirtan ; 

n 

C  180° 


•  • 


— r  =  cos 

C  n 


180° 
Suppose  n  to  be  indefinitely  great,  then  cos  — r  becomes 

n 

cos  0°  or  1,  and  C  ^  C 

Or  let  Ay  A*  be  the  areas  of  the  two  polygons,  then 

.     180°        180° 
-4  =  wr^  sin cos , 


^'=s  wr*tan 


n  n 

180° 


n 


A  ,  180° 

.'.     -^  as  cos*  , 

A  n 

and  if  n  be  indefinitely  great,  A  «  A\ 

Consequently,  if  we  suppose  the  number  of  the  sides  to  be 
indefinitely  increased,  the  inscribed  and  circumscribed  polygon 
will  coincide  with  each  other,  and  therefore  with  the  circle. 
We  may  therefore  consider  a  circle  as  being  a  regular  polygon 
having  an  indefinite  number  of  sides,  and  may  extend  to  it 
those  properties  which  we  have  proved  concerning  polygons. 
Now  we  have  seen  that  the  circumference  of  polygons  is  pro^- 
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portional  to  the  radius,  and  the  area  to  the  square  of  the 
radius  of  the  circle,  whether  inscribed  or  circumscribed,  and 
therefore  we  conclude  that  the  circumference  of  a  circle  is 
proportional  to  its  radius^  and  the  area  to  the  square  of  the 
radius. 

We  have  in  fact,  (taking  the  inscribed  polygon,) 

C  =  2nrsin ,  and  A  =  nr^ sm cos ; 

n  n  n 

180^ 

if  n  be  indefinitely  great,  cos =  1,  and 

n 

I       .     180«\  ^       /       .     1800\    , 

C  =  2  I  n  sm yvy  A  =:  ( n  sm 1  r^ , 

180^ 
What   will  be  the  value  of  n  sin  —  ,  when  n  is  made 

n 

indefinitely  great  ?  Its  value,  which  is  always  denoted  by  tt, 
might  be  found  with  some  degree  of  accuracy  by  actually  cal- 
culating the  area  of  a  polygon  of  a  considerable  number  of 
sides ;  but  this  and  other  operose  methods  are  superseded  by 
modes  of  calculation  of  a  more  refined  character,  the  introduc- 
tion of  which  however  would  be  unsuitable  to  the  design  of 
the  present  treatise  :  the  result  is  that 


TT  =  3.14159265S5 


The  quantity  tt  may  be  calculated  to  any  degree  of  accu- 
racy, but  it  is  of  the  class  of  quantities  called  incommensurable^ 
that  is,  it  cannot  be  expressed  by  the  ratio  of  any  two  whole 
numbers  however  great:  in  general  we  may  consider  3.14159 
as  a  sufficiently  accurate  value  of  tt. 

According  to  the  notation  we  have  adopted, 
the  circumference  of  a  circle   =27rr, 
area  =  Trr^ 

52.  The  introduction  of  the  quantity  w  renders  this  a 
proper  place  for  explaining  another  mode  of  measuring  angles, 
besides  that  which  has  been  hitherto  used. 
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Hitherto  we  have  considered  the  right  angle  to  be  divided 
into  90  degrees,  and  have  measured  angles  by  the  number  of 
degrees  they  contain ;  but  there  is  another  mode  depending 
upon  the  proposition  (Euc.  vi.  33)  that  angles  at  the  centre  of 
a  circle  are  proportional  to  the  arcs  on  which  they  stand,  and 
which  is  of  frequent  use. 

Let  POA  be  an  angle  at  the  centre  O  of  a  circle,  the 
radius  of  which  is  r ;  APB  a  semicircle  « irr ;  also  let  the 
length  of  the  arc  AP  =■  a.     Then,  by  Euclid, 


angle  POA  a^ 

2  right  angles      irr  * 

1      «^  .      2  right  angles   a      ... 
.-.  angle  POA  =  —- — .-     (A). 

Now  supposing  a  and  r  to  be  given,  although  the  angle  POA 
will  be  determined,  yet  its  numerical  value  will  not  be  settled, 
unless  we  make  some  convention  as  to  what  angle  we  shall 
call  unity.  We  are  at  liberty  to  make  any  convention  that 
we  please,  but  we  shall  be  guided  in  our  choice  by  the  con- 
sideration of  what  will  make  the  equation  (A)  the  most  simple, 
and  it  is  manifest  that  the  most  simple  form  will  be  given  to 
that  equation  by  making 

2  right  angles 


tr 


1.     (B), 


we  shall   then   have,    (denoting   the   numerical  value   of   the 
angle  POA  by  0), 


9^-     (C). 
r 
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Let  UB  condder  the  results  of  the  assumption  (B).    The 

numerical  value  iif  two  right  angles  is  the  quantity  n-,  instead 

of  180^,  as  in  the  former  method,  and  the  unit  of  angle  instead 

...        ,       ...               ,        ,,           ,.2  right  angles 
of  being  the  ninetieth  part  of  a  right  angle  is — — 

or  57'  17'  44"  48"'  nearly. 

Again,  making  d-1  in  equation  (C),  we  have  a  •"  r,  which 
shews  that  the  unit  of  angle  is  that  angle  tokick  ia  subtended 
by  an  arc  of  length  equal  to  radius. 

53.  Another  mode  of  considering  this  subject  is  the 
following.  Let  POA  be  any  angle,  and  about  O  as  centre 
suppose  any  two  circles  described;  let  PA,  F'A'  be  the  sub- 
tending arcs  in  the  two  circles,  and  draw  PN,  PN"  perpendi- 


cular to  OAA' ;  then,  if  the  radius  of  the  circle  were  given,  the 

arc  PA  would  be  a  proper  measure  of  the  angle,  and  we  might 

de6ne  PA  to  be  the  arc,  PA''  the  sine,  ON  the  cosine,   &c. 

of  the  angle  POA ;  but  this  being  inconvenient,  in  consequence 

of  its  being  necessary  to  know  the  radius,  we  have  defined 

PN      ,      ^      .       ON      ^     ^         .  ,  „„  .,     L 

■^—  to  be  the  sine,  -^-.  to  be  the  cosine,  &c.  of  POA,  these 

ratios  being  independent  of  the  radius,  since 
ON     ON 


PN     PN' 


and 


=  -^— ;   and  on  the  same  principle 


PO      PO 


PO       PO 

should  take  as 
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PA 

the  measure  of  the  angle,  not  the  arc  PA^  but  — - .     Thus 

we  are  led,  in  a  rather  different  way  from  that  pursued  in  the 

arc 
last  article,  to  choose  — = —  as  the  measure  of  an  angle,  and 

radius 

this  choice  implies  that  the  numerical  value  of  two  right  angles 

is  Tr,  which  was  our  first  assumption  in  the  other  case. 

From  the  equation  (C) 

r 

we  see,  that  if  r  «  1,  0  =>  a^  that  is  to  say,  if  we  suppose  the 
radius  of  the  circle  to  be  unity,  the  numerical  value  of  the 
angle  and  the  subtending  arc  is  the  same.  Hence,  if  we  make 
this  supposition  respecting  the  radius,  we  are  not  under  the 
necessity  of  making  any  distinction  between  arcs  and  angles^ 
since  their  numerical  value  is  the  same. 

54«.  It  is  frequently  a  matter  of  indifference  which  mode 
of  measuring  angles  we  adopt,  but  this  must  be  carefully 
borne  in  mind,  that  in  every  example  either  the  one  or  the 
other  must  be  used  exclusively.  It  will  perhaps  be  found 
generally  advantageous  to  use  that  last  explained,  or  the 
circular  measure  as  it  is  sometimes  called,  as  being  the  more 
brief. 

It  is  easy  to  pass  from  one  mode  of  measurement  to  the 
other :  for  suppose  that  Q  is  the  circular  measure  of  an  angle, 

Q 

then  the  angle  contains  — 180  degrees ;   and,  conversely,  if  an 

n 

ans^Ie  contains  w°,  its  circular  measure  is tt. 

*  180 
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Definitions.  A  right  cone  is  a  surface  generated  by 
an  indefinite  straight  line,  which  always  passes  through  a 
given  pointy  and  makes  a  given  angle  with  a  given  straight 
line  passing  through  that  point. 

The  point  through  which  the  generating  line  always  passes, 
is  called  the  vertew  of  the  cone.  The  given  straight  line 
passing  through  the  vertex,  is  called  the  awia  of  the  cone. 

The  common  notion  of  a  cone  is  that  of  a  pyramid  stand- 
ing on  a  circular  base ;  it  is  clear  that  a  cone  as  above  defined 
will  consist  of  two  such  pyramids  of  indefinite  height,  having 
their  axes  in  the  same  straight  line  and  their  vertices  coin- 
cident. 

If  we  conceive  a  cone  to  be  cut  by  a  plane,  the  curve 
formed  by  the  intersection  will  be  difi*erent  according  to  the 
position  of  the  cutting  plane.  There  are  however  only  three 
different  modes  in  which  it  is  possible  for  the  intersection  to 
take  place. 

For  distinctness  of  conception, 
let  the  annexed  figure  represent  a 
cone;  B  is  the  vertex,  CDBC'D'  is 
the  intersection  of  the  cone  by  the 
plane  of  the  paper ;  the  cone  is  sup- 
posed to  be  of  indefinite  length  both 
above  and  below  B.     Then 

(1)  The  cutting  plane  may  be 
parallel  to  the  line  5C,  in  which 
case  it  will  only  cut  one  portion  of 
the  cone  as  BCD^  and  not  the  other 
BCV^  and  the  curve  formed  by  the 
intersection  will  evidently  be  a  curve 
of  one  branch  and  unlimited  in  ex- 
tent, since  the  cone  is  supposed  to 
be  unlimited.  This  curve  is  called 
the  parabola. 

(2)  The  cutting  plane  may  be 
9 
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inclined  to  the  linp  JffCf  ^nd  may  cut  the  cone  wholly  on 
one  side  of  B,  that  is,  may  cut  the  portion  BCD  without 
cutting  the  portion  B(fD* ;  in  this  case  the  curve  will  be 
one  of  limited  extent,  and  of  an  oval  form.  This  is  the 
ellipse. 

(3)  The  cuttipg  plane  may,  as  in  the  last  case,  be  in- 
clined to  BC%  but  may  out  the  cone  on  both  sides  of  By  th^t 
is,  may  cut  the  portion  BCD'  as  well  as  BCD ;  in  this  case 
the  cyrve  will  coqsist  of  two  branches,  each  of  unlimited 
extent.      This  is  the  hyperbola. 

In  these  three  positions  of  the  cutting  plane  are  included 
two  cas^s,  which  perhaps  deserve  separate  notice;  namely, 
that  in  which  the  cutting  plane  is  perpendicular  to  the  axjs 
of  the  cone  and  the  section  coas^quently  a  circle,  and  Ih^t 
in  which  the  plane  passes  through  the  vertex  and  the  section 
is  two  straight  lines :  but  these  positions  of  the  cutting  plane 
need  not  be  further  alluded  to,  because  the  circle  may  be 
considered  as  a  particular  c^se  of  an  ellipse,  and  the  two 
straight  lines  of  an  hyperbola. 

We  may  say  therefore  that  there  are  only  three  different 
sections  of  a  cone,  the  parabola^  the  eUipse,  and  the  hyperbolaj 
and  it  will  be  our  business  to  study  the  properties  of  these 
Conic   Sections  in  order. 

*■  It  may  be  remarked,  by  the  way,  that  the  Conic  Sections 
are  curves  of  especial  interest  for  three  reasons;  first,  on 
account  of  the  simplicity  and  elegance  of  their  properties; 
secondly,  because  of  their  historical  interest  as  curves  known 
and  studied  with  success  by  the  ancients;  and,  thirdlyy  be- 
cause science  has  taught  us  that  they  are  what  may  be  called 
physical  curves.  A  stone  when  projected  describes  a  piirabola, 
the  planets  move  in  ellipses,  many  comets  describe  parabolas, 
some  perhaps  hyperbolas. 

Although  we  have  spoken  of  the  Conic  Sections  as  the 
sections  of  a  cone,  which  is  a  mode  of  proceeding  rendered 
appropriate  by  the  name  usually  given  to  the  three  curves  in 
question,  we  shall  find  it  convenient  in  treating  of  their  pro- 
perties to  adopt  other  definitions,  and  we  shall  have  to  shew 
that  the  curves  so  defined  are  really  conic  sections  according 
to   our  present   notion.      It  is   convenient  to  conceive  of  a 
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curve  as  traced  by  a  point  which  moves  according  to  an 
assigned  law ;  thus  we  may  consider  a  circle  as  a  curve  traced 
by  a  point,  which  moves  under  the  condition  of  being  always 
at  the  same  distance  from  a  fixed  point ;  and  this  is  the  mode 
of  definition  which  we  shall  adopt  in  the  case  of  each  of  the 
conic  sections;  we  shall  call  the  curves  so  defined  by  the 
names  of  the  Parabola,  Ellipse,  and  Hyperbola,  and  after- 
wards prove  that  the  curves  defined  are  the  three  sections 
of  a  cone. 

As  we  shall  have  much  to  do  with   the   tangents  to  the 
conic  sections,  we  will  here  explain  the  proper  notion  of  the 
tangent  of  a  curve.     Let  P  be  a  point  in  a  curve,  P'  a  con- 
tiguous   point,    draw  rp 
the  secant  PPS^  that 
h  the  line  cutting  the 
curve   in    P  and   P. 
Now  suppose  P  to  ap- 
proach P,  then  when 
P  and  P  are  indefinitely  near  together,  the  secant  SPP  will 
become  the  tangent  TP.      In  other  words,  a  tangent  may 
be  conceived  of  as  a  secant,  drawn  through  two  points  in  the 
curve  indefinitely  near  to  each  other. 

Note.  It  will  be  understood,  that  in  this  subject  an 
algebraical  notation  is  used  for  the  purpose  of  abbreviation 
only.  Thus  AB .  CD  will  be  merely  a  contracted  form  of 
the  phrase  "the  rectangle  under  AB,  CD.^ 

Also  it  may  be  observed,  that  in  the  figures  the  dotted 
lines  refer  wholly  to  the  corollaries  of  the  propositions. 


9 — 2 


132 


CONIC    SECTIONS. 


THE    PARABOLA. 


Def.  If  a  point  P  move  in  such  a  manner,  that  its 
distance  SP  from  a  given  point  i^  is  always  equal  to  its 
perpendicular  distance  PM  from  a  given  fixed  line  LM,  the 
curve  traced  out  by  P  is  called  a  parabola. 

The  fixed  line  LM  is  called  the  direatriw,  and  the  point 
S  the  focus. 

Draw  SL  perpendicular  to  the  directrix  and  bisect  it  in 
the  point  A\  it  is  manifest,  from  the  definition,  that  ^  is  a 
point  in  the  parabola ;  this  point  is  called  the  vertex. 

It  is  further  manifest,  that  the  curve  will  be  exactly 
similar  on  opposite  sides  of  the  line  AS  produced :  this  line 
is  called  the  axis. 

Hence  it  also  follows  that  a  line  PNP  drawn  through  P 
perpendicular  to  the  axis  to  meet  the  parabola  in   P'  will  be 
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bisected  in  N :  PNP^  is  called  an  ordinate^  and  the  line  AN 
an  abscissa  of  the  axis. 

The  ordinate  BC,  through  the  focus,  is  called  the  latus 

rectum. 

Any  line  JOTT  parallel  to  the  axis  is  called  a  diameter. 

The  names  abscissa  and  ordinate  are  not  confined  to  lines 
measured  along  the  axis  and  perpendicular  to  it;  they  are 
also  applied  to  lines  measured  along  any  diameter  and  parallel 
to  the  tangent  at  the  extremity  of  that  diameter :  thus  if 
QVQ'  be  drawn  parallel  to  the  tangent  FT,  PV  is  called  an 
abscissa  of  the  diameter ,  and  QVQ^  an  ordinate.  The  pro- 
priety of  this  nomenclature  will  be  seen  hereafter,  when  it  is 
proved  that  the  properties  of  the  lines  PVy  QVQ^  are  exactly 
analogous  to  those  of  AN,  PNP. 

If  PT  be  a  tangent  to  the  curve  at  P,  NT  is  called  the 
snhtangent. 

The  normal  PG  is  a  line  perpendicular  to  the  tangent. 
NG  is  called  the  subnormal. 


Pkop.   I, 
The  latus  rectum   BC  «  4AS. 
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Draw  JJJT  perpendicular  to  the  directrix,  and  produce  SA 
to  meet  the  directrix  in  L ;  then 

SB  =  BK  by  definition, 

=s  SL  =  2ASy  since  AS  ==  AL  by  definition  ; 

.-.  BC^^SB^ifAS. 


Prop.  II. 

The  tangent  at  any  point  of  a  parabola  bisects  the  angle 
between  the  focal  distance  and  the  diameter  through  the 
point. 

Let  P  be  a  point  in  the  parabola,  P'  a  contiguous  point : 
draw  the  secant  TP'P*,  join  SP,  SP\  and  draw  PM,  P'M", 
perpendicular  to  the  directrix,  and  P'w,  P'n  perpendicular  to 
PMj  SP  respectively. 

Then  we  shall  assume  what  will  hereafter  be  proved  ■(•, 
namely,  that  when  P  and  P'  are  indefinitely  near  together 
P'n  will  coincide  with  the  arc  of  the  circle  described  with 
centre  S  and  radius  SP',  in  other  words  that  Sn  will  be 
equal  to  SP'. 

*  The  student  is  requested  to  join  the  points  P,  P'  in  the  figure. 

t  Newton,  Section  i.  Lemma  vii.  This  may  be  also  proved  trigonometricaUy : 
for  let  PQ  be  a  very  small  arc  of  a  circle  having  O 
for  its  centre;  join  PQ,  and  draw  the  tangents 
Pr,  QT,  and  let  OT  intersect  the  arc  PQ  and 
the  chord  PQ  in  A  and  B  respectively.  Then 
it  is  manifest  that 

PAQ  is  >PBQ  and  <PT+QTy 

or  that  PA  is  >PB  and  <P7', 

PA 

or  that  yr=  is  >  sin  POA  and  <  tan  POA, 

sin  POA 

but  .^i--^^=cosPO-4  =  l  when  POA  is  indefinitely  smaU.    Therefore  PB  and 
tan  PO-4 

PT  are  equal  when  PA  is  indefinitely  small,  and  therefore  PA  which  is  inter- 
mediate in  value  is  equal  to  either  of  them. 

The  student  will  comprehend  the  force  of  this  measuring  more  completely, 
when  he  has  read  the  first  section  of  Newton's  Principia. 
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M 

m       V^^^^'^"^^ 

P' 

^ 

(^ 

7 

T 

aI    s 

Hence  Pn^  SP  -  SP' 

=  PM  -  PM*  (by  tlefinition  of  parabola) 

therefore  in  the  right-angled  triangles  PmP^^  PnP^  we  have 
the  side  Pm  =  the  side  Pn^  and  PP^  common ;  therefore  the 
triangles  are  equal  in  all  respeets,  and  z  m  PP  =  z  nPP . 

But  when  P  has  approached  indefinitely  near  to  P,  mPP 
is  the  angle  between  the  tangent  and  the  perpendicular  on  the 
directrix,  and  nPP  is  the  angle  between  the  tangent  and  the 
focal  distance.  And  these  angles  have  been  shewn  to  be  equal, 
therefore  the  proposition  is  true. 

CoE.  1.     The  tangent  at  the  vertex  is  perpendicular  to 

the  axis. 

» 

Cor.  2.  The  normal  bisects  the  angle  between  the  focal 
distance  and  the  diameter  at  the  point. 

CoR.  3.  If  r,  G  (see  figure,  page  132)  are  the  intersec- 
tions of  the  tangent  and  normal  respectively  with  the  axis, 
SP^  ST^  SG.     (Eucl.  I.  5.) 
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Pew.  III. 
The  subtangent  is  equal  to  twice  the  abscissa.  (N  T = 2  AN) . 


M 

V^'^'^'^^^ 

a1        /             N 

T                L 

Draw  PM  perpendicular  to  the  directrix  LM ;   then 

ST^SP=^PM^LN, 
or     AT  ^AS^  AL^^AN , 
and     AS  =  AL  ; 
.-.     AT^AN, 

or     NT  =  2  AN. 

Prop.  IV. 

The  subnormal  is  constant y  and  equal  to  half  the  latus 
rectum.     (NG  =  2AS). 
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SG:=ST 

=  AS  +  AN  (by  preceding  Prop.) 
.-.   NG^SG-SN'^QAS^ 

Prop.  V. 

The  rectangle  under  the  latus  rectum  and  the  abscissa 
is  equal  to  the  square  of  a  semi-ordinate  of  the  axis. 
(PN2  =  4AS.  AN). 


LAS 


Because  AN  is  divided  into  two  parts  in  S^ 

.-.   ^AS.AN^SN^  =  LN^     (Euclid,  ii.  8.) 

=  PiV^  +  SN^ ; 
.-.     PN^^4>AS.AN 


Prop.   VI. 

If  a  perpendicular  is  drawn  from  the  focus  on  the  tan- 
gent, the  point  of  intersection  lies  in  the  tangent  at '  the 
verfew. 

Let  AY  he  the  tangent  at  the  vertex  intersecting  the  tan- 
gent PT  in  F;  join  SV9  which  shall  be  perpendicular  to  PT. 

Because  ^F  is  parallel  to  PN,  and  AT  =  Ajp' ;  thcrefoi^ 
TV^PY.     (Euclid,  VI.  2.) 
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Also  SP  =  ST,  and  SY  is  common  to  the  two  triangles 
SPYj  STY:  therefore  these  two  triangles  have  their  sides 
respectively  equal,  and  are  therefofe  equal  in  all  respects. 

Therefore  z  SYP  «  z  SYT,  and  therefore  each  is  a  right 
angle.  Hence  SY  is  perpendicular  to  PT,  and  therefore  the 
proposition  is  true. 

Cor.     SY'  =  SP .  AS. 

For  from  similar  triangles  SAY^  SYP, 

AS  :  SY  ::  SY  :  SP. 


Prop.  VII. 

If  from  any  point  F  in  the  ordinate  PR  the  line  FQ  is 
drawn  parallel  to  the  awia  and  meeting  the  parabola  in  Q, 
then  PF .  FR  =  4  AS .  QF. 


I 
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Draw  QE  perpendicular  to  the  axis ;  then  because  PR  is 
divided  into  two  equal  parts  in  JV^  and  two  unequal  in  F, 

.-.     PF.FR^  FN*  -  NF*     (Euclid,  ii.  5.) 

''4AS.JN-4.JS.JE 
=  *JS.EN^4JS.QF. 


Prop.  VIII. 

If  from  either  extremity  of  an  ordinate  QVQ'  a  perpen- 
dicular QD  is  let  fall  on  the  diameter,  then 

QD*-4AS.PV. 


Draw  the  tangent  PT,  and  QF  perpendicular  to  the  or- 
dinate PNR,  then  from  similar  triangles  QDV,  PNT, 

QJ)  :  DV  ::   PN  :   NT, 

but     PN'  =  4AS.JN^zJS.Nr; 

.-.     PN  :  NT  ::   SJS  :   PN 

::   4 AS  :    PR; 
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.-.      QD  :  DV  ::   4^*  :  PR, 
or     ^AS.DV^QD.PR^PF.PR. 
Also  (Prop.  VII.) 

iJS.QF^PF.FR, 
or     *AS.DP=  PF.FR; 
.:     4>AS.PV  =>  PF. PR -PF.FR 

=  PF*, 
or     Qiy=4:AS.Pr. 

The  proof  would  be  similar  if  we  were  to  draw  Q'lf  per- 
pendicular to  the  diameter  from  Q'. 

CoK.     QD  -  Q'D',  and  therefore  QV  ^  Q'V,  or  a  diameter 
bisects  all  its  ordinates. 


/ 


Peop.   IX. 

The  square  of  a  semi-ordinate  of  the  diameter  at  any 
point  is  equal  to  four  times  the  rectangle  under  the  focal 
distance  of  the  point  and  the  abscissa.     (QV^  =  4SP  .  PV). 


Draw  AY  the  tangent  at  the  vertex,  SY  perpendicular  to 
the  tangent  PT^  QD  perpendicular  to  the  diameter,  and  join 
SP,     Then  by  similar  triangles  QDV,  SAY, 

but  from  similar  triangles  SAY^  SYP, 

AS  :   SY  ::   SY  :  SP, 
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or     SY^^AS.SP; 

.-.     QF   :    Q2>«  ::   SP  :   AS, 

but     QD^  =  4, AS  .  PK;      (Prop,  viii.) 

.-.     QP   :   4^A\  PV  ::    ^P  :    ^^S, 

or     QP=:4*P.Pr. 

Obs.   It  will  be  seen  that  this  proposition  includes  Prop,  v., 
since  in  that  case  P  coincides  with  A  and  SP  =  AS. 


Prop.  X. 

If  a  right  cone  is  cut  by  a  plane  which  is  parallel  to  a 
line  in  its  surface,  the  section  is  a  parabola. 


Let  BCD  be  the  section  of  the  cone  by  the  plane  of  the 
paper,  AGK  the  cutting  plane  which  is  supposed  perpendicular 
to  the  plane  of  the  paper  and  parallel  to  BC,  Let  EMFP 
be  any  circular  section  made  by  a  plane  perpendicular  to  the 
axis  of  the  cone.  Then  the  line  MNPy  in  which  the  planes 
EMFP,  ^GJT  intersect,  is  manifestly  perpendicular  to  both  of 
the  lines  ENF,  ANH^  in  which  those  planes  intersect  the  plane 
of  the  paper.     Draw  AL  parallel  to  CD, 
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Then  by  similar  triangles  ANFy  BCD, 

AN  :  NF  ::  BC  :  CD; 

but  the  ratio  BC  :  CD  is  a  constant  ratio, 

.-.  JNccNF. 

Again,  since   EPF  is  a  semicircle, 

NF  :  PN  ::    PN  :  EN 

::   PN  :   AL, 

or     NF.AL  =  PN^: 

but  AL  is  a  line  of  constant  length,  therefore  NF  oc  PN^ ; 
and  we  have  also  proved  that  AN  oc  NF,  therefore  PiNP  oc  AN, 
which  is  a  property  of  the  parabola,  (Prop,  v.) :  hence  the 
curve  GAK  is  a  parabola. 


THE   ELLIPSE. 


Def.  If  a  point  P  move  in  such  a  manner  that  the  sum 
of  its  distances  from  two  fixed  points  Sy  H  is  always  the  same, 
the  curve  traced  out  by  P  will  be  an  ellipse. 

The  points  S,  H  are  called  the  foci,  and  the  point  C 
bisecting  8JI  the  centre. 

Any  line  PCG  through  the  centre  is  called  a  diameter : 
it  is  manifest  that  the  centre  bisects  all  such  lines. 

The  diameter  ASHM  through  the  foci  is  called  the  €Lwis 
major :  Ay  M  are  called  vertices. 
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A  line  PNR  perpendicular  to  the  axis  major  is  called  an 
ordinate^  and  the  lines  AN^  NM  ahaciasoe^  of  the  axis. 

The  ordinate  BCE  through  the  centre  is  called  the  aooia 
minoTy  and  that  through  either  focus  the  latua  rectum. 

The  diameter  DCK  which  is  parallel  to  the  tangent  at  P 
is  said  to  be  conjugate  to  PCG. 

A  line  QVQ'  parallel  to  the  conjugate  diameter  is  called 
an  ordinate  of  the  diameter  PCG^  and  the  lines  PF,  VG 
obscissiB. 


Prop.  I. 

The  sum  of  the  focal  distances  of  any  point  is  equal  to 
the  awis  major.     (SP  +  HP  «  2  AC). 


For,  by  definition, 

SP^HP^SA^^HA 
SP^HP^SM^HM\ 
.'.  2(SP  +  HP)  ^SA^SM+HA-h  HM 

^2AM; 
or  SP+HP:^AM=^2AC. 

CoE.     SB  4-  HB  =  2  AC. 
But  manifestly  SB  =  HB ; 

.-.  SB^AC. 
Hence  also  BC  ^  AC  -  SC. 
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Prop.  II. 

The   tangent   at    any  point  of  an  ellipse  makes  equal 
angles  with  the  focal  distances. 

T 


Let  P,  P'  be  two  contiguous  points  in  the  ellipse;  draw 
the  secant  TPPT,,  join  SP,  SP,  HP,  HP,  and  draw 
Pm,  Pn  perpendicular  to  SP\  HP  respectively. 

Then  (as  in  the  case  of  the  parabola,)  when  P  and  P  are 
indefinitely  near  to  each  other,  Pm  =  SP  —  SP. 

In  like  manner 

Pn^HP-  HP\ 

but     SP  +  HP  =  SP  +  HP', 

.-.    Pm  =  Pn. 

And  therefore  in  the  right-angled  triangles  PmP,  PnP, 
we  have  the  side  P'w  =  Pw,  and  the  side  PP  common  :  hence 
the  triangles  are  equal  in  all  respects,  and  Z  PPm  =  z  PPn : 
but  when  P  and  P'  coincide  these  angles  are  those  which  the 
tangent  makes  with  the  focal  distances :  hence  the  proposition 
is  true. 

Cor.  1.  The  tangent  bisects  the  angle  between  HP  and 
SP  produced. 

Cor.  2.  The  tangent  at  either  vertex  is  perpendicular  to 
the  axis  major. 
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Prop.   III. 

The  perpendiculars  from  the  foci  on  the  tangent  intersect 
the  tangent  in  the  circumference  of  a  circle^  having  the  aans 
major  aa  diameter. 


Produce  SP  to  W,  making  PW ^  HP:  join  WH,  cutting 
the  tangent  in  Z:  join  CZ, 

Then  in  the  triangles  HPZ,  WPZ  we  have  the  sides  HP^ 
WP  equal  by  construction,  PZ  common,  and  the  angles  HPZ, 
WPZ  equal  by  the  property  of  the  tangent :  therefore  the 
triangles  are  equal  in  all  respects,  and  Z  PZH  ^  Z  PZW^  each 
of  which  is  therefore  a  right  angle.  Hence  HZ  is  the  per- 
pendicular on  the  tangent. 

Again^  SC  ^  CH,  and  WZ  =  ZiT;  /.  CZ  is  parallel  to 
SW\  and  by  similar  triangles  CZH,  SWH,  CZ^^^SW. 
But  SW^SP  +  PW^SP-^PH^^AC;  .-.  CZ  ^  AC,  and 
therefore  Z  is  a  point  in  a  circle,  the  centre  of  which  is  C  and 
radius  AC. 

The  proof  would  have  been  the  same,  if  we  had  considered 
SV  the  perpendicular  from  the  focus  S. 
10 
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Cor.     Draw  the  conjugate  diameter  CD  cutting  SP  in  E, 
Then  PECZ  is  a  parallelogram. 

.-.  PE^CZ^  AC. 

Note.  As  the  circle,  which  is  the  subject  of  the  preceding 
proposition,  is  of  great  use  in  demonstrating  the  properties  of 
the  ellipse,  we  shall  call  it  the  aumliary  circle. 


Peop.  IV. 

The  rectangle  under  the  perpendiculars  from  the  fed  on 
the  tangent  is  equal  to  the  square  of  the  semi-aocis  minor. 

(SY.HZ  =  BC^) 


Produce  SY  to  meet  the  auxiliary  circle  in  F';  join  CF', 
CZ.  Then  in  the  triangles  SCY\  ZCH,  we  have  SC  =  CHy 
CY*  =  CZ,  and  z  CSY'  =  z  CHZ  since  SY'  and  HZ  are 
parallel;  therefore  the  triangles  are  equal  in  all  respects, 
and  Sr^HZ. 

.-.  SY,  HZ  =  SY. SY*  ^JS.SM;     (Euclid,  iii.  35.) 

but  AS.SM^AC'  SC     (Euclid,  ii.  5.) 

=  BC ;      (Prop.  i.  Cor.) 

.-.  SY.HZ^BC. 
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Com.     By  similar  triangles  SYPj  HZPj  (fig.  Prop,  in.) 

Sr  :  HZ  ::   SP  :  HP; 
.'.  Sr^  :  Sr.HZ  ::  SP  :  HP, 
.'.  SV^  :   BC  ::  SP  :  2JC  -  SP. 


Prop.   V. 

\  The  rectangle  tender  the  lines  intercepted  between  the 
centre  and  the  intersections  of  the  aans  with  the  ordinate 
and  tangent  respectively,  is  equal  to  the  square  of  the  semi* 
axis  major.     (CN .  CT  =  AC.) 


Produce  SP  to  W,  then  because  PT  bisects  the  exterior 
angle  WPH^ 

.-.  ST  :  HT  ::  SP  :  HP.     (Euclid,  vi.  a.) 

.'.  ST  +  HT  :  ST'-HT  ::  SP-hHP  :  SP -- HP, 

or  StCT  :  SH  ::  2 AC  :  SP  ^  HP. 

Again,  we  have 

SP"^  SN*  +  PN\ 

HF'^HN^  +  PN^; 

.'.  SP"  -  HP"  =  SN*  -  HN*, 

10—2 
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or  (SP  -  HP)  (SP  +  HP) 

=  (AW  -  HN)  {SN  +  HN)y    (Eucl.  ii.  6.) 
or  {SP  ^  HP)2AC  ^  ^CN .  SH, 
or  ZCN  :  SP  -  HP  ::   2^C  :   ^JST. 
Hence      CT  :   AC  ::  JC  :   CN, 

or  CT.CN  ^  AC. 

CoE.      Produce   PJV  to  meet  the  auxiliary  circle  in   Q. 
Join  CQ,  TQ. 

Then     CT .  CN  =  AC  ^  CQ\ 

or   CT  :   CQ  ::   CQ  :    CJNT; 

therefore  CQT  is  a  right  angle,  and  QT'  touches  the  circle 
at  Q ;  that  is,  the  tangents  of  the  ellipse  and  circle  at  P  and 
Q  respectively  cut  the  major  aans  produced  in  the  same  point. 


Prop.  VI. 

The  rectangle  under  the  ahscissce  of  the  axis  major  is 
to  the  square  of  the  semi-ordinate^  as  the  square  of  the  aads 
major  to  the  square  of  the  axis  minor. 

(AN.NM  :  PN^  ::   AC*  :   BC^). 

y 
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Draw  the  tangent  PT  and  the  perpendiculars  upon  it 
from  the  foci  SY^  HZ;  produce  PN  to  meet  the  auxiliary 
circle  in  Q,  join  CQ,  and  draw  the  tangent  QT :  then  the 
triangles  SYT,  PNT,  HZT  are  similar, 

.-.   PN  :   Sr  ::   NT  :    YT, 

and   PN  :   HZ  ::   NT  :  ZT; 

.-.  PN'  :   SY.HZ  ::  NT'  :   YT .ZT, 

or   PN^  :  B(?  ::   NT  :   QT"     (Euclid,  in.  36.), 

QN^  :   CQ'  by  similar  triangles, 

AN .  NM  :  CQ^  by  property  of  the  circle, 

or  AN.NM  :   PN'  ::  AC  :  BC 

Colt.     Hence  if  L  be  the  latus  rectum, 

L.AC^  2BC. 

For  by  the  proposition 

AS.SMi  —  ::  AC  :  EC, 
4 

or  BC  :  —  ::  AC  :  JSC,  (See  Prop,  iv.) 

or  BC  :  —  ::  AC  :  BC, 

2 

..     L.^C  =  2J5C-.  ^       '  ' 


Prop.   VII. 

If  the  semidiameter  CD  is  conjugate  to  CP,  Men  CP 
is  conjugate  to  CD. 

Draw  the  ordinates  PN,  DR  and  the  tangents  PT,  DO. 
Then  the  triangles  PNT,  CDR  are  similar. 

But  CN.CT^AO; 

.'.     CN.NT^AC-  CN' 

=  AN.NM;     (Euclid,  ii.  5.) 


160 


CONIC    SECTIONS. 


in  like  manner 

CR.RO^AR.RM\ 

.-.   CN.NT  :  CR,RO::AN.NM:  JR.RM, 

PN^      :  DR\ 

::      Nr       :  CR\ 
.'.   CN :  RO  ::      NT        :  CR, 

PN       :  DR; 

therefore  the  triangles  PCN,  DOR  are  similar,  and   CP  is 
parallel  to  DO^  or  CP  is  conjugate  to  CD, 

Obs.     It  is  evident  that  the  major   and  minor  axes  are 
conjugate  diameters. 


Prop.   VIII. 

The  rectangle  under  the  ahadasce  of  any  diameter  is  to 
the  square  of  the  semiordinate,  as  the  square  of  the  diameter 
to  the  square  of  the  conjugate. 

(PV  .  VG  !  QV«  ::  CP*  :  CD^). 

Let  the  ordinate  QVK  meet  the  axis  in  O,  Produce  the 
ordinates  iVP,  LD  to  meet  the  auxiliary  circle  in  P',  />'  re- 
spectively :  draw  QjW,  VW  perpendicular  to  the  axis :  let 
VW  cut  CP'  in  X :  join  OJf,  and  produce  it  to  meet  MQ 
produced  in   Q\ 
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Then  Q'M  :  QM  ::  XW  :   VW 

::   F'N  :  PN ; 
therefore  Q*  is  a  point  in  the  auxiliary  cirdc. 

Again,  draw  the  tangents  PT,  PT  to  the  ellipse  and 
circle,   then  CT>  is  parallel  to  PT. 

.:  CL  ;  JVr ::  DL  :  PN ::  IXL  :  PN; 

therefore  the  triangles  CLD\    TNP'  are  similar,  and  CD'  is 
parallel  to  PT  and  perpendicular  to  CP. 

In  like  manner  QX  is  perpendicular  to  CP. 
Now     CP'.CV'v.  CP*  :  CX'; 
.:  CP*  -  CV^  :  CP*  -  CX*  ::  CP' :  CP\ 

or    PV.VG  :  QX*::C^i  AC; 
and  ax*  :  QV  ::  CJO'*  :  CD*  ::  -iC  :  CD' ; 
.-.   PV.  VG:  QVr.  CP' .  CD*. 

Obs.  It  wilt  be  seen  that  Prop,  vi,  is  only  a  particular 
case  of  this  proposition,  since  in  that  case  CP  =  AC  and 
CD  =  BC.  It  has  already  been  remarked  that  ihc  axes  of 
the  ellipse  are  conjugate  diameters. 
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Pkop.   IX. 

The  sum  of  the  squares  of  conjugate  diameters  is  constant. 

(CP«  4-  CD*  =  AC*  +  BC^. 

Draw  the  tangents  PT,  DO,  the  ordinates  PN,  DR,  and 
Pw,  Dr  ordinates  to  the  minor  axis. 


Then      CN .  CT  ^  AC  ^  CR  .CO -, 
.'.  CNiCR::  CO:  CT, 

::  CD  :  FT  by  similar  trianeles  CDO,  CPT  \ 
::  CR:  NT  hy  similar  triangles  CDR,  TPN; 
or     CR'  =  CN.  NT  =  CN.CT-^CN^ 
=  JC  -  CW* ; 

or     CR'  +  CN'  =  AC 
Similarly      Cn^  +  Cr'  =  BC  ; 
.\     CN'  +  Cn'  +  CR'  +  Cr^  =  JC^  +  BC\ 
or     CP*  +  CD^  =  -4e  H-  5C*. 

Cor.      Since   CR^^AC  -  CAT*,  .-.  CR  «  the  ordinate  in 
the  auxiliary  circle  corresponding  to  the  point  P ; 

.-.     PN  :  CR  ::  BC  :  AC ; 

similarly,     DR  :   CN  ::  BC  :  AC. 
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Prop.   K. 

Parallelograma  circumscribing  an  ellipse^  the  sides  of 
which  are  parallel  to  conjugate  diameters^  have  the  same 
area,     . 

Let  abed  be  the  parallelogram  formed  by  tangents 
parallel  to  the  semiconjugate  diameters  CP,  CD.  Draw  CY 
perpendicular  to  the  tangent  PT^  and  the  ordinates  PJV,  KR. 


Then  by  similar  triangles  CYT,  CKR, 

CT  :   CY  ::    CK  :   KR ; 

.-.  CY.CK-=CT.KR\ 

but   CT  :  AC  ::   AC  :  CN, 

and    KR   :  CN  ::   BC  :  AC     (Prop,  ix.  Cor.) 

.-.   CT.KR^AC.BC, 

and  .-.  CY.CK^AC.BC; 

but  CY.CK  is  one  fourth  of  the  parallelogram  abed,  there- 
fore the  parallelogram  abed  =  4>AC.BC  =  the  rectangle  under 
the  axes  of  the  ellipse. 
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Prop.   XI. 

If  a  right  cone  is  cut  by  a  plane  which  is  not  parallel  to 
a  line  in  its  surface^  and  the  section  is  wholly  on  one  side 
of  the  vertCiVy  the  section  is  an  ellipse. 

B 


Let  BAD  be  the  section  of  the  cone  by  the  plane  of  the 
paper,  APMP'  the  cutting  plane  which  is  supposed  perpen- 
dicular to  the  plane  of  the  paper.  Let  EPFP^  be  any  cir- 
cular section  made  by  a  plane  perpendicular  to  the  axis  of 
the  cone.  Then  the  line  PJVP',  in  which  the  planes  EPFP'^ 
APMP*  intersect,  is  manifestly  perpendicular  to  both  EF 
and  AM.  Draw  MK  parallel  to  AD,  Then  by  similar 
triangles, 

AN  :   EN  ::   AM  :  KM, 

and  NM  :  NF  ::   AM  :  AD; 

.-.   AN.NM  :  EN.NF   ::   AM'  :   KM .  AD, 

or  AN.NM  :  PN""  ::   AM""  :  KM.  AD; 

but  this  is  a  pro{)erty  of  an  ellipse,  the  minor  axis  of  which 
is  a  mean  proportional  between  KM  and  AD;  hence  the 
section  is  an  ellipse. 
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THE   HYPERBOLA. 


Def.  If  &  point  P  move  in  such  a  manner  that  the 
difference  of  its  distances  from  two  fixed  points  S^  H  is  always 
the  same,  the  curve  traced  out  by  P  will  be  an  hyperbola. 

The  points  *?,  H  are  called  the  fod^  and  the  point  C 
bisecting  SH  the  centre. 

It  is  evident  that  the  hyperbola  must  consist  of  two 
branches^  because  for  every  point  P  to  the  right  of  C  there 
will  be  another  P'  to  the  left  of  it,  exactly  similarly  situated ; 
consequently  the  curve  will  be  exactly  symmetrical  with 
respect  to  C  Moreover,  it  is  clear  that  the  branches  will  be 
infinite,  since  there  is  no  limit  put  to  the  magnitudes  of  HP 
and  8P  by  the  condition  of  their  difference  being  constant. 

The  definition  of  the  hyperbola  being  so  nearly  analogous 
to  that  of  the  ellipse,  it  will  be  anticipated  that  many  of  their 
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properties  will  be  possessed  in  coniinon ;  also  the  nomenclature 
is  so  devised,  as  to  preserve  as  much  as  possible  the  analogy 
between  the  two  curves. 

Any  line  PCG  through  the  centre  and  meeting  the  two 
branches  of  the  curve  is  called  a  diameter  :  it  is  manifest  that 
the  centre  bisects  all  such  lines. 

The  diameter  ACM^  which  produced  passes  through  the 
foci,  is  called  the  awis  major :  A^  M  are  called  vertices. 

PNR  is  an  ordinate  of  the  axis  ;  AN^  NM  the  ahsdssce, 

A  line  BC  drawn  from  (7,  perpendicular  to  the  axis  major, 
and  such  that  BC^  =  SC^  -  AC^  is  called  the  semi-a^is  minor; 
BE{^  2BC)  is  the  aana  minor ;  this  is  according  to  the 
analogy  of  the  ellipse,  in  which  wc  had  BC^  =  AC^  -  SC^. 
(Ellipse,  Prop.  i.  Cor.) 

An  hyperbola  (represented  by  a  dotted  line  in  the  figure) 
having  BE  for  its  major  and  AM  for  its  minor  axis,  is  called 
the  conjugate  hyperbola. 

When  the  major  and  minor  axes  are  equal,  the  hyperbola 
is  said  to  be  rectangular ;  it  will  be  seen  that  the  rectangular 
has  the  same  kind  of  relation  to  the  common  hyperbola,  as  the 
ellipse  has  to  the  circle. 

A  line  KCD  drawn  through  C,  parallel  to  the  tangent  at 
P,  to  meet  the  conjugate  hyperbola,  is  called  the  diameter 
conjugate  to  PCG, 

Other  definitions  are  the  same  as  those  for  the  ellipse. 

An  asymptote  to  a  curve  is  a  line  which  continually  ap- 
proaches the  same,  but  being  produced  ever  so  far  does  not 
cut  it. 

Prop.    I. 

The  difference  of  the  focal  distances  of  any  point  is 
equal  to  the  aais  major.     (HP  -  SP  =  2  AC). 
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For, 

by 

definition, 

■ 

HP- 

-SP  = 

HA- 

SA, 

HP- 

-  SP  = 

SM- 

HM; 

.:  2(HP- 

SP)^ 

HA- 

ZAM, 

HM  + 

SM 

or  HP 

-.SP- 

AM'- 

ZAC. 

Paop. 

II. 

"SA, 


The  tangent  at  any  point  of  an  hyperbola  makes  equal 
angles  with  the  focal  distances. 

Liet  Py  P  be  two  contiguous  points  in  the  hyperbola; 
draw  the  secant  TPP^T  ;  join  SP,  SP',  HP,  HF,  and  draw 
Pm^  Pn  perpendicular  to  SP,  HP  respectively. 
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Then  (as  in  the  case  of  the  parabola,)  when  P  and  /^  are 
indefinitely  near  to  each  other,  P^m  «  Sf^  -  SP, 

In  like  manner 

Pn^HP  -HP\ 
but  HP'-SP^  HP  -  SP, 
.-.  Pm^Pn, 

and  therefore  in  the  right-angled  triangles  PrnP^  PnP,  we 
have  the  side  Pm  s  Pn^  and  the  side  PP  common:  hence 
the  triangles  are  equal  in  all  respects,  and  z  PPm  =  Z  PPn : 
but  when  P  and  P  coincide  these  angles  are  those  which  the 
tangent  makes  with  the  focal  distances ;  hence  the  proposition 
is  true. 

Cor.     The  tangent  at  either  vertex  is  perpendicular  to 
the  axis  major. 


Prop.   III. 

The  perpendiculars  from  thefod  on  the  tangent  intersect 
the  tangent  in  the  circumference  of  a  circle  having  the  aans 
major  as  diameter. 

In  HP  take  PW  =  SP;  join  SW,  cutting  the  tangent 
PT  in  Y:  join  CY. 
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Then  in  the  triangles  PSY^  WPYy  we  have  the  sides  SP^ 
PW  equal  by  construction,  PY  common,  and  the  angles  SPY^ 
WPY  equal  by  the  property  of  the  tangent ;  therefore  the 
triangles  are  equal  in  all  respects,  and  i.  SYPm  z  WYP^  each 
of  which  is  therefore  a  right  angle.  Hence  SF  is  the  per- 
pendicular on  the  tangent. 

Again,  aSC*  CH  and  SF-  YW^  therefore  CY  is  parallel  to 
JTFT;  and  by  similar  triangles  CSYy  HSW,  CY^  ^^FT. 

But  HW^HP^PW^HP^SP^^AC. 

Therefore  CY  ■>  ACy  and  therefore  Y  is  a  point  in  a  circle 
the  centre  of  which  is  C  and  radius  AC* 

The  proof  would  have  been  the  same  if  we  had  considered 
HZ  the  perpendicular  from  JT,  or  if  we  had  drawn  the  tangent 
to  the  other  branch  of  the  curve. 

Cor.  Draw  the  semi-conjugate  CD  cutting  HP  in  E: 
then  CYPE  is  a  parallelogram,  and  PE^CY^  AC 

Pmop.  IV. 

Tfte  rectangle  under  the  perpendiculars  from  the  foci  on 
the  tangent  is  equal  to  the  square  of  the  semi-axis  minor. 
(SY .  HZ  -  BC^. 
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Let  the  perpendicular  HZ  meet  the  auxiliary  circle  also 
in  r.  Join  CF,  CY'\  then,  in  the  triangles  CSV,  CHY\  we 
have  CS  =  CH,  CY  =  CY\  and  z  CSY  =  z  C^F'  since  ^SF, 
JSTF'  are  parallel ;  therefore  the  triangles  are  equal  in  all  re- 
spects, and  SY^HY\ 

/.  SY.HZ^HY'.HZ 

^HM.HA 

=  H0  -  CM^  (Eucl.  II.  6.) 
=  J?C^  by  definition. 

Cor.     By  similar  triangles  SYP^  HZP^  (fig.  Prop,  iii.) 

SY  :   HZ  ::  ^SP  :  HP, 
..   aSF*  :    SY.HZ  ::   SP  :  HP, 

.-.      SY"  :   BC  ::   SP  :   SJC+^SP. 


Prop.  V. 

The  rectangle  under  the  lines  intercepted  between  the 
centre  and  the  intersections  of  the  aads  with  the  ordinate  and 
tangent  respectively  is  equal  to  the  square  of  the  semi-am^ 
major.     (CN  .  CT  =  AC^). 
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Because  PT  bisects  the  angle  HPSy 

.:  HT  :  ST  ::  HP  :  SP,  (Euc.  in.  6) ; 
.-.  HT  -  ST  :  HT+  ST  ::  HP  -  SP  :  HP  +  SP, 
or  iCT  :  SH  ::  9 AC  :  HP  +  SP. 

Again,  we  have 

SP*  -  SN*  +  PN% 

HP*  ~  HN*  +  PN* ; 

.-.  HP*  -  SP*  ~  HN^  -  sn; 

or  (flP  +  SP)  (HP  -  SP)  -  (HN  +  SN)  (HN  -  SN), 

(Euc.  II.  6) 

or  (HP  +  SP)iJC'iCN.SH, 
or  2CJ\r  :  .ffP  +  SP  ::  ?^C  :  SH 

Hence  CT*  :  -4C  ::  AC  :   CA^, 

or  CT.CNmAC*. 

Cor.  Draw  7^Q  an  ordinate  to  the  auxiliary  circle,  and 
join  NQ,  CQ. 

Then  CT .  CN '"  AC* -^  CQ*, 

or  CT  :  CQ  ::  CQ  :  CAT. 
Therefore  CQN  is  a  right  angle,  and  NQ  totiches  the  circle. 

Prop.  VI. 

The  rectangle  under  the  abaciasce  of  the  aeoia  major  is  to 
the  sqttare  of  the  aemiordinate,  as  the  aquare  of  the  aads 
major  to  the  aquare  of  the  ama  minor. 

(AN  .  NM   :   PN"  ::  AC*  :  BC«.) 

Draw  the  tangent  PT'and  the  perpendiculars  upon  it  from 
the   foci   SY,  HZ;   draw    TQ  an  ordinate  to  the  auxiliary 

11 
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circle,  and  join  NQ,  CQ.    Then  the  triangles  SYT^  PNT^ 
HZT  are  similar; 


.-.  PN  :  SY  ::  NT  :   YT, 
and  PN  :  HZ  ::  NT  :  ZT; 

.-.  PiNP  :  SY.  HZ  ::  AT^^  :    YT .  ZT, 

or  PJNT*  :  SC*  ::  iV^5P  :  QTS  (Euc.  in.  35.) 

::  QJV*  :  CQ*,  by  similar  triangles, 
::  AN.  NM  :  ^(7,  (Euc.  in.  S6.) 
or  AN  .NM  :  PN^  ::  JC'  :   BC\ 

CoK.     As  in  the  case  of  the  ellipse, 

L.AC^2BC'. 


Prop.  VII. 

If  tangents  be  drawn  at  the  vertices  of  the  hyperbola  and 
of  the  conjfigate  hyperbola,  the  diagonals  of  the  rectangle  so 
formed  will  be  asymptotes  to  the  hyperbola. 
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Let  CE  be  a  diagonal  of  the  rectangle,  and  let  .the  ordi- 
nate PN  produced  meet  it  in  Q. 


Then 


NQ^  :   CN'  ::   AE"  :  AC" 

::   J?C»  :  AC"" 


::   PN^  :   AN .  NM 

::  PN^  :   CN^  ^  ACK      : <c  ir 

Now  as  CN  increases,  the  ratio  of  CiV«  :  CN^  -  ^C*  ap- 
proaches to  equality,  but  never  actually  attains  to  it.  Hence 
also  NQ  never  actually  becomes  equal  to  P/V,  but  continually 
approximates  to  it  in  value,  and  therefore  the  line  CQ  is  an 
asymptote  to  the  curve. 

Cor.  The  same  line  is  an  asymptote  to  the  conjugate 
hyperbola. 


Paop.  VIII. 

If  any  line  perpendicular  to  the  aans  is  terminated  by 
the  asymptotesy  the  rectangle  under  the  segments  into  which 
it  is  divided  by  the  curve  is  equal  to  the  square  of  the  semi- 
aais  minor.  (QP  .  Pq  «  BC*). 

11—2 
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Let  QPq  be  the  line  terminated  by  the  asymptotes^ 

Then 
N(¥  :  PJVr«  ::   CJV'  :   CN^-^JC^;  (Prop,  vii.) 

or  JNTQ'*  -  PJVr«  :   ^C*  ::   JJC*  :  JC»,  ! 

.-.  NQ^  -  PJNT^ ^QP.Pq^  BC\ 

CoE.  1.  If  any  line  RPr  terminated  by  the  asymptotes 
makes  a  given  angle  with  either  asymptote,  the  rectangle 
RP.Vr  is  invariable. 

For    RP  :   QP  z:  sin  PQR  :  sin  PJKQ, 
and  Pr  :  Pq    ::  sin  P^fr    :    sin  Prg; 
.-.  RP.  PriQP,  Pq  (BC) : :  sin  PQR .  sin  Pqr :  sin  PRQ .  sin  Prq. 

Now  all  the  angles  in  this  proportion  are  the  same  so  long  as 
RPr  makes  a  given  angle  with  either  asymptote,  and  there- 
fore RP .  Pr  is  invariable. 


n 
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Cob.  2.     If  the  line  RPr  cuts  the  curve  also  in  p,  we 
have,  manifestly, 

RP  .Pr^Rp.pr^ 

or  RP.  Pp  -hRP.prmRP.pr  +  Pp.pn 

.-.  RP^pr. 

Cor.  3.  The  same  conclusions  will  hold,  if  we  suppose 
RPr  to  move  parallel  to  itself  until  it  becomes  a  tangent 
LEK.      Hence  we  have  LE  -  EK,  and  RP .  Pr  m  LE\ 

Cos.  4.     Join  CEj  and  let  it  when  produced  cut  Pp  in 
V.     Then, 

VR  :   LE  ::    VC  :  UC 

::    Vr   :  UiT, 

but  LE^EK,  ,-.  FiJ-Fr;  also  RP^Tp\  therefore  PF- Fp, 
or  a  diameter  bisects  its  ordinates. 


Prop.  IX. 

If  from  any  point  in  the  curve  straight  lines  are  drawn 
parallel  to  and  terminated  by  the  aeymptotea,  their  rectangle 
is  invariable. 


Let   PHf  PK  be  the  lines  p^allel  to  the  asymptotes. 
Draw  the  tangent  LPM^  and.^^QP?  p^fp^ndioular  to  the  axis, 
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AE  the  tangent  at  the  vertex,  and  AO  parallel  to  the  asymp- 
tote. 

Then,  by  similar  triangles, 

PH  :  PQ  ::  AO  :  AE, 

PK  :   Pq  ::  OE  :  AE; 

.-.  PH.PK  :  PQ.Pq  (BC^)  ::  AO.OE{A(y)  :  AE"  {BC*), 

or  PH.PK^  AOf 

^\{AC'^BC'). 

Cos.  1.  The  parallelogram  PHCK  is  constant ;  and 
therefore  also  the  triangle  LCM  is  constant,  for  since  PL^PM 
it  is  double  of  the  parallelogram  PHCK. 

Cob.  2.  A  straight  line  drawn  parallel  to  one  asymptote 
and  terminated  by  the  conjugate  hyperbolas,  is  bisected  by  the 
other  asymptote. 


Let  PHD  be  such  a  line,  then  by  the  proposition 

PH .  HCm  \{AC*  ^  BC% 
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similarly  for  the  conjugate  hyperbola, 

DH .  HC  ^  l(AC^  +  BC*)  ; 
.-.  PH  =  DH. 

Cob.  8.     If  we  draw  the  tangent  LPM,  it  is  bisected. in 

'  P,  and  therefore  CL  =^CH;  hence  the  tangent  RDL  to  the 

conjugate  hyperbola  at  D,  must  meet  the  asymptote  in  the 

same  point  L.     Also  CM  =  2  HP  -  DP,  therefore  CDPM  is 

a  parallelogram,  and  CD  is  the  semidiameter  conjugate  to  CP* 

CoE.  4.     RL^ZCP^  the  diameter  at  P;  and  LM^2CD 
«  the  diameter  conjugate  to  CP. 


Peop.  X. 

7A«  rectangle  under  the  abscisscB  of  any  diameter  is  to 
the  square  of  the  semiordinate,  ae  the  square  of  the  diameter 
to  the  sqtiare  of  the  conjugate. 

(PV.VG  :  QV«  ::  CP  :  CD«). 


Let  QVQ'  produced  meet  the  asymptotes  in  A,  r;   and 


draw  PL  ft  tangent  ftt  P  terminated  by  the  asymptote,  then 
PL  equals  the  semiconjugate  CD. 

Now  i£Q  .  Qr  ==■  RV*  -  QF*  «=  PL\ 

.:   QY^^RV  -PL*', 
but    CV*  :   CI*  '.:  BV*  :   PL*: 
.:   CV*  -  CP*  ■  RV*  -  PL*  ::   CP'  :  PL*, 
ot  PV.  VG  :   QV*  :  CP*  :  CSf. 

Peop.  XI. 

The  parallelograms  formed  by  tangents  at  the  vertices  of 
pairs  of  conjugate  diameters  have  all  the  same  area- 


Let  MPL,  DL  be  the  tangents,  CL,  CM  the  asymptotes; 
then  the  parallelogram  in  this  case 
- ^CDLP 
-8CLP~iLCM, 
which  is  constant,  since  LCM  is  constant.     (Prop.  ix.  Cor.  l.) 
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Cob.     Draw  PF  perpendicular  to  CD,  then 

PF.CD  ^CDLP; 

but  when  the  tangents  are  drawn  at  A  and  jB,  the  area  of 
the  parallelogram  CDLP  becomes  AC .  jBC,  therefore 

PF.CD^AC.BC. 


Prop.  XII. 

If  a  right  cone  is  cut  by  a  plane  which  meets  the  cone  on 
both  sides  of  the  vertex^  the  section  is  an  hyperbola. 


JjeX  RAP  be  the  section,  which  is  supposed  to  be  perpen- 
dicular to  the  plane  of  the  paper;  DGEH  a  section  of  the  cone 
perpendicular  to  the  axis,  which  is  therefore  circular,  RNP 
the  intersection  of  the  planes  RAP^  DGEHy  which  is  mani- 
festly perpendicular  to  both  DE  and  AN.  BGH  a  triangular 
section  through  the  vertex  of  the  cone  by  a  plane  parallel  to 
RAP. 


Then 


AN  :  EN  ::  BF  :  EF, 
NM  :  ND  ::   BF  :   FD, 


170  CONIC  SBCnONS. 

.-.   AN.NM  :  EN.ND  ::  BF^  :  EF.FD, 
or  AN.NM  :  PN^  ::  BF^  :   /'^«, 

which  is  the  property  of  an  hyperbola,  the  major  axis  of  which 
is  AMy  and  the  minor  axis  is  to  AM  as  FH  :  BF\  hence  the 
section  is  an  hyperbola. 


Note.  For  some  other  propositions  concerning  the  Conic 
Sections,  see  the  Digression  concerning  the  curvature  of  curves 
in  the  First  Section  of  Newton'^s  Principia. 


SCHOLIUM. 

Although,  throughout  this  treatise,  the  symbol  AB  .  CD 
has  been  used  to  express  the  rectangle  under  the  two  lines 
AB,  CDf  and  not  to  express  as  in  algebra  the  multiplication 
of  AB  by  CDy  nevertheless  the  symbol  may  be  regarded  in 
this  algebraical  point  of  view :  for  if  a  be  the  number  of  units 
of  length  in  ABy  and  b  the  number  in  CD,  then  will  a  x  6  be 
the  number  of  units  of  area  in  the  rectangle  AB .  CX>,  and 
therefore  AB .  CD  may  be  regarded  as  a  product ;  it  being 
understood  that  in  so  regarding  it^  AB  represents  the  number 
of  units  of  length  in  the  line  AB,  and  CD  the  number  in  the 
line  CD.    In  like  manner  the  ratio  AB :  CD  may  be  written 

thus  —=: ,  with  the  same  understanding.     The  importance  of 

this  scholium  will  be  appreciated  by  the  student,  when  he  sees 
the  application  of  the  properties  of  the  Conic  Sections  in  the 
sequel. 


MECHANICS. 


I.  STATICS. 

II.  DYNAMICS. 


MECHANICS. 


The  scieDce  of  mechanics  treats  of  the  effects  of  force ; 
we  must  therefore  commence  by  explaining  what  we  mean  by 
force. 

Force  is  any  cause  which  changes^  or  tends  to  change^ 
a  body's  state  of  rest  or  motion. 

By  the  term  body  here  used,  we  intend  to  express  any 
material  substance,  or  portion  of  matter ;  we  cannot  conceive 
of  the  action  of  a  force  except  as  taking  place  upon  a  material 
body ;  and  the  body  may  be  of  various  kinds,  but  at  present 
ve  shall  concern  ourselves  only  with  the  action  of  force  upon 
a  particle^  and  the  action  of  force  upon  a  rigid  body.     By  a 
particle  we  intend,  without  entering  into  any  discussion  re- 
specting the  ultimate  constitution  of  matter,  to  designate  the 
smallest  quantity  of  matter  conceivable,  so  that  we  need  not 
concern  ourselves  with  its  shape  or  its  magnitude ;  neverthe- 
less all  particles  are  not  necessarily  equal,  for  though  each  of 
two  particles  be  indefinitely  small,  one  may  be  greater  than  the 
other  in  any  proportion.     By  a  rigid  body  we  mean  to  denote 
aDj  portion  of  matter,  the  constituent  particles  of  which  are  so 
connected  as  to  be  incapable  of  changing  their  relative  posi- 
tion.    From  this  definition  it  is  easy   to   see,   that  no  such 
thing  as  a  mathematically  rigid  body  exists  in  nature,  for  the 
'lArdest  known  substances  are  susceptible  of  compression  and 
^^tension    under   the    action    of   great   pressures ;    steel,  for 
'^stance,  though  a  very  hard  substance,  is  not  rigid;  never- 
theless the  conclusions  which  we  shall  arrive  at  in  the  fol- 
lowing  treatise,    though   mathematically    true   only   of  rigid 
^^ies,  will  be  practically  true  of  all  ordinary  solid  bodies : 
^^^y  to  consider  a  body  as  absolutely  rigid,  or  incapable  of 
^banging  its  form  under  the  action  of  any  force,  is  the  same 
^ning  practically  as  to  suppose,  that  no  forces  are  called  into 
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play,  which  actually  do  produce  any  sensible  change  of  form 
in  the  solid  body  under  consideration. 

When  any  number  of  forces  act  upon  a  material  body 
they  will  produce  one  of  two  effects,  they  will  either  keep  the 
body  at  rest  or  they  will  cause  motion,  and  these  two  effects 
are  of  such  very  distinct  kinds  that  they  require  to  be  treated 
separately ;  and  thus  the  science  of  mechanics  naturally  divides 
itself  into  two  parts,  the  first  and  more  simple  of  which  treats 
of  forces  which  keep  a  body  at  rest^  or  are  in  equilibrium^  and 
is  called  Statics;  the  second  of  forces  which  produce  motion^ 
and  is  called  Dynamics. 


STATICS. 


1.  Force  is  measured  statically  by  the  pressure  which 
will  counteract  it.  So  far  as  the  principle  of  measuring  force 
is  concerned,  it  is  indifferent  what  kind  of  pressure  we  choose 
as  the  standard  by  which  to  measure  force ;  there  is  one  kind 
of  pressure,  however,  which  in  the  nature  of  things  is  more 
convenient  than  any  other,  and  that  is  weight.  We  may  con- 
ceive then  of  force  as  being  measured  by  the  number  of  pounds 
which  it  can  lift,  and  we  may  compare  two  forces  by  means  of 
the  numbers  of  pounds  which  they  can  lift  respectively. 

In  what  follows  we  shall  denote  the  magnitude  or  in- 
tensity of  force  by  letters,  such  as  P,  or  Q,  or  A ;  when  we 
speak  of  a  force  P,  all  that  is  intended  is  that  the  force  in 
question  would  just  lift  P  lbs.,  and  therefore  has  P  lbs.,  or 
more  shortly  P,  for  its  statical  measure. 

2.  In  order  that  we  may  be  able  to  calculate  the  com- 
bined effect  of  any  number  of  forces  acting  on  a  particle,  it  is 
not  sui&cient  that  we  should  know  the  intensity  of  each,  for  it 
is  obvious  that  the  effect  of  a  force  depends  upon  the  direction 
in  which  it  acts  as  well  as  its  magnitude,  and  that  a  system  of 
forces  cannot  in  general  be  in  equilibrium  unless  their  direc- 
tions as  well  as  their  magnitudes  satisfy  certain  conditions, 
which  conditions  the  science  of  Statics  must  teach  us.  Let 
us  endeavour  to  form  a  distinct  conception  of  the  direction 
of  a  force :  suppose  a  force  to  act  upon  a  particle  at  rest,  and 
the  particle  to  be  prevented  from  moving  by  a  string,  one  end 
^f  which  is  fixed  and  the  other  attached  to  the  particle,  then 
^e  direction  of  the  force  coincides  with  the  string;  or  we 
may  say,  that  the  direction  of  a  force  is  that,  in  which  the 
particle  would  begin  to  move,  if  not  constrained  to  remain  at 
fest.  The  direction  of  a  force  is  sometimes  called  the  line  of 
*^«  action. 
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3.  The  intensity  and  direction  are  the  only  elements 
necessary  to  entirely  describe  any  force  which  acts  on  a 
particle^  but  if  we  consider  its  action  on  a  rigid  body  we 
shall  require  in  addition  to  know  the  point  of  its  application  : 
at  present  we  shall  concern  ourselves  only  with  the  action  on 
a  single  particle. 

The  simplest  case  of  such  action  is  when  there  are  two 
forces  only,  and  it  is  manifest  that,  in  this  case,  there  can  be 
equilibrium  only  when  the  two  forces  are  equal  in  intensity 
and  exactly  opposite  in  their  direction  :  that  is,  if  two  forces 
P  and  Q  are  in  equilibrium,  they  must  act  in  the  same  line 
and  tend  to  draw  the  particle  opposite  ways,  and  we  must 
have  the  condition, 

P  ^Qy  or  P  -  Q  «  0. 

4.  We  may  here  ob- 
serve,    that     the    method,  ^  o  x: 
which   was  adopted  in  the 

Treatise  on  Trigonometry,  of  denoting  direction  by  an  alge- 
braical sign  may  be  applied  to  forces :  that  is,  if  we  denote 
by  +  -P  a  force  acting  on  a  particle  at  O  in  the  direction  OJT, 
then  a  force  of  the  same  magnitude,  but  acting  in  the  opposite 
direction  OJT'  will  be  properly  denoted  by  —  P.  Hence  we 
may  say,  that  if  any  number  of  forces  act  along  the  same 
straight  line  on  a  particle,  the  condition  of  equilibrium  is,  that 
their  algebraical  sum  shall  be  zero;  and  if  the  sum  be  not 
zero,  then  the  force  represented  by  it  will  be  the  resultant  of 
the  forces  acting  on  the  particle,  and  will  tend  to  draw  the 
particle  in  the  direction  O^,  or  in  the  direction  OJC\  according 
as  its  sign  is  +  or  — . 

For  instance,  suppose  we  have  two  forces  P,  Q  acting  on 
a  particle  at  O  in  the  direction  O^,  and  two  others  JS,  S  in 
the  direction  OJC\  then  the  resultant  will  be  P  +  Q  -  i?  -  *?, 
the  algebraical  sum  of  the  four  forces,  and  in  order  that  there 
may  be  equilibrium,  we  must  have. 
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6,  When  two  forces  act  on  a  particle,  not  along  the 
same  straight  line,  they  cannot  be  in  equilibrium,  but  will  be 
equivalent  to  some  one  force  which  we  shall  call  their  r«- 
aultant :  that  they  are  equivalent  to  some  one  force  is  mani- 
fest from  the  consideration,  that  a  particle  under  the  action  of 
two  forces  would  begin  to  move  in  a  certain  definite  direction, 
and  that  it  may  be  prevented  from  moving  by  a  string  attached 
to  it  and  coinciding  with  that  direction  ;  the  string  spoken  of 
will  undergo  a  certain  tension^  and  that  tension  or  the  weight 
which  would  produce  it  measures  the  magnitude  of  the  resul- 
tant of  the  two  forces. 

6.  The  fundamental  problem  of  Statics  is,  to  find  the 
magnitude  and  direction  of  the  resultant  of  two  forces ;  but 
in  order  to  solve  it,  we  must  premise  that  it  is  convenient  to  re- 
present/orce»  by  lines;  and  it  is  manifest  that  we  may  by  means 
of  a  line  represent  a  force,  as  to  both  magnitude  and  direction ; 
for  we  can  represent  the  magnitude,  by  taking  a  line  which 
bears  the  same  proportion  to  some  standard  length,  (as  for  in- 
stance 1  inch,)  as  the  force  bears  to  the  standard  pressure,  (or 
1  lb.) ;  and  the  direction  will  be  represented,  by  drawing  the 
line  in  that  direction  in  which  the  force  tends  to  make  the 
particle  move.  By  means  of  this  convenient  mode  of  represent- 
ing forces,  we  are  able  to  enunciate  the  relation  between  two 
forces  and  their  resultant  in  the  form  of  the  following  Theo- 
rem, which  is  known  as  the  Parallelogram  of  Forces. 

If  two  forces  acting  on  a  particle  at  A,  he  represented 
in  direction  and  magnitude  by  the  lines  AB,  AC,  then  the 
resultant  will  be  represented  in  direction  and  magnitude 
by  the  diagonal  AD  of  the  parallelogram  described  upon 
AB,   AC. 


12 


178  fcJTATlCS. 

7.      The  proof  which   we  shall   give  of  this  proposition 
depends    upon    this    principle ; 

a  force  may  he  supposed  to  act       ^  ^^-0? 

at   any  point  in  its  direction^      A     B 
that  point  being  conceived   to 

he  rigidly  attached  to  the  particle  on  which  the  force 
acts.  Thus,  if  we  have  a  force  P  acting  on  a  particle  at 
A^  we  may  suppose,  if  we  please,  that  the  force  acts  at  fi,  B 
being  rigidly  connected  with  A ;  this  is  a  principle  which  the 
student  will  have  no  diflSculty  in  grasping,  and  which  may  be 
illustrated  roughly  by  saying,  that  the  force  required  to  toll  a 
bell  is  independent  of  the  length  of  the  rope,  and  the  effort 
required  to  move  a  carriage  independent  of  the  length  of  the 
traces.      We  are  now  able  to  give  the  following. 


PROOF  OF  THE  PARALLELOGRAM  OF  FORCES. 

8.  I.  To  prove  the  proposition  so  far  as  the  direction 
of  the  resultant  is  concerned. 

When  the  forces  are  equal,  it  is  manifest  that  the  direc- 
tion of  the  resultant  will  bisect  the  angle  between  the  directions 
of  the  forces ;  or,  if  we  represent  the  forces  in  direction  and 
magnitude  by  two  lines  drawn  from  the  point  at  which  they 
act,  the  diagonal  of  the  parallelogram  described  upon  these 
lines  will  be  the  direction  of  the  resultant. 

Next,^  suppose  that  the  proposition  just  proved  for  equal 
forces,  is  true  for  two  unequal  forces  P  and  Q,  and  also  for  P 
and  R :  we  shall  shew  that  it  will  be  true  for  P  and  Q  +  R. 

Let  A  be  the  point  of  application  of  the  forces ;  take  JB 
to  represent  P  in  direction  and  magnitude,  and  AC  to  repre- 
sent Q;  complete  the  parallelogram  ABDC,  then  by  hypo- 
thesis AD  is  the  direction  of  the  resultant  of  P  and  Q ;  and, 
since  a  force  may  be  supposed  to  act  at  any  point  of  its  direc- 
tion,  we  may  consider  D  as  the  point  of  application  of  the 
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Tesultant  of  P  and  Q,  or  we  may  suppose  the  forces  P  and  Q 
themselves  to  act  at  D,  P  paradlel  to  AB  and  Q  to  AC^  or 
still  further,  we  may  suppose  P  to  act  at  C  in  the  direc- 
tion CD. 

Again,  the  force  R  which  acts  at  A  may  be  supposed  to 
act  at  C ;  take  CE  to  represent  it  in  direction  and  magnitude, 
and  complete  the  parallelogram  CDFE^  then  by  hypothesis 
CFis  the  direction  of  the  resultant  of  P  and  R  which  acted 
at  C :  hence  the  resultant  of  P  and  R  may  be  supposed  to 
act  at  Fi  or  P  and  R  may  themselves  be  supposed  to  act  at 
that  point  parallel  to  their  original  directions. 

Lastly,  the  force  Q,  which  is  at  present  supposed  to  be 
acting  at  D  in  the  direction  DF^  may  be  supposed  to  act 

atf. 

Hence  we  have  reduced  the  forces  P  and  Q  +  £  acting  at 
^i  to  P  and  Q  +  A  acting  in  the  same  directions  at  F\  con- 
sequently /^  is  a  point  in  the  line  of  action  of  the  resultant^ 
and  therefore  AF  is  the  direction  of  the  resultant :  that  is,  if 
the  proposition  be  true  for  P  and  Q,  and  also  for  P  and  R^  it 
is  true  for  P  and  Q,  +  R. 

But  the  proposition  is  true  for  P  and  P,  and  also  for 
^  and  P,  therefore  it  is  true  for  P  and  2  P,  therefore  for  P 
and  3P,  and  so  on,  therefore  generally  for  P  and  mP. 

In  like  manner  the  proposition  may  be  extended  to  mP 
•'^d  nPy  [m  and  n  being  whole  numbers,)  that  is,  to  any  com-- 
^"^iurable  forces. 
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The  proposition  is  extended  to  incommensurable  forces  as 
follows. 

Let  ABy  AC  represent  any  two  incommensurable  forces ; 
complete    the  parallelogram  ABDC^   and  if  AD  is   not   the 


direction  of  the  resultant,  let  it  be  AE.  Suppose  4  C  to  be 
divided  into  a  number  of  equal  parts,  each  part  being  less  than 
ED,  and  suppose  distances  of  the  same  magnitude  to  be  set  off 
along  CD  beginning  at  C,  then  one  of  the  divisions  must  fall 
between  E  and  X> ;  let  jP  be  the  point  which  marks  the  divi- 
sion, and  complete  the  parallelogram  AGFC,  then  AF  is  the 
direction  of  the  resultant  of  the  commensurable  forces  AG^ 
AC :  but  AF  makes  a  larger  angle  with  AC  than  AE,  that  is, 
the  resultant  of  AG  and  AC  lies  further  away  from  AC  than 
the  resultant  of  AB  and  AC,  although  AG  is  less  than  AB, 
which  is  absurd  :  hence  AE  is  not  the  direction  of  the  resultant, 
and  it  may  be  shewn  in  like  manner  that  no  other  line  is  in 
that  direction  except  AD.  Hence  the  proposition,  which  was 
proved  for  commensurable  forces,  is  true  for  incommensurable, 

II.  To  prove  the  parallelogram  of  forces  with  respect  to 
the  magnitude  of  the  resultant. 

Let  AB,  AC  represent  the  forces ;  complete  the  paralle- 
logram ABDC,  join  DA  and  produce  it  to  ff,  making  AUf 
equal  to  the  resultant  of  AB  and  AC  in  magnitude  ;  complete 
the  parallelogram  ABC'D\  and  join  AC'. 

Then  since  AD'  is  equal  to  the  resultant  of  AB  and  AC, 
and  drawn  in  the  direction  opposite  to  that  of  their  resultant,  the 
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three  forces  AB,  ACy  AUf  will  balance  each  other,  and  therefore 
any  one  of  them  is  in  the  direction  of  the  resultant  of  the  other 
two ;  hence  ilC  is  in  the  direction  of  the  resultant  of  AB^  AD' ; 
but  JC'  is  also  in  that  direction,  therefore  AC^  AC'  are  in  the 
same  straight  line.  Hence  ADBC'  is  a  parallelogram  ;  there- 
fore AD  -  BC:  but  5C'=  AD\  therefore  AD  =  AD\  And 
by  construction  AD'  represents  the  resultant  of  AB  and  AC  in 
niagnitude,  therefore  AD  also  represents  the  resultant,  and  the 
proposition  enunciated  is  true. 

9.  The  proposition,  which  we  have  now  established,  en- 
aUes  us  to  reduce  any  system  of  forces  acting  on  a  particle  to 
one  single  force ;  for  we  can  find  the  resultant  of  any  two  of 
the  forces,  then  of  that  resultant  and  a  third,  and  so  on. 

10.  As  the  parallelogram  of  forces  enables  us  to  compound 
two  forces  into  one,  so  conversely  we  are  able  by  means  of  it 
to  resolve  any  force  into  two,  that  is,  to  find  two  forces  which 

.shall  be  equivalent  to  a  given  force.  This  is  a  problem  which 
obviously  admits  of  an  infinite  number  of  solutions ;  in  fact,  if 
upon  a  line,  representing  the  given  force  in  direction  and  mag- 
^tude,  as  diagonal  we  describe  any  parallelogram,  the  sides  of 
*bat  parallelogram  will  represent  forces,  which  by  their  compo- 
sition are  equivalent  to  the  given  force. 

Before  proceeding  further,  we  shall  supply  the  student 
^Uh  a  few  examples  of  the  composition  and    resolution  of 

forces. 
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Ex.  1.  Two  forces,  measured  by  Slbs.  and  4lbs.  respec- 
tively, act  on  a  particle  at  right  angles  to  each  other;  findthe 
magnitude  of  their  resultant. 

If  AB^  AC  represent  the 
forces,  and  complete  the  rectangle 
ABDCy  we  have 

AD""  =  AB'  +  AC^ 

=  9  +  16  =  25  ; 

.-.  AD  =  5, 

or  the  measure  of  the  resultant  is  5  lbs. 

Ex.  2.  Two  forces,  1  and  2  lbs.  respectively,  act  at  an 
angle  of  60®;  find  the  direction  and  magnitude  of  their  resultant. 


Let  AB  and  AC  repre- 
sent the  forces,  AD  their  re- 
sultant, and  let  BAD  =  0. 
Then  by  the  data  of  the  pro- 
blem, BAC  =  60^ 


.-.  AD^  =  AC^  +  CD^  -  2  AC .  CD  cos  ACD 
^  AC^  +  AB^+^AC.  AB  cos  BAC 

=  4  +  1  +  4  cos  60" 

=  5+2  (since  cos  60°  »  ^) 
=  7; 
.-.  AD^\/l. 

Again,  from  the  triangle  ABD^ 

sin  Q  BD 

sin  ABD  "  Jd' 


or, 


sind 


-^«n60»  =  v/f. 
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Ex.  3.  Three  forces  P,  Q,  R  are  in  equilibrium ;  find 
the  angles  between  their  directions. 

Let  AB^  AC  represent  P  and  Q  respectively;  complete 
the  parallelogram  ABDC,  and  produce  DA  to  D\  making 
AI/rmAD^   then  ^Z>' represents  i?. 


Let  BAC  =  0;        /.     ACD  =  180°  -  0, 

and        AD^^AC^^  CD' -{^  2 AC  .  CD  cos 0; 


COS©  = 


AD^  -  AC  -  CD' 
2 AC. CD 

R2^  P2^  Q2 


StPQ 

which  determines  the  angle  between  the  directions  of  P  and  Q. 
The  angles  between  the  directions  of  P  and  JR,  Q  and  JR,  are 
known  in  like  manner. 

11.  The  parallelogram  of  forces  may  be  stated  in  an- 
other form,  under  which  it  is  called  the  Triangle  of  Forces, 
For  we  have  seen  that  three  forces  will  be  in  equilibrium,  pro- 
vided they  are  proportional  to  the  sides  and  diagonal  of  a 
parallelogram,  and  act  on  a  particle  parallel  to  those  sides ; 
but  the  sides  and  diagonal  form  a  triangle ;  indeed,  it  is  the 
same  thing  whether  we  say  of  three  straight  lines  that  they  are 
the  sides  and  diagonal  of  a  pariallelogram,  or  that  they  will 
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form  a  triangle;  hence  we  may  assert,  that  forces  will  be 
in  equilibrium,  when  they  are  proportional  to  the  sides  of  a 
triangle  formed  by  drawing  lines  parallel  to  their  directions. 

Suppose,  in  fact,  that  the  forces   P,   Qy  R  are  in  equi- 
librium on  the  particle  O ;  draw  any  three  straight  lines  paral- 


lel to  the  directions  of  the  three  forces,  and  let  ABC  be  the 
triangle  formed  by  their  intersections,  then 

P  :   Q  :  R  ::  AB  I   BC  :   AC. 

Cor.  If  c£,  j3,  7  are  the  angles  between  the  directions  of 
Q  and  jff,  R  and  P,  P  and  Q  respectively,  then 

P  :   Q  :  JS  ::   sin  a   :  sin  j3  :  sin  7; 
or,   (as  it  may  be  otherwise  written*) 

P  Q  R 

sin  a      sin  /3      sin  y 

12.  It  follows  from  the  triangle  of  forces,  that  any  con- 
clusions established  concerning  the  relations  of  the  sides  and 
angles  of  a  triangle,  may  be  extended  to  the  magnitudes  and 
directions  of  forces  in  equilibrium.  For  instance,  we  may 
conclude  from  Euclid  i.  19,  that  of  three  forces  in  equi^ 
librium  any  two  must  be  greater  than  the  third. 
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13.  We  have  seen  that  a  force  in  a  given  direction  may 
always  be  replaced  by  two  forces  in  two  other  directions,  which 
forces  are  called  the  components  of  the  original  force.  There 
is  a  peculiarity  in  the  case  of  these  components  being  at  right 
angles  to  each  other,  which  requires  notice.  Let  AD  repre- 
sent a  force,  which  is  resolved 
into  the  two  rectangular  compo- 
nents^^,  JC.  Then  it  is  manifest^ 
that  the  force  JB  has  no  ten- 
dency to  move  the  particle  in  the 
direction  -iC,  neither  has  AC  any 
tendency  to  move  it  in  the  direc- 
tion  AB.    Hence  we  may  say  that    ^  ^ 

AB,  AC  measure  the  whole  effect  of  AD  in  the  directions  AB^ 
AC  respectively,  and  they  are  usually  termed  the  resolved 
parts  of  AD. 

If  we  call  the  angle  BAD  d,  we  have 

AB  -  AD  cos  9, 

AC  =  AD  sin  9. 

Hence,  if  ^  be  the  resolved  part  of  a  force  P  in  a  direction 
making  an  angle  Q  with  the  direction  of  P,  and  Y  the  resolved 
part  in  the  direction  perpendicular  to  that  of  Xy  we  shall 
have 

Xn.  PcosO, 

r-  Psine. 
Also,     tan  0  «  ^,  and  X^  -^-T^P^ 

The  preceding  formulae  may  be  looked  upon  as  funda- 
mental in  Statics ;  they  enable  us  to  solve  the  following  most 
general  problem. 

14.  Any  number  of  forces  act  at  the  same  pointy  their 
directions  aU  lying  in  the  same  plane ;  find  the  direction  and 
magnitude  of  their  resultant. 


186 


8TATI08. 


Let  P  be  any  one  of  the  forces 
acting  at  the  point  A.  Let  the 
plane  of  the  paper  be  that  in  which 
the  forces  act ;  in  that  plane  choose 
any  two  lines  at  right  angles  to 
each  other,  ^^and  AY^  and  let  Q 
be  the  angle  which  the  direction 
of  P  makes  with  AX.  Then  P  is 
equivalent  to 

Pcosd  acting  in  the  direction  AX^ 
together  with  P  sin  0  AY. 

In  like  manner,  a  force  JP',  the  direction  of  which  makes  an  . 
angle  ff  with  AX.^  is  equivalent  to 

P'  cos  ff  acting  in  the  direction  AX^ 

together  with  P' sin  0'    AY. 

And  so  on  of  any  number  of  forces.  Hence,  adding  together 
the  forces  which  act  in  the  same  direction,  we  shall  have  a 
system  of  forces  PP^ ...  acting  at  angles  90' ...  with  the  line 
AX^  equivalent  to 

PcosS  +  P'cos^'  +  ...  acting  in  the  direction  AX^ 

together  with  P sin  0  +  P' sin  0+     AY. 

For  shortness  sake,  let 

Pcosd-f  P'cos0'+ ^  X, 

P  sin  e  +  P' sine' + =  F,    * 

and  let  R  be  the  required  resultant,  0  the  angle  which  its 
direction  makes  with  the  line  AX  \   then 

R  cos  0    as   X^ 

A  sin  0  =  F; 


.*.  tan  (f> 


X 


R^^X^^  F2. 


These  formulae  determine  the  direction  and  magnitude  of  the 
resultant  of  the  system  of  forces. 
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15.  To  find  the  conditions  of  equiUbrium  of  any  system 
of  forces^  acting  in  one  plane  at  the  same  point. 

Suppose  the  forces  are  reduced  to  one  (£),  as  in  the  last 
article;  then  in  order  that  there  may  be  equilibrium  we  must 
have 

i?  -=0, 

or    ^2  +  F«  =  0. 
And  this  equation  is  equivalent  to  these  two, 

jr  =  0,        r  =  0, 

or  P  cosd  +  F'cosd' + =0, 

Psin0+  P'sin0'+ =0. 

These  are  the  conditions  of  equilibrium,  which  may  be  ex- 
pressed in  words  by  saying,  that  the  sum  of  the  forces  resolved 
in  any  two  directions  perpendicular  to  each  other  must  vanish. 

ON   THE   PRINCIPLE   OF   THE    LEVER. 

16.  Hitherto  we  have  considered  forces  acting  on  a  particle 
only;  when  we  come  to  the  consideration  of  the  action  of 
forces  on  a  rigid  body,  there  will  be  other  conditions  of  equi- 
librium besides  those  already  deduced.  In  the  case  of  a 
single  particle  the  only  necessary  condition  is  that  there  shall 
be  no  motion  of  translation^  but  in  order  that  a  rigid  body 
may  be  at  rest  it  is  not  sufficient  that  any  one  point  in 
it  should  be  fixed,  it  is  also  necessary  that  there  should  be  no 
twisting  about  that  point.  The  simplest  case  is  that  of  two 
forces  acting  on  a  rigid  rod,  one  point  of  which  is  fixed  ;  sup- 
posing that  the  forces  tend  to  twist  the  rod  in  opposite  ways, 
we  can  find  the  conditions,  under  which  they  will  counteract 
each  the  effect  of  the  other,  and  produce  equilibrium. 

Def.     a  rigid  rod,  moveable  about  a  fixed  point  in  its 
length,  id  called  a  lever, 

Def.  The  fixed  point  is  called  the  fulcrum^  and  the 
distances  between  the  fulcrum  and  the  extremities  the  arms. 
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Def.  The  moment  of  a  force  with  respect  to  a  given 
point,  is  the  product  of  the  force  and  the  perpendicular  from 
the  point  on  its  direction. 

17.  Prop.  Two  forces  acting  at  the  extremities  of  a 
lever  will  produce  equilibrium^  when  the  moments  of  the 
forces  about  the  fulcrum  are  equal. 

Let  P,  Q  be  the  two  forces  acting  at  A  and  jff,  the  ex- 
tremities of  a  lever.      Produce   the   directions   of  P  and   Q 


until  they  meet  in  C,  then  P  and  Q  may  both  be  supposed  to 
act  at  C :  take  Cm,  Cn  proportional  to  P  and  Q,  and  com- 
plete the  parallelogram  Cmpn;  join  Cp  and  produce  it  to 
cut  AB  in  O,  then  the  resultant  of  P  and  Q  acts  in  the  direc- 
tion CO^  and  therefore  O  must  be  the  fulcrum,  otherwise  there 
could  not  be  equilibrium.  Draw  02),  OE  perpendicular  to 
AC,  BC\  then 

P      Cm      sin  Cpm  ^  CO  sin  BCO  _  OE 
Q^  Cn'^  sin  mCjp  ""  CO%mACO  ^  OD' 

.-.   P.OD  =  Q.OE, 

or  the  moments  of  P  and  Q  about   C  are  equal. 

If  the  forces  act  parallel  to  each  other,  their  directions 
will  not  meet  as  they  are  supposed  to  do  in  the  preceding 
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proposition;  in  this  case  we  must  proceed  as  follows.  We 
shall  suppose,  though  it  is  not  necessary,  that  the  forces  act 
perpendicular  to  the  lever. 

At  A  and  B  apply  any   two  equal  and  opposite  forces 
S  in  the  direction  of  the  lever ;  this  will  manifestly  not  affect 


the  equilibrium ;  then  the  resultant  of  P  and  S  will  be 
some  force  in  the  direction  CA  suppose,  and  that  of  Q  and 
S  some  force  in  the  direction  CB.  Suppose  them  both  to 
act  at  C  and  there  to  be  resolved  into  their  constituent 
parts  P  and  S^  Q  and  S;  the  portion  S^  S  will  destroy 
each  other,  leaving  a  resultant  P  +  Q  in  the  direction  CO 
parallel  to  the  directions  of  the  forces. 

Then  the  sides  of  the  triangle  AOC  are  parallel  to  the 
directions  of  the  forces  P,  S  and  their  resultant; 


in  like  manner, 


p 

CO 

• 

■  S 

AO' 

Q 

CO 

S  ' 

BO" 

p. 

AO^ 

Q.BO. 
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The  same  method  is  applicable,  when  the  forces  are  not 
porpendicular  to  the  arm. 

Hence  we  conclude,  that  in  all  cases  two  forces,  acting 
in  the  same  plane,  on  a  rigid  body,  one  point  of  which  is 
fixed,  will  produce  equilibrium  when  their  moments  about 
the  fixed  point  are  equal ;  for  it  is  manifest,  that  the  reasoning 
applied  to  the  case  of  the  simple  lever,  is  applicable  to  a 
rigid  body  of  any  shape.  This  is  called  the  principle  of 
the  lever. 

Ex.  1.  Two  weights,  of  3  and  4  lbs.  respectively,  balancae 
on  the  extremities  of  a  lever,  the  length  of  which  is  6  feet: 
find  the  fulcrum. 

Let  ,v  be  its  distance  from  that  extremity  at  which  the 
weight  of  3  lbs.  is  suspended;  then  6  — a;  is  its  distance 
from   the  other ; 

.'.   3a/  =  4(6  -  ^), 

7^  =  24, 

24 
a?  =  —  rs  s^  feet. 

7  ^ 

Ex.  2.  A  weight  of  4  lbs.  is  suspended  from  a  straight 
lever,  at  a  distance  of  2  feet  from  the  fulcrum ;  determine 
the  force,  which  acting  at  an  angle  of  30°  with  the  lever, 
and  at  a  distance  of  3  feet  from  the  fulcrum,  will  produce 
equilibrium. 


U 

Let  P  be  the  required  force. 
Then   we  have 

P  X  3  sin  30^'  =  4x2, 

P  =  -x8  =  — =5i  lbs. 
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ON    THE    ACTION    AND    REACTION    OF    SMOOTH 

SURFACES  IN  CONTACT. 


18.  When  two  bodies  are  pressed  together  by  the  action 
of  any  forces,  each  will  exert  upon  the  other  a  certain  force ; 
if  we  call  the  force  exerted  by  one  body  its  action,  we  may 
call  that  of  the  other  upon  the  first  the  reaction,  and  it  is 
evident,  upon  consideration,  that  these  must  be  equal  in 
intensity  and  opposite  in  direction.  For  if  a  person  presses 
his  finger  upon  the  table  it  is  manifest  that  the  table,  returns 
a  pressure  equal  to,  because  it  is  the  effect  of,  the  pressure 
of  the  finger;  and  so  in  other  cases. 

But  what  will  be  the  direction  of  this  mutual  pressure? 
We  shall  consider  only  the  case  of  the  action  of  two  bodies 
smooth  and  lying  all  in  one  plane. 
Let  BAC,  WAC'  be  two  such  bodies, 
touching  at  A,  and  let  R  be  the 
mutual  pressure.  Then  since  the 
surfaces  touch  at  A,  they  have  a 
common  tangent  at  that  point,  and 
therefore  a  common  normal.  Now 
by  calling  a  body  smooth,  we  mean 
to  assert  there  is  no  tendency  in 
the  constitution  of  the  body  to 
prevent  motion  along  its  surface, 
consequently  no  part  of  the  mutual 
pressure  of  two  smooth  surfaces  can 
be  along  the  surface  or  along  the  common  tangent,  that  is, 
the  whole  must  be  in  the  direction  of  the  common  normal. 

In  the  case  of  a  particle  pressing  upon  a  curve,  we  must 
consider  that  the  pressure  is  in  the  direction  of  the  normal 
to  the  curve;  and  when  resting  on  a  plane,  the  pressure  is 
perpendicular  to  the  plane. 

We  may  observe  here,  that  in  treating  statical  problems 
which  involve  more  than  one  body,  we  usually  consider  what 
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action  and  reaction  will  exist  between  the  various  bodies,  and 
having  denoted  them  by  certain  symbols,  as  P,  Q,  £,  &c., 
we  consider  the  equilibrium  of  each  body  separately.  An 
example  of  this  will  be  found  in  the  problem  of  the  wedge 
(Art.  33^  page  200). 


ON   THE   MECHANICAL  POWERS. 

19.  The  Mechanical  Powers  are  the  elementary  forms 
of  all  machines,  and  may  be  considered  as  simple  devices 
for  enabling  a  smaller  force  usually  called  the  Power  (P), 
to  be  in  equilibrium  with  a  larger  force,  usually  called  the 
Weight  (W).  They  may  be  thus  enumerated: — the  Lever, 
the  Wheel  and  Axle,  the  Toothed  Wheel,  the  Pully,  the 
Inclined  Plane,  the  Wedge,  and  the  Screw. 

(1)     The  Lever. 

20.  We  have  already  considered  the  principle  of  the 
Lever  as  a  general  mechanical  principle,  and  we  have  shewn 
that  two  forces  will  balance  about  a  fulcrum  when  their 
moments  about  it  are  equal;  but  the  lever  may  also  be 
regarded  as  one  of  the  Mechanical  Powers,  and  so  considering 
it  we  distinguish  three  kinds  of  lever,  according  to  the  position 
of  the  fulcrum  with  respect  to  the  Power  and  Weight. 

The  first  has  the  fulcrum  between  the  power  and  the 
weight.  In  this  case  any  amount  of  mechanical  advantage 
may  be  gained,  by  making  the  arm  upon  which  the  power 
acts  sufficiently  long.  A  crow-bar  used  to  lift  great  weights, 
a  poker,  a  pair  of  scissors,  are  examples.  Let  us  examine 
one  of  these ;  in  the  poker,  the  coals  are  the  weight,  the  bar 
of  the  fire-place  the  fulcrum,  the  force  exerted  by  the  hand 
the  power. 

The  second  kind  of  lever  has  the  weight  between  the 
fulcrum  and  the  power.      The  oar  of  a  boat  is  an  example, 
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in  which  the  water  forms  the  fulcrum,  the  resistance  of  the 
boat  applied  at  the  rowlock  the  weight,  and  the  power  is 
applied  by   the  hand  of  the  rower. 

The  third  kind  has  the  point  of  application  of  the  power 
between  the  fulcrum  and  the  weight.  The  most  interesting 
example  is  the  human  arm,  when  applied  to  lift  a  weight  by 
turning  about  the  elbow ;  here  the  fulcrum  is  the  elbow,  and 
the  power  is  applied  at  the  wrist  by  means  of  sinews,  which 
exert  a  force  when   the  muscles  of  the  arm  contract. 

The  mechanical  conditions  of  each  of  these  three  classes 
may  be  thus  expressed.  If  a  represent  the  arm  at  which  the 
power  acts,,  h  that  at  which  the  weight  acts,  then 

Pa  =  Wh, 

P      h 

Hence  mechanical  advantage  is  gained  or  not,  according 
as  a  is  greater  or  less  than  6.  It  will  be  seen  that  in  the 
first  kind  of  lever  advantage  may  or  may  not  be  gained,  in 
the  second  it  is  always  gained,  in  the  third  it  is  never  gained. 
The  human  arm  therefore  acts  at  a  mechanical  disadvantage, 
but  this  is  far  more  than  compensated  by  the  superior  agility 
and  neatness,  which  result  from  its  actual  construction. 


(2)      The   Wheel  and  Awle, 

21.  This  machine  consists  of  two  cylinders,  having  their 
axes  coincident,  the  two  cylinders  forming  one  rigid  piece,  or 
being  cut  from  the  same  piece ;  the  larger  is  called  the  wheel, 
the  smaller  the  axle.  The  cord  by  which  the  weight  is 
suspended  is  fastened  to  the  axle  and  coiled  round  it ;  the 
power  acts,  sometimes  by  a  cord  coiled  round  the  wheel, 
sometimes  by  handspikes,  as  in  the  capstan,  sometimes  by 
handles,  as  in  the  windlass. 
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22.      To  find  the  ratio  of  the  Power  to  the  Weight,  wheH 
there  is  equilibrium  upon  the  Wheel  and  Axle. 

Let  AB,  CD  be  the 
wheel  and  axle  having  the 
common  centre  O ;  P  and 
W  the  power  and  weigh t, 
supposed  to  act  by  strings 
at  the  circumference  of  the 
wheel  and  axle  respectively. 

From  the  common  centre 
O  draw  OA,  OB  to  the 
points  at  which  the  cords 
supporting  P  and  W  touch 
the  circumferences  of  the 
wheel  and  axle  respectively ; 

these  lines  will  be  perpendicular  to  the  directions  in  which  P 
and  W  act ;   hence,  by  the  principle  of  the  lever, 

P  .AO^W  .OD, 


OD       radius  of  axle 


or 


W      AO      radius  of  wheel 


It  is  evident  that,  by  increasing  the  radius  of  the  wheel,  any 
amount  of  mechanical  advantage  may  be  gained.  It  will  also 
be  seen  that  the  principle  of  the  wheel  and  axle  is  merely  that 
of  the  lever,  the  peculiar  advantage  of  the  wheel  and  axle 
being  this,  that  an  endless  series  of  levers  (so  to  speak)  are 
brought  into  play,  which  is  essential  to  the  practical  use  of 
the  lever,  when  applied  to  such  purposes  as  raising  a  bucket  in 
a  well,  heaving  an  anchor,  or  the  like. 


(3)     The  Toothed   Wheel 

23.  One  wheel  may  be  made  to  act  upon,  or  as  it  is  called 
to  drive^  another  by  indenting  the  surface  of  each  with  teeth 
and  fixing  the  centres  at  such  a  distance  from  each  other  that 
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the  teeth  come  successively  into  contact.  The  proper  form 
for  the  tooth  of  such  wheels  is  a  question  of  much  complexity 
and  care,  which  will  not  be  entered  upon  here  ;  we  shall  only 
investigate  in  general  the  relation  of  P  to  fF,  when  there  is 

equilibrium. 

24.     To  find  the  ratio  of  the  Power  to  the  Weight  in 
the  Toothed  Wheel 

Let  ^,  jB  be  the  cen- 
tres of  the  wheels,  on  the 
circumference  of  which  the 
teeth  are  arranged,  and  sup- 
pose for   simplicity'*s   sake 
that  Pand  H^act  at  the  cir- 
cumferences of  the  wheels, 
and  that  the  radii  of  the 
same  are  rr'  respectively. 

Also  let  two  of  the  teeth 
be  in  contact  at  Ey  and  let 
J?  be  the  mutual  pressure  of  the  tooth  in  contact,  which  acts  in 
the  direction  of  the  common  normal  to  the  surfaces  of  the 
teeth ;  and  let  p  p  he  the  lengths  of  the  perpendiculars  from 
A  and  B  respectively  on  the  common  normal. 

Then  the  wheel,  of  which  the  centre  is  A^  may  be  sup- 
posed to  be  kept  in  equilibrium  by  the  forces  P  and  R  tend- 
ing to  twist  it  in  opposite  ways ;  hence  by  the  principle  of  the 
lever, 

P.r^R.p. 

Similarly,  for  the  equilibrium  of  the  other  wheel, 

W.r'  ^  R.p. 


Hence 


or 


Wr' 

P 

P 

pr 

W     pr' 
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(4)      The  PuUy. 

25.  The  Fully,  in  its  simplest  form,  consists  of  a  wheel, 
capable  of  turning  about  its  axis,  which  may  be  either  fixed 
or  moveable.  A  cord  passes  over  a  portion  of  the  circum- 
ference, and  is  supposed  to  be  prevented  by  friction  from  sliding 
over  its  surface :  if  the  axis  of  the  pully  is  fixed,  its  only 
efi^ect  is  to  change  the  direction  of  the  force  exerted  by  the  cord, 
but  if  it  is  moveable  a  mechanical  advantage  may  be  gained, 
as  we  shall  see  immediately.  Combinations  of  puUies  may  be 
made  in  endless  variety ;  we  shall  here  consider  only  the  simple 
moveable  pully,  and  some  of  the  more  ordinary  combinations. 

26.  To  find  the  ratio  of  the  Power  to  the  Weight  in  the 
simple  moveable  Pully. 


p 


Let  O  be  the  centre  of  the  pully,  which  is 
supported  by  a  cord  passing  under  it  and  at- 
tached to  some  fixed  point  C  at  one  end,  and 
stretched  by  the  force  P  at  the  other.  Suppose 
the  weight  W  to  be  suspended  from  the  centre  O. 

Join  the  points  J^  B,  at  which  the  contact  of 
the  cord  with  the  pully  commences,  by  a  straight 
line  AB,  which  will  pass  through  the  centre  O. 
Then  we  may  consider  the  mechanical  conditions 
of  the  problem  to  be  the  same  as  those  of  a  lever 
AB,  kept  in  equilibrium  about  the  fulcrum  O  by 
the  force  P  sit  A  and  the  tension  of  the  string 
at  B.  But  the  tension  of  the  string  must  be  the 
same  throughout,  and  is  therefore  equal  to  P. 
Hence  the  force  at  each  end  of  the  lever  is  P,  and  the  nesultant 
of  these  two  parallel  forces  2P,    But  this  resultant  supports  W; 

.\  2P=  TT, 


or 


W 


1 

i 


27.  Tojnd  the  ratio  of  the  Power  to  the  Weight,  m  a 
«|ifein  of  PHlHea  in  Vfhich  each  puU*/  hangs  by  a  aeparafe 
itring.     (First  B^stem  of  Pulliea.) 

This  system  of  pullies  is  represented  _ 
inthefigure.   Suppose  there  are  npullies; 
f    then  the  tensionof  the  stringpassiDg  under 

the  first  B  —  (by  the  property  of  the  sim- 

plepully).   The  tension  of  the  string  pass- 

ioe  under  the  second  —  -— ,  and  so  on. 

That  of  the  string  under  the  last  pulty 

=  — ;  but  this  must  be  equivalent  to  the 

power  P. 

W 
.:      P  =  —  , 


fn^ 


28.  T'ojSnd  the  ratio  of  the  Power  to  the  Weight,  in  a 
fysten  of  Pulliea  in  which  the  same  string  passes  round 
"11   the  Pullies.     (Second  system  of  Follies.) 

This  system  is  represented  in  the  figure.  There 
are  two  blocks,  the  lower  one  moveable,  and  each 
coQtaiaing  a  number  of  pullies.  Since  the  same  i^ 
string  goes  round  all  the  pullies,  the  tension  through- 
out will  he  the  same,  and  equal  to  the  power  P.  Let 
"  be  the  number  of  strings  at  the  lower  block,  then 
'fie  sum'of  their  tensions  will  be  nP,  and  we  shall 
luve, 

nP~  W, 


IjfS  BTATK*. 

29.      To  find  the  ratio  of  the  Power  to  the  Weighty  in 
a    system   of  Putties  in  tohieh  ali  the  »trmg»  are  attacM 

to  the    Weight.     (Third  system  of  Pullies.) 


The  figure  representa  the  system.  The  tension 
of  the  string  by  which  P  hangs  is  P;  that  of  the 
next  =»  sP  (by  the  property  of  the  simple  puUj) ; 
that  of  the  next  3*P,  and  so  on.  Let  there  be  n 
strings,  then  the  tension  of  the  last  ~  2'~'P,  and 
the  sum  of  a]l   the  tensions 

=  (1  +2  +  i'  + +  S— ')P-  W; 


(5)      The  Inclined  ^Hne. 

30.  By  the  inclined  plane  is  meant  a  plane  inclined 
to  the  horizon,  and  the  problem  is  to  find  the  force  necessary 
to  prevent  a  body  placed  upon  it  from  sliding  down  under 
the  action  of  its  own  weight.  The  plane  is  supposed  smooth, 
and  therefore,  for  reasons  already  explained  (Art.  18,  page  191), 
will  exert  a  pressure  on  the  body  in  the  direction  of  a  line 
perpendicular  to  its  surface.  We  shall  have  to  apply  here 
the  general  principles  of  equilibrium  before  deduced,  riz. 
that  the  sum  of  the  forces  acting  on  the  weight,  resolved  in 
any  two  directions  perpendicular  to  each  other,  must  separately 
vanish  :  the  two  equations  furnished  by  these  conditions  will 
enable  us  to  determine  not  only  the  ratio  of  the  power  to  the 
weight,  but  also  the  pressure  of  the  weight  on  the  plane. 

31.  To  find  the  ratio  of  the  Power  to  the  TFi%iU, 
when  there  is  equilibrium  on  the  Inclined  Plane. 
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Let  a  be  the  inclination  of  the 
plane  to  the  horizon ;  R  the  pres- 
sure of  the  plane  on  the  weight, 
which  will  be  perpendicular  to  the 
plane ;  and  let  €  be  the  angle  which 
the  direction  of  P  makes  with  the 
plane.  Then  resolving  the  forces 
parallel  and  perpendicular  to  the 
plane,  we  have 

P  cos  6  -  H^  sin  a  «= 


0. 


jR  +  P  sin  €  -  Wcos  a  =  0, 


0) 

(2). 


„  P       sin  a 

Hence        — ■  = 

W      cos  € 


and 


Cor.   1.     If  the  power  acts  parallel  to  the  plane,  6  =  0, 


W 


s  sin  a. 


Cor.  2.      If  it   is  required    to  find   the  pressure   jR,   we 
have,  multiplying  (l)  by  sine  and  (2)  cos€,  and  subtracting. 


If  €  =  0, 


jR  cos  €  =  Wcos  (a  +  c). 
R  ^  W  cos  a. 


(6)      The   Wedge. 


32.  The  wedge  is  a  triangular  prism,  made  of  some 
hard  substance,  as  steel,  the  edge  of  which  is  introduced 
between  two  obstacles,  which  it  is  our  purpose  to  separate. 
When  the  edge  is  introduced,  the  wedge  is  driven  forward 
by  a  violent  blow,  as  from  a  hammer  or  the  like,  which 
generates  an  enormous  force  of  momentary  duration.  We 
shall  consider  the  wedge  to  be  acted  upon  by  a  weight  resting 
upon   its   head,   but    the  principles   of  the  investigation    are 
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applicable  to  all  cases,  in  whatever  manner  the  pressure  on 
the  wedge  is  produced  ;  we  shall  also  suppose  the  wedge  to 
be  isosceles,  and  the  obstacles  on  opposite  sides  of  the  wedge 
to  be  exactly  similar.  When  the  wedge  is  driven  in  between 
two  obstacles,  as  for  instance  when  applied  to  split  the  trunk 
of  a  tree,  the  obstacles  have  a  tendency  to  fly  together,  owing, 
in  the  instance  supposed,  to  the  tenacity  of  the  fibres,  and  this 
is  the  resistance  which  we  consider,  and  which  corresponds  to 
the  weight  supported  in  the  Mechanical  Powers  already  treated 
of.  In  practice  there  will  usually  be  a  great  amount  of 
friction  between  the  wedge  and  obstacles,  but  this,  for  the 
sake  of  simplifying  the  mathematical  investigation,  we  shall 
omit. 

33.  To  find  the  ratio  of  the  Power  to  the  Resistance^ 
when  an  isosceles  Wedge  is  kept  in  equilibrium  by  the 
pressure  of  two  obstacles  symmetrically  situated  with  respect 
to  it. 


Fig.  1. 


:;:^-T 


Fiff.  II, 


Let  2P  be  the  force 
acting  on  the  head  of  the 
wedge,  a  the  semiangle  of 
the  wedge.  Also  let  A  be 
one  of  the  points,  at  which 
the  wedge  is  in  contact  with 
the  obstacle;  then  there 
will  be  a  mutual  pressure 
at  this  point  between  the 
wedge  and  obstacle,  which 
will  be  perpendicular  to  the 
side  of  the  wedge,  and 
which  we  will  call  R,  There 
will  be  a  similar  pressure, 
on  the  other  side  of  the 
wedge,  from  the  other  obstacle. 


Again,  the  point  A  of  the  obstacle  is  acted  upon  by 
the  force  which  we  call  W,  and  which  forms  the  resistance 
to  motion.      To  determine   the   direction  in    which    W  acts, 
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we  dbeerve  ihal^  if. 'A  mere  made  to  move  by  the  descent  of 
the  wedge,  it  would  begin  to  move  in  some  curve  line,  and 
that  the  tangent  to  that  curve  (A  T)  is  the  direction  in  which 
W  acts.  The  position  of  this  line  AT  ib  quite  unknown,  but 
if  we  denote  the  angle  between  it  and  the  direction  of  R  by  t, 
we  may  be  sure  that  t  is  in  general  small. 

In  Figure  II.  we  have  represented  the  wedge  and  obstacle 
separate  from  each  other,  in  order  to  shew  clearly  the  forces 
which  respectively  retain  them  in  equilibrium.  (The  point  A 
will  of  course  require  a  third  force  to  keep  it  in  equilibrium, 
this  will  be  perpendicular  to  ^7^  and  will  arise  from  the 
pressure  on  the  ground  which  supports  the  obstacle;  it  is 
omitted  in  the  investigation,  because  its  magnitude  is  a  matter 
of  no  interest.) 

Now  the  wedge  is  kept  in  equilibrium  by  the  force  2P 
and  the  two  forces  R ;  hence,  resolving  in  the  direction  of  P, 
we  have 

2P  =  2Rsina (l). 

Again,  the  point  A  is  kept  in  equilibrium,  so  far  as 
tendency  to  motion  in  the  direction  AT  is  concerned,  by  W 
and   the  resolved  part  of  R  :   hence 

W^Rcosi (2). 

From  (l)  and  (2)  we  have 

P       sin  a 
W      cosi  * 


(7)      The  Screw. 

34.  The  Screw  may  be  conceived  of  as  an  inclined  plane 
wrapped  round  a  cylinder,  or  as  a  cylinder  having  on  its  sur- 
face a  projecting  thread  inclined  in  all  parts  at  the  same  given 
angle  to  the  horizon.      This  cylinder  fits  into  a  block  pierced 
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with  an  equal  cylindrical  aperture,  on  the  inner  surface  of 
which  is  cut  a  groove  the  exact  counterpart  of  the  thread  on 
the  screw  ;  hence  we  can  cause  the  screw  to  enter  the  block 
only  by  making  it  revolve  about  its  axis.  Suppose  the  axis  of 
the  screw  to  be  vertical,  and  a  weight  fF  to  be  placed  upon  it, 
then  the  screw  would  descend  unless  prevented  from  doing  so 
by  some  other  force ;  this  force  we  suppose  to  be  supplied  by 
a  power  P  acting  in  a  horizontal  direction,  at  the  extremity  of 
an  arm  of  given  length  :  this  is  nearly  the  mode  in  which  the 
screw  is  actually  applied  to  certain  mechanical  purposes,  as  to 
the  bookbinders  press,  and  the  like.  In  practice  the  friction 
between  the  thread  of  the  screw  and  the  block  will  generally  be 
considerable,  but  for  the  sake  of  simplicity  we  shall  consider 
every  thing  to  be  perfectly  smooth. 

36.     Tojind  the  ratio  of  the  Power  to  the  Weight  in  the 
Screw, 

Let  the  power  P  act  at 
an  arm  a,  and  let  r  be  the 
radius  of  the  cylinder,  a 
the  inclination  of  the  thread 
to  the  horizon. 

Consider  the  equilibrium 
of  any  point  A  of  the  thread ; 
suppose  the  portion  of  the 
thread  on  each  side  of  ^  to  be 
unwrapped,  so  as  to  assume 
the  position  of  the  straight 
line  BC<i  inclined  at  an  angle 
a  to  the  horizon ;   then  we 

may  consider  the  point  A  as  supported  on  a  plane  of  inclina- 
tion a,  and  acted  upon  by  the  pressure  on  the  plane  2?|,  a 
horizontal  force  Pj,  and  a  portion  of  the  weight  W^  which  we 
will  call  W^ ;  hence,  resolving  the  forces  along  the  plane,  we 
must  have 


W^  sin  a  =  Pi  cos  o ; 
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in  like  manner,  if  we  take  another  point  of  the  thread,  we  must 
have 

TFs  sin  a  «  P2  <^os  a, 

and  80  on.    Hence,  taking  into  account  all  points  of  the  thread, 
and  adding  together  the  equations,  we  shall  have 

{Wi  +W^+  Ws+  ...  )  sin  a  =  (Pj  +  P2  +  Ps  +  •••)  coso- 

But  W,  +  W^2  +  W^3  +  ...  ■■  the  whole  weight  supported  «  W. 

Also,  Pi  +  P2  +  Ps  +  ••-  "*  the  whole  horizontal  force  supposed 
to  act  at  the  circumference  of  the  cylinder,  i.e.  at  an  arm  r. 

But  the  horizontal  pressure  is  caused  by  P  acting  at  an 
arm  a ;  hence,  by  the  principle  of  the  lever, 

(Pi+P2+P8+  ...)r^Pa; 

Pa 
.'.   Wsina=^  — cosa, 

r 

P       r 
or    :==  =  -  tan  a. 
'  W      a 

We  may  put  this  result  in  a  rather  different  form  :  thus, 

P       Sirrtana 
It"       2^a       ' 

vertical  distance  between  two  threads 
circumference  of  circle  described  by  P ' 


ON   FRICTION. 

36.  When  we  attempt  to  make  the  surface  of  a  body 
move  upon  that  of  another,  with  which  it  is  kept  in  contact  by 
pressure,  there  is  in  general  a  resistance  to  the  motion,  which 
is  frequently  sufficient  to  prevent  motion  altogether ;  the  force 
of  resistance  is  called  fricHon. 
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Friction  at  any  point  of  a  surface  always  acts  in  the  direc- 
tion exactly  contrary  to  that  in  which  the  point  tends  to  move. 
Hence,  when  a  particle  is  placed  ou  a  rough  plane,  the  line  in 
which  the  friction  acts  will  lie  in  the  plane.  Also,  if  a  body 
on  an  inclined  plane,  and  under  the  action  of  some  force,  is  on 
the  point  of  ascending^  the  force  of  friction  acts  downwiirds ; 
but  if  the  weight  of  the  body  is  so  great  that  it  is  on  the  point 
of  descending^  the  action  of  friction  is  upwards. 

It  has  been  shewn  by  experiment,  that  when  a  body  is  on 
the  point  of  moving  on  the  surface  of  another,  and  is  only  pre- 
vented from  doing  so  by  friction,  then  the  force  of  friction 
bears  to  the  normal  pressure  between  the  two  bodies  a  ratio 
which  depends  only  upon  the  constitution  of  the  two  bodies. 
In  fact,  let  R  be  the  normal  pressure,  then  the  friction  will  be 
expressed  by  /ulR^  where  /x  is  a  quantity  depending  not  on  the 
pressure  nor  on  the  extent  of  the  surfaces  in  contact,  but  only 
on  the  nature  of  the  bodies ;   it  has,   for  instance,  a  certain 
definite  value  for  metal  and  wood,  and  so  on.     The  quantity  /m 
is  called  the  coefficient  of  friction. 

From  what  has  been  said  it  will  appear,  that  in  problems 
involving  the  pressure  of  one  body  on  another,  there  will  not 
be  a  greater  number  of  unknown  forces  involved  on  the  sup- 
position of  the  bodies  in  contact  being  rough,  than  there  would 
be  on  the  hypothesis  of  their  being  smooth,  provided  we  con- 
sider only  the  limiting  circumstances  of  equilibrium,  that  is, 
when  the  body  is  on  the  point  of  sliding. 

In  consequence  of  the  force  of  friction,  systems  of  bodies 
in  nature  are  not  obliged  to  fulfil  those  exact  conditions,  which 
would  be  necessary  if  such  a  force  did  not  exist.  For  example, 
a  body  would  not  retain  its  ][>osition  on  a  smooth  plane  unless 
the  plane  were  accurately  horizontal,  whereas  a  rough  plane 
may  be  considerably  inclined  without  disturbing  the  equili- 
brium of  a  body  upon  it. 

37.  We  shall  illustrate  this  by  finding  the  angle  at 
which  a  rough  plane  may  be  inclined,  so  that  a  body  may  just 
rest  upon  it  without  sliding. 
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Let  a  be  the  angle  of  incli- 
nation of  the  plane;  W  the 
weight  of  the  body  ;  R  the  nor- 
mal pressure  on  the  plane ;  fiR 
the  force  of  friction.  Then  re- 
sohing  the  forces  perpendicular 
to  the  plane  and  parallel  to  it, 
jrehave  these  equations  of  equi- 
librium. 


J?  ■■  FT  cos  a, 

fxR  =  Wsina; 
tan  a  s  /u. 

This  equation  determines  the  limiting  value  of  the  inclination 
of  the  plane,  for  which  equilibrium  is  possible;  for  any  smaller 
value  there  will  be  equilibrium  a  fortiori. 

38.  Again,  if  the  interior  of  a  hemispherical  bowl  is 
smooth,  a  body  cannot  rest  in  it  except  at  the  lowest  point; 
but  if  it  be  rough,  there  will  be  certain  limits  within 
which  the  equilibrium  will  be  possible;  let  us  determine 
those  limits.  ^ 

Let  B  be  the  highest  position  of  the  body  possible,  A  the 
bottom  of  the  bowl,  O  the  centre  ;  JOB  =  6.     The  direction 


>UB 


of  the  pressure  R  will  pass  through  the  centre,  the  friction  /u,  R 
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will  be  perpendicular  to  BO.  Resolving  the  forces  in  the 
direction  of  BO  and  perpendicular  to  it,  we  have 

R  =  Wcos  Oj 

nR=^  JTsin^; 

.*.    tan  Q  ^  iJL. 

This  equation  determines  the  greatest  possible  angular  distance 
of  the  body  from  the  bottom  of  the  bowl.  The  vertical  height 
of  the  body  above  the  lowest  point  A 

=  r  (1  -  cos  0)  =  r  1 1 > . 

Suppose,  for  instance,  that  r  »  1  foot,  and  that  /u  —  - »  which  is 

4 

its  value  for  metallic  surfaces,  then  the  preceding  expression 

4 
becomes  1 y=  «=  .S6  of  an  inch,  nearly. 

Vl7 


ON   THE   CENTRE   OF  GRAVITY. 

39.     If  two  equal  heavy  bodies  A  and  B  are  connected 

by  a  fine  rod,  it  is  evident  that    ^  , « 

the  system  will  balance,  if  the   ^  ^  ® 

middle  point  C  of  the  rod  be  supported.     And  this  will  be  the 
case  in  whatever  position  the  system  is  placed,  because  the 
moment  of  A  tending  to  twist  the  rod  in  one  direction,  wilL_ 
always  be  equal  to  the  moment  of  B  tending  to  twist  it  in. 
the  opposite.  The  point  C,  about  which  A  and  B  will  balance— 
in  any  position,  is  called  the  centre  of  gravity  of  the  bodies. 

It  may  be  shewn,  that  for  every  system  of  heavy  particles* 
there  exists  in  like  manner  one  point,  and  no  more,  such  that^ 
if  it  be  fixed  and  the  bodies  rigidly  connected  with  it,  th^ 
system   will  rest  in  any  position.      This  point  is  called  th& 
centre  of  gravity  of  the  system. 
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40.      To  shew  that  every  system  has  a  centre  of  gravity. 

Let    TTj,    ^2,    ^3,    W,,   ^ o, J 

be  a  system  of  par- 


ticles,  the  weights  of  which 

are  W,,  W,,  W,,  W,, 

respectively:  suppose  W^^  W2 
joined  by  a  rigid  rod  without 
weight,  aud  divide  the  same 
rod  in  61  so  that  ^a, 

then  Wi  and  W2  will  balance  in  all  positions  about  61 ,  and 
if  we  suppose  Gi  supported,  the  pressure  upon  the  support 
will  be  ^1  +  W^. 

Again,  join  GiW^,  and  divide  it  in   G2  so  that 

G^G,  :    W,G,  ::    W,  +  W^  :    W,; 

then  if  we  suppose  the  rod  IV1W2  to  rest  upon  the  rod  GiFTg, 
and  Gg  to  be  supported,  the  pressure  W^  +  fFg  at  Gj  and 
FF3  at  W^  will  balance  about  Gg.  Hence  the  three  bodies 
Wi9  W^^  W^y  supposed  rigidly  connected,  will  balance  in  all 
positions  about   Gg. 

Similarly  we  may  find  a  point  G4,  about  which  W,,  TTg, 
^3,  W^  will  balance  in  all  positions,  and  so  of  any  number  of 
particles.  Hence  every  system  of  particles  has  a  centre  of 
gravity. 

41.     A  system  can  have  only  one  Centre  of  Gravity, 

For  suppose  there  are  two,  and  let  the  system  be  so 
turned  that  the  two  centres  of  gravity  lie  in  the  same  hori- 
zontal plane.  Then  the  weights  of  the  diflferent  particles  of 
the  system  form  a  system  of  vertical  forces,  the  resultant  of 
which  must  pass  through  the  centre  of  gravity,  otherwise  the 
system  could  not  balance  about  that  point ;  hence  the  said 
vertical  resultant  must  pass  through  two  points  in  the  same 
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horizontal  plane,  which  is  absurd.      Therefore  there  are  not 
two  centres  of  gravity. 

42.  It  is  manifest  from  the  mode  by  which  we  proTed 
the  existence  of  a  centre  of  gravity,  that  the  tendency  of  a 
system  of  heavy  particles  to  produce  pressure,  or  to  cause 
moment  about  any  point,  is  the  same  as  that  of  a  single 
particle  equal  in  weight  to  that  of  the  whole  system  and 
situated  at  its  centre  of  gravity.  This  is  sometimes  expressed 
by  saying,  that  we  may  suppose  a  system  collected  at  its 
centre  of  gravity. 


Cf^    hf      GCrs  h\ 


43.     To  find  the  centre  of  gramty  of  any  number  of 
particles  in  the  same  plane. 

Let  W,,  TT,,  Ws, be   y, 

the  weights  of  the  particles;  in 
the  plane  in  which  they  lie,  take 
any  two  straight  lines  Aa^y  Ay^ 
at  right  angles  to  each  other,  and 

let  Ax9  ^29^39 be  the  dis- 
tances of  PTi,  W,   PTs, 

from  the  line  A<t,  and  k^y  A^g, 

A^s, their  distances  from  the  line  Ay;  also  let  A,  k  the 

distances  of  the  centre  of  gravity  of  the  system  from  Aw^  Ay 
respectively ;  then  it  is  evident  that  if  we  find  h  and  k  we 
shall  have  solved  the  problem. 

Join  W^Wzi  and  let  d  be  the  centre  of  gravity  of  Wy^  TFg; 
from  Wif  W29  Gi,  draw  W,a, ,  W^az^  and  G16,  perpendicular 
to  ^<r :   then   we  have 

but  it  is  evident,  from   similar  figures,   that 

W^Gi   :  a, 6,  ::    W2G2  :   ffj^i  ; 
.'.     Wi  X  ttibi  ^  W2  X  tta^i » 
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or   W,(Jhi''ki)  =  ir,A,; 

If  we  consider  another  particle  FTs,  we  may,  in  searching 
for  the  centre  of  gravity  of  the  three  FFj,  FFjj  ^39  suppose 
the  two  former  to  act  together  at  their  centre  of  gravity 
already  found ;  hence,  if  G2  be  the  centre  of  gravity  of  the 
three  particles,  and  we  draw  6,^  perpendicular  to  Aw^  we 
shall   have 

and    so  on  for  any    number    of  particles.      Hence    we   shall 
have 

W,k,^W,k, +  W^K 

w,-^  w,.: +  lr„ 

and,  in  like  manner, 

W,h,  +  FTA +  W,h„ 


*  w,+  w, +  w„ 


44.      To  find  the  centre  of  gravity  of  any  number  of 
particles  not  in  the  same  plane. 

If  we  conceive  three  planes  perpendicular  to  each  other 
to  be  drawn,  we  shall  solve  the  problem  if  we  find  the 
perpendicular  distance  of  the  centre  of  gravity  from  each  of 
these  planes.  Let  Ai,  k^,  /,,  be  the  perpendicular  distances 
of  the  particle  Wi  from  the  three  planes  respectively,  and  so  on 
of  the  other  particles,  and  A,  k^  /,  the  perpendicular  distances 
of  the  centre  of  gravity :  then  we  may  prove,  in  like  manner 
as  in   the  last  proposition,  that 

W^h,  +  W^K +  W,h, 


"n 


w^+w, +  w,     ' 
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similarly, 


km 


W^h  +  W^k^ +  TF,fc, 

vir^w^ +  w^ 


and  8o  likewise, 


I 


^1/1+^.4 +  yr,z, 

W,  +  fT, +  W^      ' 


We  shall  now  proceed  to  find  the  centre  of  gravity  in  some 
actual  cases. 

46.      To  find  the  centre  of  gravity  of  a  right  line. 

The  middle  point  will  be  the  centre  of  gravity;  for  we 
may  suppose  the  line  to  be  divided  into  pairs  of  equal  weights 
equidistant  from  the  middle  point,  and  the  middle  point  will 
be  the  centre  of  gravity  of  each  pair,  and  therefore  of  the 
whole  system. 


46.      To  find  the  centre  of  gravity  of  a  triangle. 

Let  ABC  be  the  triangle ;  bisect  BC  in  D,  and  join  AD ; 
draw  any  line  hdc  pa-  ^ 

rallel  to  BC\  then  it  is 
evident  that  this  line 
will  be  bisected  hy  AD 
in  d^  and  will  therefore 
balance  about  c2,  in  all 
positions ;  similarly  all 
lines  in  the  triangle  pa- 
rallel to  BC  will  balance 
about  points  in  AD^  and  therefore  the  centre  of  gravity  must 
be  somewhere  in  AD, 

In  like  manner,  if  we  bisect  AC  in  Ej  and  join  BE^  the 
centre  of  gravity  must  be  in  BE ;  hence  G,  the  intersection  of 
AD  and  BE^  is  the  centre  of  gravity  of  the  triangle. 

Join  DjS,  which  will  be  parallel  to  AB.  (Euclid,  vi.  2.) 
Then  the  triangles  ABG^  DEG  are  similar. 
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JG  :   GD  ::   AB  :  DE 
::  BC  :  DC 


2   :    1, 


or     AG^^GD, 
and  .-.  AD  =  SGD. 

Hence,  if  we  join  an  angle  of  a  triangle  with  the  bisection 
of  the  opposite  side,  the  point  two  thirds  the  distance  down 
this  line  from  the  angular  point  is  the  centre  of  gravity  of  the 

triangle. 

47.  To  find  the  centre  of  gravity  of  a  pyramid  on  a 
Mas^uUir  base. 


Let  ABCD  be  the  pyramid.     Bisect  BC  in  E ;  join  AE ; 
^ke  EF=  ^  AE,  and  join  DF. 
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Suppose  the  pyramid  to  be  made  up  of  thin  slices  parallel 
to  ABCy  and  let  abc  be  one  of  them ;  let  afe  be  the  line,  in 
which  it  is  intersected  by  the  plane  DAE^  e  and  /  lying  in  he 
and  ae  respectively.     Then,  by  similar  triangles, 

he  :  eD  ::  BE  :  ED, 
also    ce  :  eD  ::   CE  :  ED; 
he  :    ce    ::  BE  :  CEj 
but     BE  =  CE  ;     .-.    he  =  ce. 

In  like  manner  it  may  be  shewn,  that 

fe  :  af  ::   FE  :  AF, 
but    AF  ^2FE;     .-.     a/  =  2fe. 

Hence  /  is  the  centre  of  gravity  of  the  triangle  abc.  Simi- 
larly it  will  appear,  that  the  centres  of  gravity  of  all  slices  of 
the  pyramid  made  by  planes  parallel  to  ABC  lie  in  DF^  and 
therefore  the  centre  of  gravity  of  the  pyramid  is  in  that  line. 

Similarly,  if  we  join  DjB,  take  GE  «  ^  />jB,  and  join  AG, 
the  centre  of  gravity  will  be  in  AG  ;  therefore  jff,  the  intersec- 
tion of  DF  and  AG^  is  the  centre  of  gravity  of  the  pyramid. 

Now  join  GFy  then  by  similar  triangles, 

HF  :  ED  ::   GF  :  AD 
::  FE  :  AE 
::      1      :      3; 
.-.    HF^^HD^^DF. 

Hence,  if  we  join  the  vertex  of  the  pyramid  with  the 
centre  of  gravity  of  the  base,  and  set  off  one  fourth  of  this 
line  from  the  latter  point,  we  shall  determine  the  centre  of 
gravity  of  the  pyramid. 
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Cob.  1.  The  same  construction  will  hold  for  a  pyramid 
upon  a  base  of  any  form,  since  it  may  be  divided  into  a  number 
of  pyramids  on  triangular  bases. 

Cor.  S.  The  centre  of  gravity  of  a  solid  cone  will  be 
found,  by  setting  off  one  fourth  of  the  axis  measured  from  the 
centre  of  the  base  ;  for  the  base  may  be  regarded  as  a  polygon 
having  an  indefinite  number  of  sides. 

48.  Given  the  centre  of  gravity  of  a  heavy  body^  and 
also  that  of  a  certain  portion  of  it,  to  find  the  centre  of 
gravity  of  the  remainder. 


Let  G  be  the  centre  of  gravity  of  the  body,  W  its 
height :  Gi  the  centre  of  gravity  of  the  given  portion,  Wi 
its  weight.     Join   Gi  G,  and   in  that  line  produced  take  G^y 

such  that 

G^G  :   G,G  ::    W,  :    W--  W,. 

Then  Cg  will  be  the  centre  of  gravity  required. 

The  preceding  proposition   is   applicable  to  a  variety  of 

examples. 

The  following  is  one  of  the  most  important  properties  of 
^he  centre  of  gravity. 

49.  When  a  body  is  placed  upon  a  horizontal  plane^ 
^  will  stand  or  fall  according  as  the  vertical  line  through 
^^  centre  of  gravity  falls  within  or  without  the  base. 
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Suppose  the  vertical  line  GC  through  the  centre  of  gravity 
(?,  to  fall  within  the  base,  as  in  fig.  1  ;  then  we  may  suppose 
the  whole  weight  of  the  body  to  be  a  vertical  pressure  W  act- 
ing in  the  line  GC\  this  will  be  met  by  an  equal  and  opposite 


Fig.  I. 


Fig.  II. 


r 


J 


pressure  W  from  the  plane  on  which  the  body  is  placed,  and 
so  equilibrium  will  be  produced  and  the  body  will  stand. 

But  suppose,  as  in  fig.  2,  that  the  line  GC  falls  without 
the  base;  then  there  is  no  pressure  equal  and  opposite  to  fFat 
C,  and  therefore  W  will  produce  a  moment  about  i7,  (the  nearest 
point  in  the  base  to  C,)  which  will  make  the  body  twist  about 
that  point  and  fall. 


50.  According  to  the  proposition  just  proved,  a  body 
ought  to  rest  without  falling  upon  a  single  point,  provided 
that  it  is  so  placed  that  the  centre  of  gravity  is  in  the  vertical 
line  passing  through  the  point  which  forms  the  base.  And  in 
fact  a  body  so  situated  would  be,  mathematically  speaking,  in 
a  position  of  equilibrium,  though  practically  the  equilibrium 
will  not  subsist ;  this  kind  of  equilibrium  and  that  which  b 
practically  possible  are  distinguished  by  the  names  of  tmstable, 
and  stable.  Thus  an  egg  will  rest  upon  its  side  in  a  position  of 
stable  equilibrium,  but  the  position  of  equilibrium  correspond- 
ing to  the  vertical  position  of  its  axis  is  unstable.  The  dis- 
tinction between  stable  and  unstable  equilibrium  may  be  enun- 
ciated generally  thus  :  Suppose  a  body  or  a  system  of  particles 
to  be  in  equilibrium  under  the  action  of  any  forces ;  let  the 
system  be  arbitrarily  displaced  very  slightly  from  the  position 
of  equilibrium,  then  if  the  forces  be  such   that   they   tend  to 
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bring  the  system  back  to  its  position  of  equilibrium  the  posi- 
tioD  is  stable^  but  if  they  tend  to  move  the  system  still  further 
from  the  position  of  equilibrium  it  is  unstable. 


51.  When  a  heavy  body  is  suspended  from  a  paint 
about  which  it  can  turn  freely^  it  will  rest  with  its  centre  of 
gravity  in    the  vertical   line  passing  through    the  point  of 

suspension. 

For  let  O  be  the  point  of  suspen- 
sion, G  the  centre  of  gravity,  and  sup- 
pose that  G  is  not  in  the  vertical  line 
through  O ;  draw  OP  perpendicular  to 
the  vertical  through  G,  that  is,  to  the 
direction  in  which  the  weight  W  of 
the  body  acts.  Then  the  force  W  will 
produce  a  moment  W.  OP  about  O  as  a 
fulcrum,  and  there  being  nothing  to 
oonnteract  the  effect  of  this  moment 
equilibrium  cannot  subsist. 

Hence  G  must  be  in  the  vertical  line  through  O,  in  which 
case  the  weight  W  produces  only  a  pressure  on  the  point  O9 
which  is  supposed  immoveable. 
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1.  We  have  now  to  treat  of  force,  considered  as  pro- 
ducing motion  in  bodies.  Our  first  business  will  be  to  explain 
accurately  what  we  mean  by  the  velocity  of  a  body,  and  how 
it  is  measured. 

2.  The  velocity  of  a  body  is  the  rate  of  its  motion,  or  the 
degree  of  quickness  with  which  it  is  moving :  iif  of  two  bodies 
one  passes  in  a  given  time  over  twice  the  distance  passed  over 
by  the  other,  we  say  that  the  velocity  of  the  first  is  twice  as 
great  as  the  velocity  of  the  second. 

Velocity  may  be  uniform  or  variable.  By  saying  that  a 
body  moves  with  uniform  velocity,  we  mean  that  it  moves 
through  equal  spaces  in  equal  times ;  when  the  velocity  is 
variable  this  is  not  the  case. 

Velocity  when  uniform  is  measured  by  the  space  passed 
over  in  a  unit  of  time ;  when  variable  it  is  measured  at  any 
instant^  by  the  space  which  would  be  passed  over  in  a  unit  of 
time^  if  the  body  were  to  move  during  that  unit  with  the 
velocity  which  it  has  at  the  proposed  instant. 

This  requires  some  explanation.  Let  us  first  consider  t^ni- 
form  velocity  ;  in  order  to  measure  it,  we  first  fix  upon  soiiie 
unit  of  time,  that  is,  some  convenient  period  of  time  to  which 
we  may  always  refer,  and  by  which  we  may  measure  other 
periods  :  the  unit  agreed  upon  is  one  second,  so  that  in  what 
follows,  (unless  the  contrary  be  stated,)  time  will  be  measured 
by  seconds ;  if  any  number,  as  5  for  example,  should  occur  as 
representing  time,  it  will  be  understood  to  mean  5"  or  5 
seconds.  We  may  here  also  state  that,  in  like  manner,  we  find 
it  convenient  to  agree  upon  a  fixed  unit  of  space,  and  that  the 
unit  we  shall  take  will  be  one  foot,  so  that  (to  take  our  former 
example)  the  number  5,  if  representing  space,  will  mean  5  feet. 
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With  these  conveDtions  our  rule  for  measuring  uniform  velo- 
city will  be,  that  it  is  measured  by  the  number  oi  feet  described 
in  one  second ;  and  it  does  not  require  much  consideration  to 
perceive,  that  this  is  a  proper  mode  of  measuring  velocity ;  for 
suppose  two  bodies  are  moving  uniformly,  and  that  one  passes 
over  3  feet  in  a  second  and  the  other  5  feet,  then  the  numbers 
3  and  5  are  proper  representatives  of  the  respective  velocities 
of  the  bodies.  Any  other  numbers  in  the  same  proportion 
would  be  equally  proper  express^ions  for  the  velocities,  and  the 
actual  numbers  of  course  depend  upon  the  particular  units  we 
have  chosen  ;  thus,  if  in  the  case  just  supposed  we  had  taken  3 
seconds  as  the  unit  of  time  instead  of  I  second,  the  values  of 
the  velocities  would  have  been  6  and  10  instead  of  3  and  5. 

With  regard  to  the  mode  of  measuring  variable  velocity, 
it  will  be  seen,  that  when  the  rate  of  a  body'^s  motion  is  chang- 
ing from  moment  to  moment,  we  cannot  measure  its  velocity 
by  the  space  which  it  passes  over  in  a  unit  of  time,  because  it 
will  not  have  moved  at  the  same  rate  during:  the  whole  of  that 
unit  of  time.  Hence  we  adopt  the  method  already  enunciated, 
and  we  measure  the  velocity  of  a  body  at  any  moment,  not  by 
any  space  actually  described,  but  by  the  space  which  would  be 
described  in  l",  if  the  body  moved  during  that  time  with  the 
velocity  with  which  it  is  animated  at  the  moment  in  question. 
In  doing  this,  we  are  in  fact  only  adopting  a  method  which  is  in 
*>rdinary  use ;  for  when  we  speak  of  the  velocity  of  a  coach  as 
10  miles  per  hour,  we  do  not  mean  to  assert  that  the  coach 
^Jl  pass  over,  or  has  passed  over,  10  miles  in  any  given  hour, 
but  only  this,  that  if  it  were  to  proceed  during  an  hour  at  the 
l^te  at  which  it  was  moving  at  the  moment  of  our  observation 
It  mvM  pass  over  10  miles. 

3.  We  shall  in  what  follows  usually  denote  time  by  the 
'^tter  /,  space  by  «,  velocity  by  r.  From  what  has  been  said, 
^e  shall  be  able  to  attach  a  distinct  conception  to  each  of  these 
^ynibols;  t  will  be  the  number  of  seconds  in  any  time  symbol- 
ized,  B  the  number  of  feet  in  any  space,  and  v  the  number  of 
feet  which  are,  or  would  be,  described  by  a  body  in  one  second^ 
According  as  the  velocity  is  uniform  or  variable. 


218  DYNAMICS. 

4.  Prop.  If  s  he  the  space  which  a  hody^  moning  uni- 
formly with  a  velocity  v,  describee  in  the  time  t,  then  a  «  vt. 

For  V  is  the  number  of  feet  which  the  body  passes  over  in 
l" ;  and  the  body  passes  over  equal  spaces  in  equal  times, 
therefore  in  /"  it  describes  vt  feet,  i.e.  8  ^  vt. 

5.  We  may  extend  to  velocity  the  convention  respecting 
algebraical  signs,  which  we  have  already  found  of  use  in  the 
case  of  lines,  angles,  and  statical  forces.  If  we  fix  upon  any 
point  in  a  body'^s  path,  and  consider  the  velocity  of  the  body  to 
be  positive  when  its  distance  from  that  point  is  increasing, 
then  we  must  regard  the  velocity  as  negative  when  that  dis- 
tance is  diminishing :  for  instance,  suppose  a  body  is  projected 
upwards  from  the  earth's  surface,  and  we  regard  the  velocity 
during  the  ascent  as  positive,  then  when  the  body  descends  the 
velocity  will  be  negative. 

6.  It  is  manifest  that  we  may  represent  velocity,  in  the 
same  way  as  we  formerly  represented  force,  by  a  straight  line, 
the  length  of  the  line  indicating  the  magnitude  of  the  velocity, 
and  the  direction  in  which  it  is  drawn  that  in  which  the  body 
is  moving ;  this  we  shall  call  representing  a  velocity  in  direc- 
tion and  magnitude. 

7.  When  a  body  is  animated  simultaneously  by  two  velo- 
cities having  different  directions,  the  body  will  evidently  move 
in  a  direction  intermediate  to  those  two  directions,  in  one  of 
which  it  would  have  moved  if  animated  by  either  velocity 
singly,  and  with  a  velocity  which  will  in  some  manner  depend 
on  each  of  the  two  velocities,  and  may  be  called  their  resuUant* 
The  actual  problem  of  finding  the  resultant  of  two  velocities 
we  shall  solve,  by  proving  a  proposition  very  nearly  analogous 
to  the  parallelogram  of  forces,  and  which  we  shall  call  the 
parallelogram  of  velocities. 

8.  Prop.  If  two  velocities^  with  which  a  particle  is 
simultaneously  animated^  be  represented  in  direction  and 
magnitude  by  two  straight  lines  drawn  from  the  particle^ 
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the  resultant  velocity  of  the  particle  will  he  represented  in 
direction  and  magnitude  by  the  diagonal  of  the  paralleh^ 
gram  described  upon  those  two  straight  lines. 

Let  A  be  the  particle,  AB 

AC  the  lines   representing  the 

two   component  velocities,    AD 

the  diagonal  of  the  parallelogram 

ABDC  described  upon  them. 

A  B 

Then,  under  the  influence  of  the  velocity  AB  only,  the 
particle  would  at  the  end  of  l"  be  at  fi,  and  under  the 
influence  of  AC  it  would  be  at  C;  suppose  now,  that  instead 
of  moving  for  l"  under  the  influence  of  the  two  velocities,  the 
particle  moves  for  l"  under  the  influence  of  AB^  and  then 
for  l"  under  the  influence  of  AC,  its  place  at  the  end  of  the 
time  will  be  the  same  as  upon  the  former  hypothesis.  But  on 
this  supposition  the  particle  will  be  at  the  end  of  the  first 
second  at  B^  and  (drawing  BD  parallel  and  equal  to  AC)  it 
will  be  at  the  end  of  the  next  at  2);  hence,  under  the  influence 
of  AB  and  AC  jointly,  the  particle  will  be  at  the  end  of  l"  at 
2>,  that  is  to  say,  AD  represents  the  resultant  velocity  in 
direction  and  magnitude. 

Obs.  In  this  proof  we  have,  for  simplicity's  sake,  spoken 
of  the  velocities  as  if  they  were  uniform ;  the  same  proof 
however  applies,  with  a  change  of  phraseology,  to  variable 
velocities. 

9*  It  follows  from  the  proposition  just  proved,  that,  if  a 
particle  be  moving  with  a  velocity  v  in  a  direction  making  an 
angle  0  with  a  given  line,  we  may  conceive  the  particle  to  be 
animated  by  two  velocities,  v  cos0  in  the  direction  parallel  to 
the  given  line,  and  v  sin-fl  in  the  direction  perpendicular  to  it. 
This  is  called  resolving  a  velocity. 

And  hence  we  may  compound  any  number  of  velocities 
and  find  their  resultant,  by  a  process  exactly  similar  to  that 
made  use  of  for  forces,  and  given  at  length  in  Art.  14, 
page  185. 
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Having  said  thus  much  respecting  velocity,  wc  shall  nom 
proceed  to  treat  oi  force^  considered  dynamically. 

10.  We  shall  begin  by  enunciating  the  following  general 
property  of  matter,  which  is  known  as  the  First  Law  of 
Motion, 

A  body  under  the  action  of  no  external  force  will 
remain  at  rest^  or  move  uniformly  in  a  straight  line. 

With  regard  to  the  meaning  of  this  law,  it  is  intended  to 
assert  that  there  is  in  matter  no  tendency  to  motion  of  one 
kind  more  than  another,  or  indeed  of  any  kind;  that  matter 
is  purely  inert,  and  the  cause  of  any  motion  which  a  body 
may  have,  is  to  be  sought  not  in  the  properties  of  the  body 
itself,  but  in  external  influences.  The  property  which  matter 
possesses,  of  moving  only  with  the  velocity  it  has  required  from 
the  action  of  external  force,  is  called  its  inertia  ;  hence  we  may 
say  briefly,  that  the  first  law  of  motion  asserts  the  inertia  of 
matter. 

11.  As  to  the  proof  of  this  law,  we  may  obtain  some 
hint  of  its  truth  by  observing,  that  the  more  nearly  we  make 
the  circumstances  of  a  body  agree  with  those  supposed,  the 
more  nearly  is  the  law  verified :  for  instance,  according  to  the 
law  the  destruction  of  the  velocity  of  a  body  moving  along  a 
dead  level  ought  to  be  wholly  due  to  friction,  and  we  do  in 
fact  find  that  the  more  we  guard  against  friction  the  longer 
the  body  will  continue  in  motion,  and  on  a  railway,  where  the 
friction  is  very  much  diminished,  the  distance  to  which  a  train 
will  proceed  after  the  steam  has  been  turned  ofi^,  is  very  great 
indeed.  Other  examples  will  suggest  themselves  to  the  student, 
or  perhaps  he  may  think  the  law  so  simple  as  not  to  require 
illustration ;  he  must  remember  however  that  the  want  of  a 
clear  perception  of  its  truth  was  for  a  long  time  a  bar  to 
progress  in  dynamical  science,  because  men,  misled  by  terrestrial 
phenomena,  considered  it  necessary  to  inquire  what  force  was 
necessary  to  keep  a  body  in  a  certain  uniform  state  of  motion. 
A  satisfactory  proof  of  the  truth  of  this,  as  well  as  of  other 
laws  which  we  shall  meet  with  hereafter,  arises  from  the  fact 
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of  the  accurate  agreement  with  fact  of  calculations,  many  and 
complicated,  which  are  based  upon  it.  Perhaps,  however,  the 
mind,  which  has  dwelt  long  on  the  subject,  will  see  the  truth 
of  the  law  as  necessarily  involved  in  the  idea  of  matter,  and  as 
having  therefore  an  axiomatic  character  more  convincing  than 
any  proof  founded  upon  the  agreement  of  calculation  and 
experiment:  we  must  not  however  pursue  a  remark,  which 
would  lead  us  into  discussion  unsuited  to  the  character  of 
the  present  elementary   work. 

12.  Dismissing  then  the  question  of  the  nature  of  the 

proof  of  the  first  law  of  motion,  and  supposing  its  truth  to 

be  established,    we  learn   from  it   that  whenever   a   body  is 

moving   with    a    velocity   varying    either    in    direction   or   in 

magnitude,  we  are  to  conclude  that  the  body  is  acted  upon 

by  some  extraneous  force.    Confining  ourselves,  for  distinctness 

of  conception,  to  the  case  of  a  body  moving  in  a  straight  line 

but  not  uniformly,    we  are   to  conclude  that   the  change  of 

velocity  from  one  moment  to  another  is  due  to  the  action  of 

some  force  upon  the  body  ;  hence  the  rate  of  this  change  must 

m  some  way  be  an  index  of  the  intensity  of  the  force:  but 

"^^  the  question  occurs, — Are  we  to  estimate  the  force  acting 

^^  the  body  solely  by  the  change  of  velocity,  or  are  we  to 

**ke  into  account  also  the  quantity  of  matter  contained  in  the 

^^y^  for  it  is  an  obvious  fact  that  a  given  force  (as  a  blow 

^^^  instance)  will  generate  a  greater  velocity  in  a  body  as  its 

''^^ight  is  less  ?      The  answer  is,   that    we   may  estimate  the 

Wee  either  way,  that  is,  we  may  estimate  it  either  by   the 

^^locity  generated    only,   or  we  may    take  into  account  not 

^ly  the  velocity  generated,  but  also  the  quantity  of  matter 

^oved ;  in  the  former  case  we  call  the  force  the  accelerating 

«>1X»  acting  on   the   body,   in   the  latter    the  moving   force. 

^^  the  distinction  between  these  two  ways  of  estimating  force 

'^    of  first  importance  to  a  clear  understanding  of  dynamical 

P^nciples,  we  shall  enunciate  it  as  plainly  as  we  can. 

13.  Force  considered  with  reference  to  velocity  gene- 
^o,ted  only,  and  not  to  the  quantity  of  matter  moved^  is 
oalled  accelerating  force. 
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Force  considered  with  reference  to  the  quantity  of  matter 
movedj  as  well  as  the  velocity  generated^  is  called  moving 
force, 

14.  The  exact  relation  between  accelerating  and  moving 
force  will  be  for  our  consideration  presently :  the  former 
will  just  now  occupy  our  attention,  and  we  must  consider 
carefully  the  mode  of  measuring  it.  We  will  observe^  by  the 
way,  that  the  term  accelerating  is  not  used  as  opposed  to,  but 
rather  as  inclusive  of,  retarding  force,  the  latter  being  sup- 
posed to  differ  from  the  former  merely  in  its  algebraical  sign ; 
and  hence,  when  we  speak  of  a  force  generating  a  velocity 
in  a  body,  we  intend  the  term  to  include  forces  which  destroy 
velocity. 

Accelerating  force  may  be  uniform  or  variable;  it  is  called 
uniform  when  equal  velocities  are  generated  in  equal  times, 
variable  when  this  is  not  the  case. 

Accelerating  force  is  measured^  if  uniform^  by  the  velocity 
generated  in  a  unit  of  time  ;  if  variable^  by  the  velocity 
which  would  be  generated  in  a  unit  of  time  if  the  force  re- 
mained constant  during  that  unit. 

Let  us  illustrate  the  mode  of  measuring  accelerating  force, 
by  reference  to  the  case  of  the  earth's  attraction  :  we  observe 
that  bodies  fall  with  a  variable  velocity,  hence  we  know  that 
they  are  acted  upon  by  some  force ;   this  force  we  are  led  to 
attribute  to  an  attraction   residing  in   the  earth,   and   which, 
we   call   gravity ;    again,   we   observe,    (or   at   least    we    wilL 
suppose  it  to  be  observed,)  that    the  increments  of  velocity 
of  a  falling  body  in  equal   times  are  equal,  hence  we  con- 
clude that  gravity  is  a  uniform  force.     Let  us  consider  how 
it   is   to  be  measured;   a  body  in    l"  is  found   to  fall  from 
rest  through   16.I  feet,   at   the  end  of  l"  it  is  found  to  be 
moving  with  such  a  velocity  that  it  would,  if  it  continued  to 
move  with  the  velocity  which   then  animates  it,  pass  over  in 
the  next   second  32.2   feet.      Hence  32.2  feet  is  the  measure 
of  the  velocity  which  has  been  generated  in  l",  and  is  there- 
fore the  measure  of  the  accelerating  force  of  gravity.     It  may 
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be  mentioned  here,  that  this  quantity  is  usually  denoted  by  the 
letter  g. 

It  appears  then  that  32.2  feet  is  the  measure  of  the  earth's 
attraction,  and  in  making  use  of  this  result  the  student  is 
requested  to  bear  carefully  in  mind  all  the  conventions  upon 
which  it  depends.  We  have  assumed  that  the  accelerating 
force  of  the  earth^s  attraction  on  all  bodies  is  the  same;  an 
experimental  proof  of  this  is  supplied  by  the  fact,  that  under 
the  exhausted  receiver  of  an  air  pump  all  bodies  fall  equally 
rapidly ;  the  diflFerence  of  velocity  of  falling  bodies  in  air  is  due 
entirely  to  the  different  action  of  the  air  upon  them. 

15.  Peop.  Ifyhe  the  velocity  generated  hy  a  uniform 
accelerating  force  f  in  the  time  t,  then  will  v=ft. 


For  /  is  the  expression  for  the  velocity  generated  in  l", 
and  since  the  force  is  uniform  an  equal  velocity  is  generated  in 
each  second,  therefore  the  velocity  generated  in  t"  is  ft ;  i.  e. 
v^ft. 

Thus  in  the  case  of  the  earth^s  attraction,  the  velocity 
generated  in  l"  in  a  falling  body  is  32.2  feet,  therefore  the 
velocity  generated  in  2"  is  64.4  feet ;  by  which  we  mean,  that 
if  a  heavy  body  be  let  fall,  it  will  at  the  end  of  2"  be  moving 
with  such  a  velocity  that,  were  that  velocity  continued  con- 
stant through  l",  the  body  would  move  through  64.4  feet. 

16.  We  have  said  that  force  is  measured  by  the  velocity 
generated  in  a  unit  of  time,  but  now  we  must  observe  further 
that  there  is  a  certain  kind  of  force  which  cannot  be  so  esti- 
mated. This  kind  of  force  is  what  we  term  impulsive^  under 
which  name  we  include  all  forces  which  are  of  the  nature  of 
a  sudden  blow,  applying  the  name  of  finite  to  all  other  forces, 
such  as  that  arising  from  the  gravitation  of  bodies.  We  will 
first  give  formal  definitions  of  these  two  classes  of  force,  and 
then  attempt  to  explain  clearly  the  difference  between  them, 
and  the  necessity  for  difiPerent  modes  of  measuring  their  efiPects. 
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Def.  AJinite  force  is  one  which  requires  a  finite  time  to 
generate  a  finite  velocity. 

Def.  An  impulsive  force  is  one  which  generates  a  finite 
velocity  in  an  indefinitely  short  time. 

17*  Let  us  consider  what  takes  place,  when  an  impulsive 
force  results  from  the  impact  of  two  bodies  upon  each  other. 
For  distinctness  of  conception,  let  us  suppose  that  the  impact 
is  that  of  two  ivory  balls  :  when  the  balls  strike  each  other, 
they  appear  to  fly  asunder  instantaneously,  but  in  reality  a 
rather  complicated  action  takes  place  between  them ;  the  first 
effect  after  impact  is  a  compression  of  each  of  the  balls,  very 
slight  of  course,  but  nevertheless  necessarily  existing  unless 
the  balls  be  absolutely  rigid,  which  no  substance  in  nature  is ; 
after  the  compression  has  ceased,  a  restitution  of  the  figure  of 
the  balls  commences  in  consequence  of  their  elasticity^  and 
when  the  form  of  the  balls  is  restored  they  separate,  and  their 
action  on  each  other  ceases.  The  whole  action  first  described 
necessarily  occupies  a  certain  space  of  time  and  cannot  be  in* 
stantaneous,  and  there  is  nothing  in  the  nature  of  the  forces 
considered  to  make  them  differ  essentially  from  those  which 
we  have  denominated^wi/e;  nevertheless,  if  we  attempt  to  mea- 
sure them  in  the  same  way  we  are  met  by  this  insuperable 
difficulty,  that  we  know  nothing  of  the  laws  according  to 
which  the  action  we  have  described  takes  place,  we  cannot 
observe  the  action  of  the  forces,  because  for  all  purposes  of  ob- 
servation that  action  is  instantaneous;  hence  we  distinguish 
these  impulsive  forces  as  a  new  class  of  forces,  not  because 
they  are  physically  different  from  those  which  we  call  finite, 
but  because,  since  they  generate  a  finite  velocity  in  a  time  so 
short  as  to  be  considered  indefinitely  small,  we  are  compelled 
to  measure  them  in  a  different  way ;  and  we  measure  the 
accelerating  force  of  an  impulse,  not  by  the  velocity  which 
would  be  generated  in  a  unit  of  time,  but  by  the  whole  velo- 
city actually  generated. 

The  measure  of  the  moving  force  of  an  impulse  will  be 
considered,  when  we  come  to  speak  in  general  on  the  connec- 
tion between  accelerating  and  moving  force. 
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18.  The  first  Law  of  Motion  would  enable  us,  with  the 

help  of  such   mathematical  calculation  as  we   shall   hereafter 

employ,  to  solve  all  problems  of  rectilinear  motion ;   but  we 

have  at  present  no  means  of  determining  the  motion  of  a  body 

which  is  moving  under  the  action  of  various  forces  in  different 

directions,  or  of  a  body  which  being  in  motion  is  acted  upon 

by  a  force  not  in  the  direction  of  the  motion.      That  which 

we  require  is  furnished  us  by  the  Second  Law  of  Motion^ 

which  we  shall  at  once  enunciate. 

19.  When  any  number  of  forces  act  upon  a  body  in  motion^ 
each  produces  its  whole  effect  in  ottering  the  magnitude  and 
direction  of  the  body*s  velocity^  as  if  it  acted  singly  on  the  body 
at  rest. 

The  application  of  this  law  is  as  follows  :  At  any  moment 
*  body  has  a  certain  velocity,  also  if  it  were  at  rest  each  of  the 
forces  would,  acting  separately,  generate  in  it  a  certain  velocity 
M  a  certain  direction ;  we  ntust  suppose  that  the  body  has  all 
tliese  velocities  simultaneously,  and  if  they  be  compounded  by 
tie  rule  of  the  parallelogram  of  velocities,  the  resultant  velo- 
^ty  will  be  the  actual  velocity  of  the  body. 

20.  With  regard   to    the  proof  of   the    second    Law  of 
Motion,  we  may  appeal  to  such  experiments  s^  the  following : 
A   ball  let  fall  from  the  mast  of  a  ship  in  motion,  will  fall 
^t  the  foot  of  the  mast,  notwithstanding  the  onward  course  of 
^he  ship  :  in  this  instance,   the  velocity  of  the  ball  is   com- 
pounded of  that  which  it  has  in  consequence  of  the  motion  of 
^he  ship,   and   of  that  impressed    upon    it    by   the  action   of 
gravity ;    for   before    the    ball    is  let    fall,    it    has    the    same 
horizontal  velocity  as  the  ship,  and  when  let  fall,  it  does  not 
lose  this  velocity,  but  only  has  it  compounded   with  another, 
viz.  that  due    to   gravity,  and    as    the    ship  also  retains  the 
same   horizontal  velocity,   (for    it   is   supposed   to  be  sailing 
uniformly,)  the  ball  falls,  with  reference  to  the  deck,  exactly 
M  though  the  vessel  were  at  rest. 

Illustrative  of  this  law  also  are  such  facts  as  these;  that 
'"e  walk  with   the  same  ease  in  different  directions  along  the 
15 
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earth^s  surface,  although  we  know  the  earth  to  be  not  at 
rest ;  that  we  can  walk  across  a  railway  carriage  in  rapid 
motion;  and  doubtless  many  others  will  suggest  themselves  to 
the  mind  of  the  thoughtful  student.  Perhaps  the  most  satis- 
factory is  this;  the  time  of  oscillation  of  a  pendulum  is 
independent  of  the  plane  in  which  it  vibrates,  notwithstanding 
the  earth'^s  motion. 

Further  experimental  proof  arises  from  the  fact  of  calcu- 
lations, based  upon  this  law,  leading  in  the  most  delicate 
cases  to  correct  results.  Perhaps  however  it  may  be  said, 
that  when  the  idea  of  force  has  been  completely  seized  and 
thoughtfully  considered,  the  truth  of  the  second  Law  of 
Motion  will  present  itself  to  the  mind  in  a  form  rather 
axiomatical  than  experimental  ;  but  this  is  a  question  on 
which  we  shall  not  here  raise  a  discussion. 


21.  Hitherto  we  have  considered  force  only  as  measured 
by  the  velocity  which  it  generates,  in  other  words,  we  have 
been  concerned  with  accelerating  force:  we  must  now  ex- 
amine the  proper  mode  of  estimating  force,  when  we  take 
into  account  the  quantity  of  matter  moved,  or  wh»i  we 
regard  it  as  moving  force. 

The  quantity  of  matter  in  a  body  is  usually  termed  its 
mass ;  but  how  are  we  to  define  the  term  mass  ?  If  we 
were  to  conceive  matter  to  be  made  up  of  ultimate  atoms, 
which  atoms  should  be  all  precisely  alike  in  magnitude  and 
in  all  their  qualities,  then  we  might  measure  the  mass  of  a 
body  by  the  number  of  atoms  it  contains;  but  this  is  not 
a  practicable  method,  and  we  are  compelled  to  measure  the 
mass  of  a  body  by  its  effects ;  we  measure  the  mass  of  a 
body  by  its  weighty  or  we  consider  two  bodies  to  be  of  the 
same  mass  if  they  are  of  the  same  weight.  In  this  mode 
of  estimating  mass,  it  is  assumed  that  the  attraction  of  the 
earth  on  all  particles  is  the  same,  that  is,  that  the  attraction 
is  not  dependent  upon  the  nature  of  the  matter  attracted, 
an  assumption  which  appears  to  be  justified  by  the  fact 
already  alluded  to,  that  bodies  of  all  kinds  fall  with  equal 
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velocity  under  the  exhausted  receiver  of  an  air-pump,  and 
of  the  truth  of  which  Newton  assured  himself  by  a  variety 
of  experiments.  We  can  only  define  the  mass  of  a  body 
then,  as  being  a  quantity  proportional  to  its  weight,  so  that, 
if  W  be  the  weight  of  a  body  and  M  its  mass, 

W  oc  M, 

or   Tr«  CM, 

where  C  is  some  constant  quantity,  the  numerical  value  of 
which  will  depend  upon  circumstances  to  be  presently  ex- 
plained. 

22.  Before  proceeding  further,  we  must  define  the  term 
Momentum^  which  we  shall  use  frequently. 

Def.  The  momentum  of  a  particle  of  matter  is  its  mass 
multiplied  by  its  velocity  ;  the  momentum  of  a  body,  or 
system  of  particles,  is  the  sum  of  the  products  of  the  masses 
of  the  particles  by  their  respective  velocities. 

The  phrase  quantity  of  motion  is  sometimes  used  instead 
of  momentum. 

23.  Let  us  now  inquire  concerning  the  method  of  mea- 
suring moving  force ;  in  other  words,  when  pressure  commu- 
nicates motion  to  a  body,  what  will  be  the  proper  measure 
of  its  effect?  The  answer  is  given  by  the  third  Law  of 
Motion^  which  we  may  enunciate  as  follows : 

When  pressure  produces  motion  in  a  hody^  the  momen- 
tum generated  in  a  unit  of  time,  supposing  the  pressure 
constant 9  or  which  would  he  generated  supposing  the  pressure 
variable^  is  proportional  to  the  pressure. 

24.  The  result  of  this  law  is,  that  as  velocity  generated 
is  the  measure  of  accelerating  force,  so  momentum  generated 
is  the  measure  of  moving  force.  And  if  P  be  a  uniform 
pressure,  v  the  velocity  generated  in  the  time  t,  in  a  body 
the  mass  of  which  is  M,  we  shall  have 

Mv  =  Pt. 

16—2 
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Suppose  /  to  be  the  accelerating  force  corresponding  to 
the  pressure  P,  then  we  have 

hence,  comparing  the  two  last  formulae, 

or,  moving  force  =  mass  x  accelerating  force. 

Thus  the  third  Law  of  Motion  teaches  us  how,  when  a 
pressure  is  given,  to  deduce  the  accelerating  force  due  to  it, 
for  we  have  only  to  divide  the  pressure  by  the  mass  moved, 
and  we  have  the  accelerating  force  required.  Let  us  take 
the  example  of  the  pressure  caused  by  the  weight  of  a 
body  ;  let  W  be  the  weight,  M  the  mass,  then  we  know  that 
the  accelerating  force  is  that  which  was  before  denoted  by 
g^  hence  by  the  third  Law  of  Motion  we  must  have 

TF=  Mg, 

and  therefore  the  constant  C  in  the  formula  of  Art.  21.  is  to 
be  replaced  by  g^  the  accelerating  force  of  the  earth'*s  at- 
traction. 

25.  This  Law  of  course  includes  impulsive  forces,  and 
we  may  therefore  say  that  an  impulsive  force  is  measured 
by  the  whole  momentum   generated  by  it.      (See  Art.  17.) 

26.  We  may  exhibit  the  third  Law  of  Motion  from  a 
slightly  different  point  of  view,  by  saying,  that  it  establishes 
a  relation  between  the  statical  measure  of  force,  which  is  the 
pressure  produced,  and  the  dynamical  measure,  which  is  the 
velocity  generated. 

27.  With  regard  to  the  truth  of  the  third  Law  of  Mo 
tion,    it    may    be    considered    either    to    rest  on    experiment, 
confirmed  by   the   coincidence   with  fact   of  innumerable  cal- 
culations founded  upon  it,  or  perhaps  to  be  deducible  without 
experiment  from  previously  established  principles. 
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We  shall  content  ourselves  with  giving  an  account  of  one 
experiment,  divested  of  all  the  refinements  by  means  of  which 
Atwood  was  able,  with  a  machine  constructed  for  the  purpose, 
to  obtain  great  accuracy  of  result. 

Let  W  and  W  he  two  weights,  of  which  W  is  the  ^^^ 
greater,  connected  by  a  fine  string  passing  over  a  small 
fixed  pully.  Then  W  will  descend,  and  as  IF  and  W 
are  pulling  in  opposite  directions,  the  weight  producing 
motion  is  TT  —  W\  and  the  weight  moved  is  W  +  W'. 
The  advantage  of  this  experiment  is,  that  we  can  alter 
the  difference  between  the  weights  (  W  —  TF')  as  much 
as  we  please^  while  the  weight  moved  (  TF  +  TF')  re- 
mains the  same.      Now  by    numerous  experiments  it 

ir-  TF' 

was  determined,  that  the  ratio      -  --,^  is  in  all  cases     i    -^, 

proportional  to  the  accelerating  force,  or  that  the  pres- 
sure producing  motion  is  proportional  to  the  product  of  the 
weight  moved  and  the  accelerating  force,  or  (which  is  the  same 
thing)  the  product  of  the   mass  and  the  accelerating  force : 
which  result  is  in  accordance  with  the  third  Law  of  Motion. 

28.  We  are  now  prepared  with  Dynamical  principles, 
which  we  shall  proceed  to  apply  to  the  cases,  of  a  particle  under 
the  action  of  uniform  forces,  and  of  the  collision  of  bodies.  A 
more  general  application  of  the  principles  would  require  the 
use  of  a  higher  calculus  than  any  with  which  the  student  is 
supposed  to  be  acquainted. 


ON  THE  RECTILINEAR  MOTION  OF  A  SINGLE  BODY 
CONSIDERED  AS  A  PARTICLE,  UNDER  THE  AC- 
TION  OF   A  UNIFORiM   FORCE. 

The  following  is  the  fundamental  proposition  of  this  branch 
0^  Dynamics. 

29.      Prop.     If  ^  he  the  space  described  from  rest^  in  the 
^^^e  t^  by  a  body  under  the  action  of  a  uniform  accelerating 

f^ce  f,  then  s  «  —  . 

2 
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Suppose  the  time  to  be  divided  into  n  equal  intervals,  each 
equal  to  r,  so  that  t  ^  nr ;   then  the  velocity  of  the  body  at 
the  end  of  the  Ist,  2nd,  3rd. ...  intervals  will  be/r,  2/t,  Sfr... 
respectively ;   (Art.   15.)      Now  suppose  the   body,  instead  of 
moving  as  it  actually  does,  to  move  through  the  whole  of  eacl^ 
interval  of  time  with  the  velocity  which  it  had  at  the  beginnin^^ 
of  the  interval,  and  let  Si  be  the  space  which  would  be  describec^ft^ 
in  the  time  t  on  this  hypothesis ;  again,  suppose  the  body  t 
move  through  each  interval  with  the  velocity  which  it  has 
the  end  of  the  interval,  and  let  82  be  the  space  described  c^y] 
this  hypothesis ;   then 

«1  «  0.  T  +/t.T  4-  2/t  .  T  +   ...    +  (n  -  l)fT.T 

•^  2  2    V  »/ 

Sz^/t  .  T  +  2/t  .  T  +  Sfr  .  T  +  ...  4-  u/t  .  T 

•^  2  2    V         n/ 

Now  it  is  manifest  that  8  is  intermediate  in  value  to  Sy  aim  <1 
8^9  but  when  we  suppose  the  interval  r  to  be  indefinitely  smaHy 
and  n  indefinitely  great,  we  bring  the  two  hypothetical  caS'^s 
which  we  have  supposed  to  coincide  with  the  real  motion     ^^f 

the  body,  and  in  this  case  —  is  indefinitely  small,  and 

5j  —  «2  —  — -   ; 
2 

.'.  also,    s  =  —  . 

2 

30.  We  shall  give  another  proof  of  the  same  propositi^  ii> 
which,  though  in  some  respects  inferior  to  that  which  precedes, 
is  worthy  of  the  student^s  attention  on  account  of  its  brevity  • 

Let  A  be  the  point  from  which     . — — « 

the  body  starts,   B  its  place  at  the   -^ 

end  of  the  time  ty  so  that  AB  =  s :   then  the  velocity  of    ^-^^ 
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body  at  B  ^  ft     Now  suppose  the  body  to  start  from  B  with 

a  velocity  //,  and  to  proceed  towards  A,  the  force  /  acting  in 

the  same  direction  as  before,  and  therefore  retarding  its  motion : 

at  the  end  of  the  time  t  the  body  would,  if  no  force  acted, 

have  described  a  space  ff ;    also  we   know   that    the  space, 

through  which  the  force  /  would  carry  it,  is  s ;  hence  the  space 

through  which  the  body  will  move  in  the  time  ty  when  it  starts 

with  a  velocity  fi,   and  is   retarded  by   a  force  /,  must  be 

ff  -  8.     But  at  the  end  of  the  time  t  the  body  will  be  at  J^ 

since  the  force  /  will  destroy  the  velocity  ft,  in  exactly  .the 

same  space  which  it  required  to  generate  it.      Hence  we  have 

ff  -  8  ^BA==8; 

Cor.      If  V  be  the  velocity  of  the  body  at  the  end  of  the 

*inie  tyV^ft\  .',  *  =  —- ,  or  v'  «  2/*.      Hence,  when  a  body 

ftlls  under  the  action  of  gravity,  this  being  a  uniform  force, 
the  velocity  oc  the  time,  and  the  square  of  the  velocity  «  as 
the  space  described. 

31.  If  the  body,  instead  of  starting  from  rest,  begins  to 
move  with  a  given  velocity,  the  formulae  of  the  preceding  article 
are  easily  adapted. 

For  let  V  be  the  initial  velocity,  v  the  velocity  at  the  time 
ty  8  the  space  described.  Then  the  velocity  at  the  time  t  is 
the  original  velocity  i  that  which  is  generated  or  destroyed  by 
the  force,  or 

v^  V^ft, 

the  upper  or  lower  sign  being  used,  according  as  the  force 
accelerates  or  retards. 

And  the  space  will  be  that,  which  would  have  been  de- 
^ribed  by  the  body  moving  uniformly  with  a  velocity  V  i  that 
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which  it  would  describe  under  the  action  of  the  force  only, 
or 

2 

the  upper  or  lower  sign  being  taken  according  to  the  same  rule 
as  before. 

CoE.      We  can  obtain  v  in  terms  of  8  :  for 


/(-^f) 


32.  For  distinctness"  sake,  we  will  here  collect  in  a  tabular 
form  the  formulae  which  have  been  proved,  and  which  may  be 
applied  to  a  variety  of  examples. 

When  the  body  starts  from  rest, 

2 
V  =ft 


When  the  body  starts  with  an  initial  velocity   V, 

2     . 

\ (5), 


v'  ^  V^rk2fs 


J 


the  upper  or  lower  sign  to  be  taken,  according  as  /  accelerates 
or  retards  the  motion. 

33.  These  formulae  possess  peculiar  interest,  because  they 
apply  to  the  case  of  a  body  falling  under  the  action  of  gra- 
vity.    We  have  before  said,  that  gravity  is  a  uniform   force. 
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at  least  it  is  sensibly  so  for  small  distances  above  the  earth'^s 
surface;  we  may  here  remark  in  addition,  that  in  conse- 
quence of  the  earth  not  being  accurately  spherical,  the  force 
of  gravity  is  not  exactly  the  same  at  all  points  of  the  earth^s 
surface,  but  varies  slightly  with  the  latitude;  we  may  con- 
sider, however,  that  for  all  ordinary  purposes  its  magnitude 
is  measured  by  the  quantity  ^  =  32.2  feet.  The  value  of  g 
IS  not  determined  by  direct  experiment,  but  may  be  most 
accurately  found  by  observations  of  the  pendulum,  according 
to  principles  hereafter  to  be  developed. 

34.  We  shall  now  illustrate  the  formulae  {A)  and  (J5) 
by  some  examples  of  falling  bodies. 

Ex.  1.  Two  bodies  are  let  fall  at  an  interval  of  l",  to 
find  how  far  they  will  be  apart  after  the  lapse  of  4"  from  the 
fall  of  the  first. 

Let  8  8  be  the  spaces  through  which  they  have  respec- 
tively fallen,  then 

5  = -4^=?  X  16*, 
2  2 

2  2 

.'.  s-  8  =-  x7«l6.1  X  7  =  112.7  feet,  the  distance  required. 
2 


Ex.  2.  When  two  bodies  are  let  fall  from  the  same  point, 
but  not  at  the  same  moment,  the  distances  between  them  at 
^he  end  of  successive  equal  intervals  increase  in  arithmetic 
progression. 

Let  8  s'  he  distances,  described  by  the  two  bodies  respec- 
tively in  the  time  t  from  the  fall  of  the  first,  t  the  interval  of 
time  between  the  starting  of  the  two,  then 

2 
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«'  =  f{#-rP, 


2 


g 


2  ^  ^ 

«  -  «'  is  the  distance  between  the  bodies  at  the  time  t^  c 
this  d,  and  let  d^  d^...be  the  distances  corresponding  to  t 
times  ^  +  ^j,  t  +  2ti 

&c.  s  &c. ; 
.-.  di  -  d  =  ^^i  T  «  dg  -  di  =  &c. ; 

that  is,  the  quantities  ddjd^, ...  &c.,  are  in  arithmetic  p 
gression. 

Ex.  3.  A  stone  is  thrown  into  a  well,  and  it  is  obsen 
that  2^'  elapses  before  the  sound  of  its  striking  the  bottom 
heard ;  neglecting  the  time  occupied  by  the  transmission 
the  sound,  find  the  depth  of  the  well. 

Let  8  be  the  depth  ; 

then  5  =  ?2«  =  2fi-  =  64.4  feet. 
2  ^ 

Ex.  4.     A  ball  is  projected  upwards  with  a  given  velocii 
it  falls,  and   on    striking  the  earth  rebounds   with  a  loss 

j — I      part  of  its  velocity ;    find  to  what  height  it  will  i 

after  any  given  number  of  rebounds,  and  the  whole  spi 
which  will  be  described  by  the  ball  before  coming  to  rest. 
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Let   V  be  the  velocity,  then  the  height  to  which  it  rises 

When  it  reaches  the  earth  its  velocity  is  |  F,  therefore  the 

velocity    of    rebound    is    V  (l J  by   hypothesis,    and    the 

V^  f        1\» 
heifi^ht  to  which  it  rises  =  —  ( 1  -  -  )  . 

In  like  manner,  the  height  to  which  it  rises  after  the  2nd 

F*  /        1 ^  * 
rebound  =  —  (1  — 
2g  \       n 

And  similarly,  it  will  be  seen,  that  the  height  after  the  p*^ 

rebound  =  —  ( 1 ,  which  is  the  answer  to  the  first  part 

2g  \       nj  ^ 

of  the  question. 

The  whole  space  described  by  the  ball 

=  — <l+fl J   +  (l j    -{-... adinfinitum\ 

F*  1  F*  n«  F»       n« 


^t       f.      M*       g-w*-(n-l)«       g    271-1 


-(-^) 


36.  The  formulae  {J)  and  {B)  are  applicable,  with  a 
slight  modification,  to  the  case  of  a  body  falling  down  a 
smooth  inclined  plane.  In  this  case  we  must  conceive  the 
force  of  gravity  to  be  resolved  into  two  parts,  one  parallel  to 
the  plane,  the  other  perpendicular  to  it ;  the  latter  will  pro- 
duce pressure  on  the  plane,  the  former  will  accelerate  the 
motion  of  the  body  and  is  the  only  part  with  which  we  shall 
be  here  concerned.  Let  a  be  the  inclination  of  the  plane, 
then  the  resolved  part  of  g  parallel  to  the  plane  will  be  ^sin  a, 
and  this  quantity  must  be  used  for  /  in  our  fundamental 
formulae. 


236  DTNAMILS. 

Ex.  1 .  To  find  the  velocity  acquired  by  a  body  in  falling 
down  a  given  inclined  plane. 

Let  AB  be  the  inclined 
plane,  a  its  inclination,  P  the 
place  of  the  body  at  a  given 
time,  BP  ^  s^  v  =  the  velocity 
at  P;  then  we  have  by  our 
formula, 

«?'  =  2^  sin  ax*, 

which  gives  the  velocity.  If  we  draw  BC  perpendicular  to 
the  horizontal  line  through  J^  and  call  V  the  velocity  at  J, 
we  have 

V^^2g.JBs\na 
^Stg.BC, 

Hence  the  velocity  is  the  same  at  A^  as  if  the  body  had 
fallen  through  the  vertical  space  BCi  that  is  to  say,  the 
velocity  generated  by  gravity,  depends  upon  the  vertical 
space  through  which  it  is  allowed  to  act,  a  result  which  might 
perhaps  have  been  anticipated,  and  which  was  in  fact  assumed 
by  Galileo. 

Ex.  2.  A  body  is  projected  upwards,  along  an  inclined 
plane,  with  a  given  velocity,  find  how  high  it  will  ascend, 
and  the  time  of  ascent. 

If  V  be  the  velocity  at  the  time  t,  when  it  has  ascended 
through  a  space  «,  a  the  angle  of  the  plane,  and  V  the  given 
velocity  of  projection,  we  have 

v^  =  P  —  ^gs  sin  a  ; 

when  «  =  0  the  body  will  stop,  and  the  distance  required 
will  be  given  by  the  equation, 

^g  sin  a 
For  the  time,  we  have, 


FALLIPTG    BODIRS    CONNBCTRU    BY    A    STRING. 


237 


and  the  body  stops  when 


#  = 


^sin  a 


Ex.  3.  Let  ACB  be  a  circle  in  a 
vertical  plane,  A  its  highest  point;  the 
time  of  descent  down  all  chords,  consi- 
dered as  inclined  planes,  will  be  the  same. 

Let  AP  he  any  chord,  a  its  incli- 
nation to  the  horizon  ;  draw  the  vertical 
diameter  AB^  and  join  J5P,  then  ABP 
■=  90®  -  BAP  =  a :  now  if  t  be  the  time 
of  descent  down  AP^  we  shall  have 

AP  ^  ff  sin  a  —  ; 


but,  AP  =  AB  sin  a, 


.-.  AB  = 


^^ 


and  t 


\/ ,  which  is  independent 


of  a,  and  is  therefore  the  same  for  all  chords. 


ON   THE   MOTION   OF   TWO   FALLING   BODIES 
CONNECTED   BY   A   STRING. 


36.  We  have  distinguished  problems  of  this  class  from 
those  which  we  have  been  recently  engaged  in  considering, 
because  in  those  we  were  alJle  to  regard  gravity  only  as  an 
accelerating  force,  whereas  in  these  we  must  consider  the 
mass  moved,  and  deduce  the  accelerating  force  by  the  third 
Law  of  Motion. 


A 


M* 
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Ex.  1.  Suppose  we  have  two  bodies^  the  masses 
of  which  are  M  and  M'  respectively,  connected  by  a 
fine  string  passing  over  a  smooth  peg  or  small  pully 
Ay  the  only  effect  of  which  is  to  change  the  direction 
of  the  string. 

Let  M  be  greater  than  M' ;  then  the  moving 
force  producing  motion  is  the  difference  of  the  weights, 
or  Mg  -  M'gy  and  the  whole  mass  moved  is  3f  +  JIT, 

consequently  the  accelerating  force  is  -- — rpff*  ^ 

Hence,  if  w  be  the  distance  of  M  from  A  at  the  time  t,  a 
the  distance  when  the  motion  commenced,  we  shall  have 

«T  =5  «  H-   -r^ riT • 

Ex.  2.  Let  us  take  a  numerical  illustration  of  the  last 
example. 

Suppose  M  =  23r,  and  o  ■=  0,  to  find  how  far  M  will 
descend  in  l".     We  have, 

2  -  1  £^       16.1 

,v  = = ss  5  .3  feet. 

2  +  12  3 

Ex.  3.  Two  weights  are  placed  upon  two  opposite  in- 
clined planes,  and  connected  by  a  fine  string  which  passes 
over  a  small  pully  at  the  highest  point  of  the  planes;  to 
determine  the  motion. 

Let  AB^  AC  be   the  two  planes, 
a,  )3  their  respective  inclinations. 

Then  the  part  of  the  weight  Mg 

which  is  effective  in  producing  motion 

is    Mg  sin  a,    and     that     of    M'g    is  ^ ' \ 

M'g  sin  /3 ;   the  difference  of  them  or  Mg  sin  a  -  M'g  sin  fi  is 

the  moving  force ;  the  mass  moved  h  M  ^  M  \    therdwe  the 

,        .        -          .     Jf sina  -  ilf' sin/3 
acceleratmi?  force  is   ; —^. 

^  M  +  M'  ^ 
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If  X  be  the  distance  of  M  from  A  at  the  time  /,  a  the 
distance  at  the  beginning  of  the  motion, 

3f  sin  a  —  Jf  sin  ^gf 

3f +  ir         T' 


X 


a  + 


Ex.  4.      A  numerical  illustration  of  the  preceding. 
Suppose  M  =  3 Jf' ,  a  =  30%  /3  =  60® :  then, 

3      v/s 
3  4-1  2 


0?  =  a  + 


3  —  1.7 
=  a  + --^  ^^  s=  a  H-  2  .  6/*-,  nearly. 


ON   PROJECTILES. 

37.  We  now  come  to  the  case  of  motion  not  rectilinear, 
*^^  the  principal  problem  to  which  the  formulae  already  es- 

f^^^lished  are  applicable,  is  that  of  the  motion  of  a  projectile, 
5^^t  is,  of  a  heavy  body  which  has  been  projected  in  a 
^  'Section  not  vertical.  The  results  which  we  obtain,  it  may 
^^  observed,  are  not  practically  correct,  since  we  omit  the 
^^^nsideration  of  the  resistance  of  the  air,  and  suppose  the 
*^ody  to  move  in  a  perfect  vacuum. 

38.  The  path  of  a  projectile  will  be  a  parabola. 

It  is  evident  that  the  path  will  be  in  one 
'^lanc :  let  it  lie  in  the  plane  of  the  paper, 
^nd  let  P  be  the  point  of  projection,  PNR 
\\ie  line   in   which  the  body  is   projected, 

>vhich  will  manifestly  be  a  tangent  to  the 

curve  described.  ^ 

Let    V  be  the  velocity  of  projection,  y 
and  N  the  point  at  which  the  body  would 
arrive   with  this  velocity  in  the  time  /,  so 
that  PN  =  Vt. 
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From  N  draw  NQ  vertical,  and  make  JVQ 


2 


then, 


since  the  space  which  the  body  would  describe  in  the  time 
t  under  the  action  of  gravity  only  is  NQy  and  if  gravity 
had  not  acted  the  body  would  have  been  at  AT,  therefore 
when  the  body  is  simultaneously  animated  by  its  original 
velocity  F,  and  that  generated  by  gravity,  it  will  be  at  Q. 

Complete  the  parallelogram  PVQN,  then 


pr^NQ  = 


g^ 


2 


QV^PN^  Vt; 

2^ 
...     QV2^  P^=  .PV. 

g 

But  in   the  parabola  QF*  =  4^SP  .PV.     (See  Conic  Sec- 

tions,  Prop.  ix.  page  140.)      Hence  Q  lies  in  a  parabola,  of 

which  the  axis  is  vertical,  and   the  distance  of  P  from  the 

F* 
directrix   or  focus  is    — . 

2^ 

Coil.      From  the  point  P  draw  PM  . 
perpendicular  to  the  directrix  ;   then 

Hence,  the  velocity  at  any  point  of 
the  parabola  is  that  tvhich  would  be 
acqinred  in  falling  from  the  directriop. 


39.      To  determine  the  position  of  the  focus  of  the  para- 
bola. 

Let  P  be  the  point  of  projection,  M 
PQ  the  direction  of  projection,  ASB 
the  axis  of  the  parabola,  PM  verti> 
cal,  PB  horizontal;  and  let  QPB 
(which  is  called  the  angle  of  prajec- 
tion)  s=  a. 
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From  P  draw  PS^  making  the  same  angle  with  PQ  as 
PQ  makes  with  PJIf;  then,  by  a  property  of  the  parabola,  the 
point  *?,  in  which  PS  meets  the  axis,  is  the  focus. 

Now    SPB  =  QPS  -  QPB  =  MPQ  -  QPB/  SPB  «   ^/^ 
PB  =  SP  sin  2a,  /\    /»    «     ^/^^W  2  a. 


3       / 


*SJ»  =  *SPcos2a, 


but   SP  ^ 


^g 


PB^ 


—  Sin  2  a, 
2^  , 


^2 

SB—  —  cos  2a. 

^g 


SB^- 


^tn^ZcL 


/^2^ 


The  lines  PJ5,  SB^  determine  the  position  of  S ;  for  we 
have  only  to  measure  the  distance  PB  horizontally,  and  BS 
vertically,  and  we  shall  determine  S. 


40.  To  determine  the  greatest  height  to  which  the  pro- 
jectile will  rise. 

The  velocity  of  projection  may  be  supposed  to  be  re- 
solved into  two  velocities,  one  horizontal  :=  Fcosa,  the  other 
vertical  ■=  Fsin  a.  The  vertical  motion  of  the  body  will  be  the 
same  as  if  it  were  projected  vertically  with  this  latter  velocity  ; 
hence,  if  h  be  the  height  required,  we  have 


h  = 


F*  sin^  a 
^g 


\ 


41.      To  find  the  lotus  rectum  of  the  parabola. 

M 
Draw  the  perpendicular  aSF  on  the  tan- 
gent PF,  which  is  the  line  of  projection  ;  let 
A  be  the  vertex  then  ^F  is  a  tangent  at  the 
vertex,  and  therefore  horizontal.  (See  Conies, 
Prop.  VI.  page  137.) 
16 
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Then     SYA  =  90"  -  a,     and    SPY^  MPY   ^9  -«; 
.'.    the  latus  rectum  =  ^AS  =  4*SF'co8a  =4iS'Pco^a 

a  cos"  a. 


g 


42.  To  find  the  range  of  the  prqjectUe^  that  ur,  the  d»- 
tancefrom  the  point  of  projection  at  which  the  body  meets  tht 
horizontal  plane  through  the  point  of  projection. 

The  range  will  evidently  be  twice  the  distance  of  the  point 

of  projection  from  the  axis  of  the  parabola.      But  this  distance 

P 
was  shewn  in  Art.  39  to  be  —  sin  2a ; 

Cor.  The  greatest  value  which  sin  2a  can  have  is  1,  which 
corresponds  to  a  =  45^ ;  hence,  the  range  of  a  projectile  will  be 
greatest  when  the  angle  of  projection  is  45^. 

43.  The  preceding  are  the  principal  propositions  respect- 
ing projectiles.  We  shall  now  give  a  few  examples,  which  may 
he  multiplied  to  any  extent. 

Ex.  1.  A  body  is  projected  horizontally  with  a  velocity 
of  4  feet  per  second,  to  find  the  latus  rectum  of  the  partiboU 
described. 

2F* 
The  general  expression  for  the  latus  rectum  is  cos' a; 

and  in  this  case  a  =  0,  and  F  =  4 ; 

.•.   the  latus  rectum  =  — - —  =  i  foot,  nearly. 

When  the  body  is  projected  horizontally,  it  is  manifest 
that  the  point  of  projection  is  the  vertex  of  the  parabola,  and 
the  general  investigation  of  the  path  becomes  much  simplified. 
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Let  AQhe  the  direction  of  projection,     A 
and  let  Q  be  the  point,  at  which  the  body 
would  arrive  from  A  in  the  time  t  with  a   -^ 
velocity  F;       .-.  AQ  =  Vt. 

Again,  take  QP  =  —  ,  so  that  QP  is  the 

distance  through   which    the   body    would 

fall  in  time  t  under  the  action  of  gravity  only  :  then  P  is  the 

actual  place  of  the  body  at  the  time  t. 

Complete  the  rectangle  ANPQ;   then 

PN  =  Vt, 


AN^ 


gt' 


2 


2P 
g 


.AN; 


but  in  the  parabola  PN^  =  4/ AS  .AN  (See  Conies,   Prop.  v. 
page  137.) 

...     ^js . 

g 


Ex.  2.  A  body  is  projected  at  an  angle  of  30®,  with  the 
velocity  which  it  would  acquire  in  falling  through  5  feet ;  find 
the  range. 

In  general,  the  range  =  — sin  2  a, 

g 

and  in  this  case  V^  —^g  x5; 

F* 
.-.  —  =  10, 

g 

and  the  range  =  10  sin  60°  =  5  v/S  feet. 


Ex.  3.  To  find  the  relation  between  the  velocity  and 
angle  of  projection ^  in  order  that  the  projectile  may  strike  a 
given  point. 

16—2 
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Let  O  be  the  point  of 
projection,  OM  horizontal, 
and  MP  vertical;  let  P  be 
the  given  point,  then  it  will 
be  given  provided  we  know 
OM  mA  MP  I  let  OM  =^  h, 
MP  =  k.  Draw  AB  the  axis  O 
of  the  parabola,  and  PN  perpendicular  to  AB. 

Then  we  have  proved,  (Arts  S9, 40)  that  OB^ 


F^sin2o 
2g 


and  AB  = 


P  sin^a 


.,    AN^^'^'-^-k,    PN^h 


H 


F^sin  2  a 
^g 


2V 


2 


but  the  latus  rectum  =  — —  cos^a; 

g 


.'.    PN'=:  cos^a.^AT; 

g 


or 


(- 


F^  sin  2  a  V «      2  F* 


^g 


)• 


g 


cos'  a 


F*  sin^  a 
^g 


-k^  ; 


or      h^  —  2h  —  sin  a  cos  a  +  ^k  —  cos^  a  =  0, 

g  g 

which  is. the  relation  between  a  and  F  required. 


Suppose,  for  instance,  that  h  =  100  feet.   A;  =  10  feet,  i 
that    F'  s=  40 ;   then  to  find  a,  we  have 


40*  40* 

100^  -  100  —r — sin  a  cos  a  +  10  -r—  cos  a  ■=  0. 


16.1 


16.1 


10000  -  100  X  100  sin  a  cx)s  a  +  10  X  100  cos^ «  =  0,  nearly 
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or,      10  -  10  sin  a  cos  a  +  cos*^  a  =  0, 

1  +.COS  2  a 
10-5  sin  2a  + ~  -  =  0, 

2 


21  =  10  sin  2a  -  cos  2a  ; 
which  is  an  equation  for  finding  a. 


MOTION   OP  A   PARTICLE  ON  A   CURVE. 

44.  When  a  heavy  particle  moves  on  a  plane  curve, 
the  plane  being  supposed  to  be  vertical,  a  portion  of  the 
weight  of  the  body  will  be  employed  in  producing  pressure 
on  the  curve,  and  the  other  portion  in  producing  motion. 
Hence,  in  considering  the  motion  of  a  body  on  a  curve,  we 
suppose  the  force  of  gravity  at  any  point  to  be  resolved  into 
two  parts,  one  acting  along  the  tangent  of  the  curve,  the 
other  along  the  normal;  the  former  is  the  part  which  produces 
motion,  and  is  the  only  part  with  which  we  shall  generally  be 
concerned.  We  have  already  considered  a  particular  case  of 
motion  on  a  curve,  when  we  treated  of  a  body  falling  down 
an  inclined  plane ;  but  in  that  case  the  inclination  of  the  plane 
being  always  constant,  the  force  producing  motion  was  uniform, 
whereas  in  the  more  general  problem  of  motion  on  any  curve 
the  intensity  of  the  force  varies  from  point  to  point.  Con- 
sequently the  formulae  which  we  have  hitherto  used  are 
inapplicable,  and  we  shall  be  obliged  to  content  ourselves,  in 
this  place,  with  one  general  proposition,  which  we  can  demon- 
strate by  general  reasoning.  We  shall  recur  to  the  subject 
hereafter. 

45.  ffhen  a  heavy  body  falls  down  the  surface  of  a 
smooth  curve^  the  velocity  at  any  point  is  that  due  to  the 
vertical  height  through  which  the  body  has  fallen. 

In  the  first  place  we  observe,  that  the  pressure  of  the 
curve  is  always  perpendicular  to  the  direction  of  the  motion, 
and  therefore  destroys  no  velocity. 
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In  the  next  place,  the  proposition  is  true  for  an  inclined 
plane,  as  has  been  shewn.      (See  Page  236.) 

And,  lastly,  we  may  consider  the  curve  to  be  a  succesdoD 
of  inclined  planes,  the  planes  being  indefinitely  short  in  length 
and  great  in  number,  and  the  proposition  being  true  for 
each  will  be  true  for  all,  and  therefore  for  the  curve.  For 
though  it  may  be  argued,  that  there  is  always  a  loss  of 
velocity  in  passing  from  one  plane  to  another,  yet  we  know 
that,  when  the  planes  are  so  far  increased  in  number  and 
diminished  in  magnitude  as  to  be  considered  coincident  with 
the  curve,  this  will  not  be  the  case,  since  by  our  first  ob- 
servation no  velocity  is  lost. 

46.  There  is  one  point  connected  with  the  motion  of  a 
body  on  a  curve,  of  which  we  can  give  a  general  expla- 
nation, and  on  which  it  is  desirable  to  have  distinct  notions; 
and  that  is,  the  existence  of  what  is  called  centrifugal  force. 
The  explanation  is  applicable,  not  only  to  the  motion  of  a 
body  constrained  to  move  upon  a  curve  line  or  curve  sur- 
face, but  also  to  that  of  a  body  describing  any  path  not 
rectilinear  under  the  action  of  any  forces. 

When  a  body,  acted  upon  by  any  force,  moves  in  the 
direction  in  which  that  force  acts,  it  has  a  tendency  at  each 
moment  to  proceed  only  with  the  velocity  which  it  has  at 
that  moment ;  this  follows  from  the  first  law  of  motion,  or 
is  the  consequence  of  the  inertia  of  the  body.  But  when 
a  body,  acted  upon  by  any  force,  moves  transversely  to  the 
direction  of  the  force,  it  has  a  tendency  at  each  moment, 
not  only  to  proceed  with  the  velocity  with  which  it  is  then 
animated,  but  also  to  continue  to  move  in  the  direction  in 
which  it  is  moving  at  the  instant  in  question;  this  also  is 
a  consequence  of  the  first  law  of  motion.  The  motion  there- 
fore may  be  conceived  of  as  though  the  body  were  under 
the  action  of  a  force,  always  tending  to  make  the  body 
leave  the  path  which  it  actually  describes  ;  the  force  which 
measures  this  tendency,  is  called  the  centrifugal  force^  a 
name  liable  to  much  objection,  because  there  is  in  fact  no 
force  acting  on  the  body  to  draw  it  out  of  its  path,  the 
tendency  to  leave  that  path  being  the  result  of  its  own 
motion  only. 
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Hence  if  we  conceive  the  forces,  acting  on  a.  body  which 
describes  a  plane  curve,  to  be  resolved  into  two,  one  in  the 
direction  of  the  tangent,  the  other  in  the  direction  of  the 
normal,  we  may  say  that  the  former  portion  is  expended  in 
accelerating  or  retarding  the  body's  motion,  the  latter  in 
changing  its  direction,  or  (in  other  words)  in  counteracting 
the  centrifugal  force.  And  if  the  body  be  constrained  to 
move  on  a  curve,  the  normal  portion  will  be  employed  in 
CM>unteracting  the  centrifugal  force,  and  also  in  producing 
pressure  on  the  curve.  Therefore,  when  a  heavy  particle 
moves  upon  a  curve  in  a  vertical  plane,  the  pressure  on 
the  curve  is  not  the  resolved  part  of  the  weight  in  the  di- 
rection of  the  normal,  as  would  be  the  case  if  the  particle 
were  at  rest,  but  is  greater  or  less  than  that  resolved  part 
according  as  the  centrifugal  force  tends  to  increase  or  di- 
minish the  pressure. 


ON  THE  COLLISION  OR  IMPACT  OF  BODIES. 

47.  In  investigating  the  circumstances  of  motion  which 
attend  the  collision  of  bodies,  there  are  two  cases  for  us  to 
consider;  (1)  that  of  melastic  bodies,  (2)  that  of  elastic. 
We  must  define  the  meaning  of  these  terms. 

We  have  already,  when  speaking  of  impulsive  force,  de- 
scribed the  nature  of  the  action  which  takes  place  when  two 
elastic  bodies  impinge  upon  each  other  ;  now  if  when  two 
bodies  impinge  upon  each  other,  after  the  compression  of 
their  figures  due  to  the  impact  has  ceased,  a  force  of  re- 
stitution of  figure  comes  into  operation,  the  bodies  are  called 
elasticyhut  if  there  is  no  such  force  then  they  are  called 
inelastic.  To  take  examples,  ivory  and  glass  are  highly 
elastic  substances,  a  lump  of  putty  or  clay  is  perhaps  as  free 
from  elasticity  as  any  substance. 

Let  us  consider  the  impact  of  inelastic  bodies. 

48.  Two  inelastic  halls^  moving  in  the  same  direction 
but  with  different  velocities^  impinge  upon  each  other  ;  to 
determine  the  motion  after  impact. 
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Let  jlf  JT  be  the  masses  of  the  two  balls,    V   V  their 
velocities  before  impact. 


When  the  bodies  impinge,  there  will  be  an  impulsive 
pressure  between  them,  which  we  will  call  Rj  and  the  value 
of  which  it  must  be  our  business  to  find.  This  pressure 
will  of  course  be  equal  in  magnitude  and  opposite  in  its  di- 
rection upon  the  two  balls,  i.  e.  accelerating  one  and  retarding 
the  other. 

The  momentum  of  the  ball  M  before  impact  is  Jf  F, 
therefore  its  momentum  after  impact  is  MV  ^  R,  and  there- 
fore its  velocity   ^  -  "77  • 

*   R 

Similarly,  the  velocity  of  the  ball  M*  after  impact  is  ^'  +  -jv 

But  since,  by  the  hypothesis  of  inelasticity,  there  is  no 
force  after  impact  to  separate  the  balls,  they  will  proceed  with 
a  common  velocity ; 

•    F--=  F+— • 

1     •.         17        ^'     iv^     ir^     MV-^ATV 

and  the  common  velocity  =  r ---- — tt/CF-  r  I- — t^f- • 

•^  M^M  M-hJIf 

If  the  balls  are  moving  in  opposite  directions,  we  have 
only  to  write   -  V  instead  of  V\ 

CoE.     If  •  we  call  v  the  velocity  after  impact,  we  have 

that  is   to  say,   the  sum  of  the  momenta  of  the  balls  is  the 
same  after  impact  as  before  it. 
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49-  We  can  now  proceed  to  the  problem  ^  elastic 
bodies.  We  may  consider  the  impact  as  consisting  of 
two  parts,  viz.  during  the  compression  of  the  bodies,  and 
during  the  restitution  of  their  forms:  as  long  as  compres- 
sion continues,  the  problem  is  precisely  the  same  as  if  the 
bodies  were  inelastic,  and  if  we  call  the  impulsive  pressure 
between  them  during  compression  £,  the  value  of  R  will 
be  that  already  found  on  the  supposition  of  the  bodies  being 
inelastic;  for,  though  the  bodies  do  not,  for  any  sensible 
time  after  impact,  move  with  the  same  velocity,  yet  during 
that  very  short  time  in  which  the  compression  takes  place 
they  do  so ;  hence  the  force  of  compression  is  already  de- 
termined. When  the  restitution  of  force  takes  place,  a  new 
force  is  brought  into  action,  which  we  shall  distinguish  as 
the  force  of  restitution,  and  shall  call  R* ;  to  determine  R' 
we  must  have  recourse  to  experiment,  and  it  is  found  that  the 
ratio  of  R'  to  R  is  independent  of  the  velocity  of  the  bodies, 
and  dependent  only  on  the  nature  of  the  substances  of  which 
they  are  composed.  So  that,  if  we  make  R'  =  eR,  we  may 
consider  e  to  be  a  known  quantity,  since  in  any  given  example, 
if  the  substance  of  the  bodies  is  given,  the  value  of  e  may  be 
found  from  experiment,  or  by  reference  to  tables  of  elasticity. 
The  quantity  e  is  called  the  modulus  of  elasticity ;  it  is 
always  some  quantity  less  than  1 ;  the  limiting  case  of  e 
being  actually  «=  i  is  that  of  perfect  elasticity^  but  there  is 
no  such  case  in  nature. 


50.  Two  elastic  balls  moving"  in  the  same  direction^ 
but  with  different  velocities,  impinge  upon  one  another; 
to  Jind  the  velocities  after  impact. 

Let  M  M'  be  the  masses  of  the  bodies. 

V  V'  their  velocities  before  impact. 


V  V 


after 


RR'  the  forces  of  compression  and  restitution  respectively, 
so  that  the  whole  impulsive  force  between  the  balls  =  R  -\-  R' 
=  i2  (1  +  e),  where  e  is  the  modulus  of  elasticity. 
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We  niay  find  R  on  the  supposition  of  the  bodies  being 
inelastic;    hence  by  our  previous  investigaticHi,  (Art.  47.) 

„..r-^?i?:.r.(.«)|>-F-*(.«)^(F-n 

If  the  balls  are  moving  in  opposite  directions  we  must  change 
the  sign  of  V\  as  in  Art.  48. 

51.  An  elastic  ball  impinges  directly  upon  a  Jived  plane; 
to  find  the  vehcity  after  impact. 

Let    V  be  balFs  velocity  before  impact, 
V      after 

RS'   the  forces  of  compression  and  restitution, 

e  the  modulus  of  elasticity. 

Then,  to  find  jB,  we  suppose  the  body  inelastic  ;  but  in  this 
case  there  would  be  no  velocity  after  impact,  since  the  plane 
is  fixed  ; 

M 
.V   «+  ^'  =  (1  +e)MV, 
and    «=  F-(l+c)F=-cF. 

Hence  the  balFs  velocity  will  be  diminished  in  the  ratio  of 
1  :  6.  The  negative  sign  indicates  that  the  motion  after  im- 
pact must  be  in  the  opposite  direction  to  that  before  impact, 
which  must  manifestly  be  the  case. 

52.  By  oblique  impact  we  intend  to  express  those  cases 
of  impact,  in  which  the  direction  of  the  velocity  does  not 
coincide  with  the  direction  of  the  mutual  impulsive  pressure. 
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53.  A  body  impinges  upon  a  fixed  plane^  in  the  direction 
of  a  line  making  a  given  ajigle  with  the  normal  to  the  plane ; 
to  determine  the  motion  after  impact. 

Let  V  be  the  velocity  before  impact,  a  the  angle  which 
its  direction  makes  with  the  normal  to  the  plane :  v,  6  similar 
quantities  after  impact.     The  rest  of  the  notation  as  before. 

We  may  suppose  the  velocity  V  to  be  resolved  into  two 
velocities,  one  parallel  to  the  plane  (Fsin  a),  the  other  per- 
pendicular to  it  ( F  cos  a) ;  the  former  will  not  be  altered  by 
the  impact,  the  latter  may  be  treated  as  in  the  case  of  direct 
impact  and  will  therefore  be  diminished  in  the  ratio  ot  \  i  e* 
The  resolved  parts  of  the  velocity  after  impact,  parallel  and 
perpendicular  to  the  plane,  are  v  sin  6  and  v  cos  Q  respec- 
tively ;  hence  we  shall  have, 

tj  sin  0  =  V  sin  a, 
V  cos  0  as  —  c  F  cos  a  ; 
.*.   coiQ  =  -  ecot  a, 
and  v^  =  P  (sin^a  +  e^cos^a), 
which  equations  determine  Q  and  v. 

Cor.      If  the  elasticity  be  perfect,  or  e  =  1,  we  shall  have 

cot  0  =  —  cot  a, 
or  0  =  —  a, 
and  v^  =  F^, 

or  I?  e  F. 

The  interpretation  of  these  results  is,  that  the  ball  will 
rebound  from  the  plane  with  a  velocity  equal  to  that  of 
incidence,  and  in  a  direction  making  an  angle  with  the  normal 
equal  to  the  angle  of  incidence,  but  on  the  opposite  side  of  the 
normal. 

•54.     We  shall  subjoin  a  few  examples  of  impact. 

Ex.  1.    A  perfectly  elastic  hall  impinges  directly  upon  an- 
other^ and  this  upon  a  third ;  compare  the  velocity  communi- 
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cated  to  the  thirds  with  that  which  would  have  been  comrnvr 
nicated  if  the  first  had  impinged  upon  it. 

Let  M  M'  M"  be  the  masses  of  the  balls,   V  the  velocity 
of  M  before  impact. 

Let  R  be  the  force  of  compression,  then  we  should  find, 
by  an  investigation  such  as  that  in  Art.  47,  that 

^       MM'     ,, 
R  = V' 

,'.  the  velocity  of  i?'  after  impact  =  -—-. «  ,- — —7  F,  (since  e  ==  l). 

•^  .  M      M  +  M 

In  like  manner,  the  velocity  communicated  to  M" 

2M'  2M 


M'  +  M"'  M  +  M 


7  V. 


But  the  velocity,  which  would  have  been  communicated  if 
M  had  impinged  upon  J/" 

^    ^  v 

M  +  M"     * 

Ex.  2.  In  the  direct  impact  of  perfectly  elastic  bodies^ 
the  sum  of  the  masses  of  the  bodies  multiplied  each  by  the 
square  of  its  velocity  is  the  same  before  and  after  impact. 

Let  MM'  be  the  masses  of  the  bodies,  VV'  their  respective 
velocities  before,  and  vv  after,  impact. 

Then,  we  have  seen  (Art.  50),  that 

2  J/' 


2M 


smce  e  =  1 ; 
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or    V  +  V  =  V  -\-  V' (l). 


Again, 


Mv  +  M'^'  =  MV  +  M'  r, 
or   i>f(v- F)  = -i»r(v'-  r') (2). 

Multiplying  together  (l)  and  (2),  we  have 

or,     Jft)«  +  M'^v^  =  J/F^  +  J/'  r*. 

The  mass  of  a  body  multiplied  by  the  square  of  its  velocity 
is  called  its  Vis  Viva ;  hence  it  appears,  that  when  the  elas- 
ticity is  perfect,  the  sum  of  the  Vis  Viva  of  two  impinging 
bodies  is  not  altered  by  impact. 

Ex.  3.     In  the  collision  of  imperfectly  elastic  bodies^  Vis 
Viva  is  lost  by  the  impact. 

In  this  case  we  have 

.:    Mv  +  M'v  =Mr+M'V; 
also  »-»'=  V-  V  -(1  +e)(F-  F')»_c(F-  T); 

.-.     {JUv  +  M'  »')*  =  (JIf  F  +  3i"  Vy, 
and    MM'  (»  -  «')*  =  MM'^  (  V  -  VJ 

=.  MM'(V-  vy  -  (1  -  e»)  MM'(V-  Vy 
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.-.  by  addition,  (3/ +il/')(il/v«+3fV«)«=(Jif+il/')(3f  F*+3f 'F'*) 

-  (1  -e'^)JfJf'(F-  Vy, 


Mif 


7(F-r)«; 


or  JftJ«  +  Jif' «'*  =  MV"  +  il/'F'«  -(!-€«)  ,^      ,^ 
which  proves  the  proposition,  since  e  is  less  than  1. 


Ex.  4.  An  elastic  ball  falls  from  a  given  height  upon  a 
given  inclined  plane ;  to  find  the  latus  rectum  of  the  parabola 
described  after  the  rebound. 


Let  /3  be  the  angle  of  the  plane  :  A  the  point  from  which 
the  body  falls ;  P  the  point  of  impact,  AP  =  h.  Let  PN  be 
normal  to  the  plane,  PB  horizontal,  and  PM  the  direction  in 
which  the  ball  goes  off  after  impact,  BPM  «  9. 


Then  the  velocity  with  which  the  body  reaches  P  =  \/2ghy 
and  the  angle  APN  =  /3,  hence  if  F  be  the  velocity  with  which 
the  ball  leaves  the  plane, 

F*  =  2gh  (sin^  fi-^e^  cos^  /3).      (Art.  53.) 

Again,  NPM  =90^-/3  +  0,  hence  we  have,  (by  the  same 
article,) 

tan  (/3  -  0)  =  e  cot  /3. 

The  latus  rectum  of  the  parabola  described 


g 


cos^O.      (Art.  41.) 
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And   we  have 

tan  /3  -  tan  0  e 


1  +  tan  )3  tan  0      tan  /3 ' 
tan'  /3  -  tan  0  tan  j3  =  e  +  ^  tan  )3  tan  d ; 

tan*  j3  -  c 


.'.    tan  0 


and  COS'  0  = 


tan  /8  (1  +  c)  ' 
1  tan«  )3  (1  +  c)* 


1  +  tan^  0      tan«  /3  (l  +  «)*  +  (tan*  /3  -  0' 

8ec»/3(tan''/3  +  c*)  ^tan»/3  +  e*' 

^  ^  cos'  e  =  4  A  (sin*  /8  +  e»  cos*  /3)  sin"  /3   -     "*"  *^' 


g-  V         r-  fir'  jjy^s  ^  +  e« 

-iAsin'/Scos^/SO  +e)' 
=  A  sin"  2/8(1  +e)*. 
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INTRODUCTORY    REMARKS. 

1.  It  may  perhaps  assist  the  student  towards  the  right 
understanding  of  those  extracts  from  Newton'*s  Principia 
which  follow,  if  we  preface  them  with  a  few  remarks  re- 
specting their  general  purpose. 

2.  The  ordinary  processes  of  geometry  and  trigonometry 
are  sufficient  for  the  mensuration,  and  for  the  discussion  of 
the  properties,  of  straight  lines  and  figures  bounded  by 
straight  lines ;  but  these  methods  fail  when  we  come  to 
the  consideration  of  curve  lines  and  figures  bounded  by 
curves.  We  require  then  some  method,  which  shall  enable 
us  to  extend  our  calculations  to  this  more  difficult  case,  and  such 
a  method  is  propounded  and  developed  by  Newton  :  he  considers 
that  although  a  figure  inclosed  by  a  curve  line  is  not  a  polygon, 
yet  a  polygon  may  be  made  to  approach  as  near  as  we  please 
to  such  a  figure  by  increasing  the  number  and  diminishing 
the  length  of  its  sides ;  according  to  a  common  phraseology, 
a  figure  inclosed  by  a  curve  line  may  be  regarded  as  the 
limit  of  a  polygon,  and  thus  we  are  enabled  to  extend  to 
the  former  propositions  proved  concerning  the  latter. 

We  have  already,  in  fact,  anticipated  this  view  in  one 
simple  case,  namely,  in  determining  the  area  and  circumfe- 
rence or  a  circle,  (Trig.  Art.  51.  page  121.)  ;  for  we  deduced 
those  expressions  by  observing  the  values  to  which  the  area 
and  circumference  of  a  regular  polygon  continually  approx- 
imated, when  the  number  of  the  sides  was  increased  and 
their  length  diminished  indefinitely. 

We  also  anticipated  the  principle,  when  we  regarded  the 
tangent  of  a  curve  as  the  line  drawn  through  two  points  in 
the  curve,   when  one   of  those  points    is  made   to  move   up 
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indefinitely  near  to  the  other ;  in  other  words,  we  regarded 
the  tangent  as  the  limiting  position  of  the  secant,  when  the 
points  through  which  the  secant  is  drawn  coalesce.  (Conies, 
page  131.) 

3.  Having  used  the  term  limity  let  us  endeavour  to 
define  it  strictly. 

Dkf.  The  limit  of  the  value  of  a  quantity  is  the  value 
to  which  the  quantity  continually  approaches,  (though  it 
never  reaches  it,)  when  any  element  on  which  the  quantity 
depends  is  indefinitely  increased  or  diminished. 

The  limiting  position  of  a  line  would  be  similarly  defined. 
Hence  it  appears,  that  we  do  not  assert  that  a  quantity  ever 
is  equal  to  its  limit,  but  only  that  it  continually  approximates 
to  it.  Thus  we  do  not  say  that  a  circle  is  a  polygon,  or  a 
tangent  a  secant,  but  only  that  a  polygon  continually  ap- 
proximates to  a  circle  as  the  number  of  its  sides  is  increased 
and  their  length  diminished,  and  that  a  secant  continually 
approaches  to  a  tangent  as  the  points  of  section  approach 
each  other. 

4.  The  difHculty,  which  we  have  pointed  out  as  existing 
in  the  application  of  mathematics  to  Geometry,  exists  also 
in  the  application  of  tliem  to  Mechanics.  Thus  we  have 
seen,  that  in  our  treatise  on  Dynamics  we  were  restricted 
to  the  consideration  of  uniform  force,  because  we  had  no 
calculus  which  enabled  us  to  treat  of  force  varying  from  one 
moment  to  another.  We  may  however  consider,  that  if  we 
suppose  the  case  of  a  number  of  impulses,  and  suppose  these 
impulses  to  be  indefinite  in  number  but  also  indefinitely 
small  in  intensity,  we  shall  have  a  hypothetical  system  of 
impulses  approximating  as  near  as  we  please  to  the  cha- 
racter of  continuous  varying  force ;  in  other  words,  a  con- 
tinuous varying  force  may  be  regarded  as  the  Umit  of  a 
system  of  impulses. 

5.  The  method  of  calculation,  which  Newton  has  founded 
on  this  idea  of  a  limits  and  which  he  has  developed  in  the 
first  section  of  hia  Principia,  he  calls  ^^  The  method  of  prime 
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and  ultimate  ratios.^     The  propriety  of  the  name  will  be  seen 
bj  considering  an  example. 

Let  us  suppose  PQ  to  be  a  portion  of  a 
curve,  PT  the  tangent  to  it  at  P,  TQ  per-  -^ 
pendicular  to  PT:  then  we  may  consider  the 
I  curve  PQ  to  be  traced  out  by  a  point,  moving 
according  to  some  given  law,  and  PT  to  be  traced  out  by 
a  point,  which  moves  in  the  direction  in  which  the  former 
point  was  moving  at  P.  Now  it  will  be  proved,  that  the 
limit  of  the  ratio  of  the  lines  PT  and  PQy  when  TQ  is 
drawn  indefinitely  near  to  P,  is  one  of  equality ;  hence,  if  we 
regard  PQ  and  PT  as  described  by  two  points  beginning 
to  move  from  P,  we  may  speak  of  their  nascent  state,  and 
say  that  their  prime  ratio  (that  is,  the  ratio  which  they 
have  a/  JiTst,)  is  one  of  equality ;  or,  on  the  other  hand,  we 
may  suppose  PQ  and  PT  to  be  continually  diminished  by 
the  approach  of  TQ  to  P,  and  then  we  may  speak  of  their 
^mishing  state  and  say,  that  their  ultimate  ratio  is  one  of 
equality.  Prime  and  ultimate  therefore  are,  in  general,  ex- 
pressions for  the  same  thing,  contemplated  from  two  different 
points  of  view. 

6.  It  may  be  well  to  observe,  that  when  Newton  speaks 
of  two  quantities  being  ultimately  equals  he  does  not  mean 
that  they  ever  are  really  equal,  but  that  they  are  tending  to 
the  same  limit ;  thus,  to  take  an  algebraical  illustration,  accord- 
ing to  Newton^s  phrase,  a  +  ^  and  a  +  2<v  are  ultimately 
^ual  when  «r  is  indefinitely  diminished,  because  both  tend 
to  the  same  limit,  viz.  the  quantity  a. 

And,  in  like    manner,  in    the   example   adduced   in    the 

preceding  article,  Newton  would  speak  of  PP  and  PQ  being 

ultimately  equal ;   not  asserting  thereby  that  those  lines  are 

ever  really   equal,  but   only    that    they    constantly    tend    to 

Quality,  and  that  the  difference  between  their  ratio  and  unity 

diminishes  indefinitely  as  the  line  TQ  approaches  P. 


Note.  In  the  following  version  of  the  three  sections, 
^**Je  demonstrations  and  propositions  have  been  introduced 
^«ich  are  not  found  in  the  Principia :  all  such  interpolations 
^^^  marked  by  being  inclosed  in  parentheses. 
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ON  THE  METHOD  OF  PRIME   AND  ULTIMATE  RATIOS. 


Lemma  I. 


Quantities  and  the  ratios  of  quantities^  which  tend  con- 
stantly  to  equality^  and  may  he  made  to  approximate  to  each 
other  by  less  than  any  assignable  difference^  become  ultimately 
equal. 

For  if  not,  let  them  become  ultimately  unequal,  and  their 
difference  be  ultimately  D.     Therefore  they  cannot  approxi- 
mate to  each  other  by  less  than  the  difference  2>,  and  this  is 
contrary  to  the  hypothesis,  which  is,  that  they  may  approxi- 
mate by  less  than  any  assignable  difference.     Wherefore  they 
do  not  become  ultimately  unequal,  that  is,  they  become  ulti- 
mately equal.     a.E.D. 


Lemma  II. 

If  in  any  figure  AaE,  bounded  by  the  straight  lines  A 
AE  and  the  curve  acE,  there  be  inscribed  any  number  c^. 
parallelograms  Ab,   Be,  Cd on  equal  bases  AB,  BC^ 
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^D and  sides  Bb,  Cc parallel  to  the  side  of  the 

figure  Aa,  and  the  parallelograms  aKbl,  bLcm,  cMdn... 
he  completed :  then^  if  the  breadth  of  these  parallelograms  he 
diminished  and  their  number  incr&^ed  indefinitely^  the  ulti- 
mate ratios  of  the  inscribed  , figure  AKbLcM the  cir- 
cumscribed figure  AalbmcndoE,  and  the  curvilinear  figure 
AabcdE,  unll  be  ratios  of  equality. 

For  the  diflFerence  of  the  inscribed  and  circumscribed  figures 

is  the  sum  of  the  parallelograms  JT/,  £m,  Mn^  Do ,  that 

is,  (since  the  bases  are  all  equal)  the  parallelogram  A  a  IB, 
But  this  parallelogram,  by  diminishing  its  breadth  indefinitely, 
may  be  made  less  than  any  assignable  quantity.  Therefore, 
by  Lemma  I.,  the  inscribed  and  circumscribed  figures,  and  a 
fortiori  the  curvilinear  figure  which  is  intermediate  to  the 
two,  become  ultimately  equal,      q.e.d. 

Lemma  III. 

The  same  ultimate  ratios  are  also  ratios  of  equality^  when 

^^^  breadths  of  the  parallelograms  AB,    BC,   CD, are 

^^cqual^  and  all  are  diminished  indefinitely. 


For  let  AF  be  equal  to  the  greatest  breadth,  and  complete 
l-lie  parallelogram  AafF.  Then  this  parallelogram  will  be 
?5reater  than  tlie  difference  between  the  inscribed  and  circum- 
scribed figures;  but,  when  its  breadth  is  diminished  indefi- 
nitely,  it  will  become  less  than  any  assignable  quantity,  and 
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therefore  a  fortiori  the  difference  between  the  inscribed  and 
circumscribed  figures  will  be  lei^s  than  any  assignable  quantity. 
Hence,  as  in  the  preceding  Lemma,  the  ultimate  ratios  of  the 
inscribed,  the  circumscribed,  and  the  curvilinear  figure,  will  be 
ratios  of  equality.      a.E.n. 

CoK.     If  a6,  be,  cd be  joined,  the  rectilinear  figure 

so  formed  coincides  ultimately  with  the  curve  line  ahcdE,  and 
the  area  A  abed with  the  area  AaE. 


Lemma  IV. 

If  in  two  figures  AacE,  PprT,  are  inscribed  two  series 
of  parallelograms y  {as  in  the  preceding  Lemmas,)  the  number 
in  the  two  series  being  the  same,  and  if  when  the  breadths  of 
the  parallelograms  are  diminished  and  their  number  increased 
indefinitely,  the  ultimate  ratios  of  the  parallelograms  in  one 
figure  to  those  in  the  other  each  to  ea^ih  are  all  the  same ; 
then  are  the  figures  AacE,  PprT  in  that  same  ratio. 


E  :p 


For  as  the  parallelograms  are  each  to  each,  so  (compo- 
nendo)  is  the  sum  of  all  in  one  figure  to  the  sum  of  all  in  the 
other,  and  therefore  the  figure  AacE  to  the  figure  PprT; 
for,  by  the  preceding  Lemma,  the  ultimate  ratio  of  these  figures 
to  the  series  of  inscribed  parallelograms  is  a  ratio  of  equality. 


Q.E.D. 
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[Cor. 
an  ellipse. 


By  means  of  this  Lemma  we  may  find  the  area  of 


A.  O  JTJT  a 

For  if  ABa  be  the  ellipse,  ADa  the  auxiliary  circle,  and 
we  describe  in  these  a  series  of  parallelograms  on  equal  bases, 
such  as  PPN*Ni  QQ'N'N,  these  parallelograms  are  to  each 
other  as  PN  :  QJV,  or  as  BC  :  AC^  (Conies,  Prop.  vi.  page 
148.) 

Therefore 

area  of  ellipse  :  area  of  circle  ::   BC  :  AC, 


or,  area  of  ellipse 


BC 
=  wAC .  BC] 


[Def.  One  curvilinear  figure  is  said  to  be  similar  to 
another,  when  any  rectilinear  figure  being  inscribed  in  the  first, 
a  similar  rectilinear  figure  may  be  inscribed  in  the  other. 

In  other  words,  similar  curvilinear  figures  are  the  limit  of 
similar  rectilinear  figures,  the  sides  of  which  have  been  in- 
definitely increased  in  number  and  diminished  in  length.] 


Lemma  V. 

The  komologatM  aides  of  similar  curvilinear  figures  are 
proportional^  and  their  areas  are  in  the  duplicate  ratio  of 
the  sides, 

[Let  AED,  aed  be  two  similar  curvilinear  figures,  of 
which  the  sides  AE,  ED,  AD  are  homologous  to  ae,  ed,  ad, 
respectively ;  then,  by  definition,  if  ABCDE  be  a  polygon 
inscribed  in  one,  a  similar  polygon  ahcde  may  be  inscribed  in 
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the  other.      Join  EB^  EC...,  eh^  ec....,  dividing  the  polygtms 
into  the  same  number  of  similar  triangles ; 

.'.  AB  :  ah  ::   AE  :  ac, 

similarly    BC  :   he  ::   BE  :    he   ::  AE  :   ae, 

CD  :   fd  ::   -4JS  :   ae, 


.-.    componendoy 

AB  +  BC  +  CZ>  +  ...  :  ah  +  be  -^  cd  ...   ::   AE  :   ae. 

Now  this,  being  always  true,  will  be  true  when  the  number 
of  sides  is  increased  and  their  lengths  diminished  indefinitely  ; 
but,  in  this  case,  the  rectilinear  figure  ABCD  . . .  becomes 
ultimately  equal  to  the  curve  line  AD^  and  abed ....  to  ad ; 

.'.    AD  :   ad  ::  AE  :   ae  ::  ED  :   ed. 

Again, 
polygon  EABCD  :   polygon  eabcd  ::   AE^  :   ae% 

and  this  being  always  true  will  be  true  in  the  limit  as  before ; 
therefore,  (Lemma  III.   Cor.) 

curvir.  figure  AED  :  curvil'.  figure  aed  ::  AE^  :   a^ 

::   AD^  :   ad' 

::  ED'-  :  ed". 

a.  E.D. 
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Cor.      If  AED,   aed   are   similar  fipurcs,    and    £C,    ec 
equally  inclined  to  jEZ>,  ed^  then  EC  :   ee  ::  ED  :   ed,] 

[A  curve  may  be  conceived  as  being  traced  by  a  moving 
point,  the  direction  of  the  motion  of  which  is  continually 
changing. 

The  tangent  at  any  point  of  a  curve,  thus  considered,  is 
the  straight  line,  in  which  the  generating  point  would  move,  if 
instead  of  changing  the  direction  of  its  motion  it  moved  on  in 
the  direction  which  it  had  at  the  given  point. 

A  curve  is  said  to  be  one  of  continued  curvature^  when  the 
change  of  direction  is  not  abrupt,  but  gradual;  that  is,  if 
ACB  (fig.  Lemma  VI.)  be  an  arc  of  continued  curvature,  AD 
a  tangent  at  A^  and  BT  a  tangent  at  B,  then  as  the  point  B 
moves  to  A  the  angle  BTD  which  determines  the  direction  of 
its  motion  diminishes,  not  abruptly,  but  gradually,  and  ulti- 
mately vanishes.] 

Lemma  VI. 

If  any  arc  of  continued  curvature  ACB  he  subtended 
by  the  chord  AB,  and  have  the  tangent  ATI)  at  A ;  then 
if  the  point  B  move  up  to  A,  the  angle  BAD  will  diminish 
indefinitely  and  ultimately  vanish*. 


[Draw  the  tangent  BT  at  B;  then,  since  the  curvature  is 
continued,  the  angle  BTD  continually  diminishes  as  B  ap- 


*  It  will  be  easily  seen,  that  the  mode  of  viewing  the  tangent  to  a  curve,  which  has 
been  here  adopted,  coincides  with  that  according  to  whicli  the  tangent  is  considered  as 
the  limiting  position  of  the  secant,  (see  page  131 );  for,  since  the  angle  BAD  ultimately 
vanishes,  the  secant  AB  ultimately  coincides  with  the  tangent  AD, 
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proaches  A,  and  ultimately  vanisbes ;  therefore  d  fortkm  the 
angle  BAT^  which  is  less  than  BTD^  oontinually  dimiDishei 
and  ultimately  vanishes.      a.E.D. 

Cor.     Similar  conterminous  arcs,  which  have  their  chords 
coincident,  have  a  common  tangent. 


6 

Let  the  similar  conterminous  arcs  JPBy  Aph^  have  their 
chords  AB^  Ah  coincident,  and  let  APp^  AQq  be  any  other 
coincident  chords ;   then  since  the  curves  are  similar, 

AQ  :  Aq  ::  AB  :  Ab  ::   AP  :   Ap. 

Hence  the  arcs  AQP^  Aqp  are  similar,  and  therefore,  if  P 
move  up  to  A^  the  arcs  AP^  Ap  being  always  similar  will 
vanish  together,  and  the  chord  APp  in  its  ultimate  position 
will  be  a  tangent  to  both. 

Def.  The  subtense  of  an  arc  is  a  straight  line,  drawn 
from  one  extremity  of  the  arc  to  meet  at  a  finite  angle,  the 
tangent  to  the  arc,  at  its  other  extremity. 

Obs.  The  following  three  Lemmas  involve  a  common 
principle,  which  it  may  be  well  to  endeavour  to  explain.  The 
purpose  of  each  Lemma  is  to  discover  the  ultimate  value  of  a 
ratio,  both  terms  of  which  become  in  the  limit  evanescent,  and 
the  difficulty  consists  in  determining  this  value  geometrically. 
The  artifice  made  use  of  by  Newton,  is  this  ;  he  substitutes 
for  the  ratio,  the  ultimate  value  of  which  is  to  be  determined, 
another  ratio,  which  is  such,  that  it  is  always  equal  to  the 
given  ratio,  but  yet  that  its  terms  become  finite  and  not  evanes* 
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<^ent  in  the  limit;  the  difficulty  therefore,  just  now  alluded 
K  does  not  enter  into  the  determination  of  the  ultimate  value 
of  this  subsidiary  ratio,  which  being  found,  the  ultimate  value 
of  the  given  ratio  is  also  known,  being  equal  to  it.] 


Lemma  VII. 

If  BD  he  a  subtense  of  the  an*.  ACB  of  continued  cur- 
^aturcj  and  B  move  up  to  A,  then  will  the  ultimate  ratio 
of  the  arc  ACB,  the  chord  AB,  and  the  tangent  AD  be  a 
^atio  of  equ^Uty. 


XiCt  AD  be  produced  to  some  fixed*  point  d,  and  as  B 
•^^oves  up  to  -4,  suppose  db  always  drawn  through  d  parallel 
^^  X>B  to  meet  AB  produced  in  b.  Also  on  ^6  suppose  an 
^^^  Acb  to  be  described  always  similar  to  the  arc  ACBj  and 
"^ving  therefore  ADd  for  its  tangent. 

Then,  by  similar  figures,  we  shall  always  have, 

AB  :  ACB  :   AD  ::   Ab  :   Acb  :   Ad; 

^^^d  since  this  proposition  is  always  true,  it  is   true  in   the 
^^*Viit  when   B  has  moved  up  to  A. 

But,  in  this  case,  the  angle  bAd  vanishes,  and  therefore 
^V^e  point  6  coincides  with  d,  and  the  lines  Ab^  Ad^  and  there- 
^^^re  Acb  which  lies  between  them,  are  equal. 

Hence  also  the  arc  ACB^  the  chord  AB^  and  the  tangent 


*  [For  simplicity's  sake  the  point  d  is  spoken  of  as  a  Jueed  point,  but  this  condi- 
tion is  not  necessary  to  the  proof:  the  only  necessary  condition  is,  that  ^<j  should 
^ways  definite.    A  similar  ohserration  applies  to  the  next  two  Lemmas.] 
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AD^  which  are  always  in  the  same  proportion  as  Ach^  Ab^  and 
Ad^  are  ultimately  equal*,      q.e.d. 

Cor.  Hence  in  all  reasonings  concerning  ultimate  ratios, 
the  arc,  chord,  and  tangent  may  be  used  indiflPerently  one  for 
another. 


Lemma  VIII. 

//  ttvo  straight  lines  AR,  BR,  maKe'with  the  arc  ACB, 
the  chirrd  AB,  and  the  tangent  AD,  the  three  triangles 
RAB,  RACB,  RAD;  then  when  the  point  B  vmves  up  to 
A,  the  three  triangles  will  he  ultimately  similar  and  equal. 


Let  AD  be   produced  to  some   fixed  point  d,  and  as  B 
tmoves  up  to  A  suppose  dbr  always  drawn  through  d  parallel 

•  [Hence  it  may  be  concluded,  that  if  we  use  the  circular  measure  (see  Trigo- 
nometry, page  125,  Art.  64.)  of  an  angle  ^,  then  the  numerical  values  of  6,  sin  0, 
tan  t),  and  chd  0  are  ultimately  the  same. 

For,  if  we  consider  ^CB  to  be  on  arc  of  a  circle,  we  have  at  once,  from  the 
Lemma, 

chd  6  =  6  ultimately ; 

.'.  sm  2  =  o>  o'  sm  6  =  6, 

and  tan  0  = :  =  6,  since  cos  6  =  1  ultimately. 

cos  6 

Hence,  when  6  is  very  small,  6,  sin  6,  tan  0,  and  chd  6  may,  for  all  practical  pur- 
poses, be  used  indiscriminately.] 
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to  DBR  to  meet  AB  produced  in  6,  and  AR  produced  in  r, 
Also,  on  Ah  suppose  an  arc  Ach  to  be  described  always  similar 
to  the  arc  ACB,  and  having  therefore  ADd  for  its  tangent. 

Then,  by  similar  figures,  we  shall  always  have, 

RAB  :  RACB  :  RAD  ::  rAb  :   rAcb  :  rAd. 

And  since  this  proportion  is  always  true,  it  is  true  in  the 
limit  when  B  has  moved  up  to  A, 

But,  in  this  case,  the  angle  hAd  vanishes,  and  therefore 
the  point  6  coincides  with  d,  and  Ah  with  Ad\  and  the 
triangles  rAh^  rAd^  and  therefore  rAch  which  is  interme- 
diate to  them,  are  similar  and  equal. 

Hence  also,  the  triangles  RABy  RACB^  RAD  which  are 
always  similar  to,  and  in  the  same  proportion  as,  rAb^  rAcb^ 
rAdy  are  ultimately  similar  and  equal,      q.b.d. 

• 
CoK.     Hence  in  all  reasonings  concerning  ultimate  ratios, 

the  three  triangles  aforesaid  may  be  used  indifferently  for  one 

another. 

Lemma   IX. 

If  the  straight  line  AE  and  curve  ABC,  given  in  po- 
sitiotij  cut  each  other  in  a  Jinite  angle  at  A,  and  the  lines 
BD^  CE  he  drawn^  meeting  the  line  AE  in  any  other  Jinite 
angle^  and  the  curve  in  B  and  C ;  then,  if  the  points  B 
and  C  move  up  to  A,  the  curvilinear  triangles  ABD,  ACE 
will  be  ultimately  in  the  duplicate  ratio  of  their  sides. 

Let  AE  be  produced  to  some  fixed  point  e,  and  take  Ad 
sucli  that 

Ad  :   Ae  ::   AD  ;   AE. 

Draw  dby  ec  parallel  to  DB^  EC^  to  meet  AB^  AC  pro- 
duced in  b  and  c.  On  Ac  describe  an  arc  of  a  curve  similar 
to  ABCy  which  will  pass  through  6,  because  by  similar  figures 

Jb  :   Ac  ::   AB  :   AC. 


272 


NRWTON. 


As  the  points  B^  C  move  up  to  Ay  suppose  the  curve  Abe  to 
change  its  form  so  as  to  be  always  similar  to  the  curve  ABC ; 
then  the  area  ABD  will  always  be  similar  to  A  bd,  and  ACE 
to  Ace  \  hence 

area  Abd  ::  AD^  :  Ad^y 
area  Ace   ::   Al!^  :  A^\ 


area  ABD 
and  area  ACE 

but  AD^  :  AE?  ::  Adf  ::  A^\ 


.*.  area  ABD  :  area  ACE  ::  area  Abd  :  area  Ace^ 

and  this,  being  true  always,  will  be  true  ultimately  when  B 
and  C  have  moved  up  to  A. 

But,  in  this  case,  if  JFGfg  be  the  common  tangent  to  the 
two  arcs  at  A^  the  angles  bAf^  cAg  will  vanish,  and  the 
areas  Abd^  Ace  will  be  ultimately  the  areas  Afd^  Age; 
but 

area  Afd  :  area  Age  ::  Ad^  :  Ae^^ 

::   AD"  :  AE" ; 

.-.  also,  ultimately, 

area  ABD  :  area  ACE  ::  AD^  :  AE^. 

Q.E.O. 


Lemma  X. 

The  spa<:e8y  described  from  rest  by  a  body  under  the 
action  of  any  finite  for^e^  are  in  the  beginning  of  the  motion 
as  the  squares  of  the  times  in  which  they  are  described. 
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Let  time  be  represented  by  spaces  set  off  along  the  line 
AK^  and  velocity  generated  by  lines  perpendicular  to  AK, 
And  let  the  time  be  divided  into  a  number  of  equal  intervals 
AB^  BC,  CD, ;  let  Bb,  Cc,  Dd, be  the  velo- 
cities acquired  in  the  times  AB^  AC,  AD ;   and  complete 

the  parallelograms  ^6,  Be,   Cd 

Suppose  the  force  to  act  by  impulses,  "which  would  cause 
the  body  to  move  during  the  times  AB^  BC9  CD^ uni- 
formly, with  the  velocities  Bb^   Ccy  Ddj respectively; 

then  the  spaces  described  during  the  1st,  2nd,  3rd inter- 
vals will  be  represented  by  the  parallelograms  ^6,  Be,  Cd, 

and  the  space  described  in  any  given  time  (^AK)  by  the  sum 
of  such  parallelograms.  But,  if  we  suppose  the  intervals  of 
time  indefinitely  decreased  in  magnitude  and  increased  in 
number,  the  series  of  impulses  will  constitute  a  continuous 
force,  and  the  sum  of  the  parallelograms  will  (by  Lemma  II.) 
be  equal  to  the  area  AKk, 

Hence,  if  a  finite  force  act  during  any  times  AD  and  AK, 
we  shall  have, 

space  in  time  AD  :  space  in  time  AK  ::  area  ADd  :  area  AKk. 

Also  the  angle  at  which  the  curve  Ak,  or  the  tangent  AT, 
meets  the  line  AK  is  finite,  for  since  the  force  is  finite  the 
ratio  Kk  :  AK  is  always  finite,  and  therefore  the  ratio 
KT  :  AK  (to  which  the  ratio  Kk  :  AK  is  ultimately  equal) 
is  finite. 

Hence,  (by  Lemma  IX.)  ultimately, 

area  ADd  :  area  AKk  ::   AD^  :   AK'^; 
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that  is,  in  the  beginning  of  the  motion,  the  spaces  described 
are  proportional  to  the  squares  of  the  times  of  dMcritriog 
them*.    Q.E.D. 

[Cor.  1.  Hence  we  may  obtain  an  expression  for  the 
force  (F),  under  the  action  of  which  a  body  will  move  from 
rest,  through  a  given  space  (^S'),  in  a  given  time  (7^. 

For  accelerating  force  is  measured  by  the  velocity  which 
would  be  generated  in  a  given  time  divided  by  the  time,  the 
force  being  supposed  uniform  throughout  the  time.  (See 
Dynamics,  page  223,  Art.  15.)  Now,  if  the  force  were  to  be 
uniform  and  of  the  same  intensity  as  at  A^  the  curve  Ak  would 
coincide  with  the  tangent  A  T ; 


KT     KT.AK 
AK^ 


1  ^Jimit 


2  limit 


AtC" 
area  AKk 


triangle  AKT 


AK' 


S 


*  [The  same  mode  of  demonstration  is  applicable  to  the  proposition  already 
proved,  (pageS29,  Art.  29.),  namely,  that  in  the  case  of  uin/brm  finite  force  s  =•— . 

k 


For,  let  time  be  represented  by  spaces  set  off  along  the  line  AK^  and  velocity 
generated  by  lines  perpendicular  to  it,  as  before.  Then,  since  the  velocity  is  propor- 
tional to  the  time  in  which  it  is  generated,  the  points  byC,d wiU  be  in  a  straight 

line ;   and  the  space  described  in  the  time  AK  will  be  represented  by  tlie  triangle 
AKk,  or  by  half  the  rectangle  under  AK  and  Kk ; 

vel.  X  time     force  x  timeP 
.-.  space  = =» L, 

or5=— .] 
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Cob.  2.     The  effect  produced  by  F  upon  the  body,  is  in- 
dependent of  any  motion  which  it  may  have  when  F  begins  to 
^^t  upon  it.      Hence,  if  aS^  be  the  space  through  which  a  force 
^  draws  a  body,  in  the  time  7,  from  the  position  which  it 

S 
^ould  have  occupied  if  F  had  not  acted,  F  -  9.  limit  — .] 


rWGRESSION  CONCERNING  THE   CURVATURE   OF 

CURVE  LINES. 

1 .     On  the  mecLsure  of  the  curvature  of  a  curve  at  any 
point. 


Let  PQ,^  Pq  be  two  curves  having  the  same  tangent  at  P, 

then  the  curvatures  of  these  two  curves  at  the  point  P  will  be 

compared,  by  comparing  the  rate  at  which  their  deflection  from 

the  common  tangent  begins  to  take  place.     Draw  the  subtense 

TQq,  and  join  PQ,^  Pq ;   then  if  TQq  were  to  move  parallel  to 

itself  up  to  P,  PQ,  Pq  would  ultimately  become  tangents  to 

the  curves  PQ^  Pq  respectively,  and  the  ultimate  value  of  the 

ratio  of  the  angles  TPQy  TPq  will  therefore  measure  the  ratio 

of  the  curvatures  of  the  curves  at  P. 

curvature  of  PQ  at  P     ...   QPT     ,.    .   sin  QPT 

-ZL  =  limit =  limit 


curvature  of  Pq  at  P 


limit  ^^ 


qPT 

QT 

^     sin  PTQ 


sin  qPT 


^^^mPTq 


limit  — -- 
qT 


18—2 
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2.  Another,  and  perhaps  a  simpler,  way  of  viewing  this 
proposition  is  to  consider,  that  if  frnm  any  point  T  in  the 
tangent  we  draw  a  perpendicular  to  meet  the  two  curves  in  Q 
and  q  respectively,  the  deflections  from  the  tangent  will  be 
measured  by  the  distances  of  Q  and  q  from  the  tangent,  that 
is,  by  QT  and  q  T.  Hence  the  ratio  of  the  deflections  of  the  two 
curves  from  the  tangent,  in  the  immediate  neighbourhood  of  P, 

QT 

will  be  measured  by  the  ultimate  value  of  the  ratio 


qT 


We 


have  supposed  here  that  QT  and  q  T  are  drawn  perpendicular 
to  the  tangent,  but  the  ratio  will  be  the  same  in  the  limit  at 
whatever  angle  they  are  drawn. 


3.  The  curvature  of  a  circle  is  the  same  throughout  and 
depends  only  on  the  radius,  as  we  shall  shew  immediately  ; 
hence  it  is  convenient  to  speak  of  the  curvature  of  a  curve 
at  a  proposed  point,  as  being  the  same  as  that  of  a  circle  of 
given  radius. 


4.      The  curvatures  of  two  circles  are  to  each  other  in  the 
inverse  ratio  of  their  diameters. 


Let  PQVf  Pqv  be  two  circles  having  diameters  PT,  Pv, 
and  a  common  tangent  PT ;  from  any  point  T  in  the  tangent 
draw  TQq  parallel  to  PV,  and  draw  the  ordinates  QN^  qn. 
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„,.         curvature  of  PQF    ,.    .  QT    _.    .PN 

a.  hen   r-— —  « limit  —  =  limit  — — 

curvature  of  Pqv  q  T  Pn 

NV  nv 

=  limit——-  limit  -— - 
nq^  NV 

nv 


Pv 
PV 


5.  Hence,  if  at  any  point  of  a  curve  we  draw  a  circle, 
having  the  same  tangent  and  curvature  as  the  curve  has  at 
that  point,  we  may  take  the  reciprocal  of  its  diameter  as  the 
measure  of  the  curvature  of  the  curve  at  that  point,  and  the 
curvature  is  said  to  be  finite  when  the  diameter  of  the  circle 
is  finite. 

This  circle  is  called  the  circle  of  curvature^  and  the  radius, 
diameter,  and  chord  of  the  circle,  are  called  respectively  the 
radiusj  diameter j  and  chord  of  curvature. 

We  shall  now  shew  how  to  calculate  the  chord  and  radius 
of  curvature  of  a  curve,  and  apply  the  method  to  the  Conic 
Sections. 


•  6.  If^i\\be  the  circle  of  curvature  at  any  point  P  of 
a  curve  PQ,  and  PV  a  chord  of  the  circle  drawn  in  any  given 
direction^  then 


PV  =  limit 


arc' 


subtense  parallel  to  the  chord  ' 


Let  RQq  be  the  subtense  ;  join  Pg,  q  V,      Then  the  tri- 
angles PVq^  PRq  are  evidently  similar, 
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...  PV  =  il 

Rq 

=  limit  — ^  =  limit  --— -  , 
Rq  RQ 

RQ 

since,  by  hypothesis,  limit  — ^  =  l. 

Rq 

Cor.     Hence, 

diameter  of  curvature  =  limit 


subtense  perpendicular  to  tangent' 


7«      To  find  the  chord  of  curvature  through  the  focusy 
and  the  diameter  of  curvature,  at  any  point  of  a  parabola. 


Draw  the  tangent  PTj  QR  parallel  to  SP,  QVQ'  parallel 
to  PTy  and  PV  parallel  to  the  axis.  And  let  SP^  QQ'  inter- 
sect in  w,  then  Pn  =  PV.      (Conies,  Prop.  ii.  page  134.) 

Chord  of  curvature  throujrh  *S'  =  limit =  limit  -- — 

RQ  Pn 

=  limit-— =45'P. 

(Conies,  Prop.  ix.  page  140.) 

To  find  the  diameter  of  curvature,  draw  QR\  SY,  per- 
pendicular to  the  tangent :   then, 

PQ^  pcy^      1 

diameter  of  curvature  =  limit — y-  =  limit 


RQ  RQ  sin^PF 

^SP  SP' 

4 


sin  aSPF         SV 
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^  8.  To  find  the  chord  of  curvature  through  the  centre, 
the  diameter  of  curvature j  and  the  chord  of  curvature  through 
the  focue^  at  any  point  of  an  ellipse. 


Let  C  be  the  centre ;  draw  QR  parallel  to  CP,  Q  F  to  the 
tangent  PT:  then,  chord  through  the  centre 

=  limit  -——  =  limit  — --  -  limit  ~— - .  VG 
RQ  PV  CP" 

(Conies,  Prop.  viii.  page  150.) 


±=  2 ,  rince  VG^^CP  ultimately. 

Draw  PF  perpendicular  to  CD,  and  QR'  to  PT;  then, 
diameter  of  curvature  =  limit  -—7--  =»  limit 


RQ  RQ  mn QRR' 

CD^         1  Cty 

CP  %in  PCD         PF 

Again,  join  SP  cutting  the  conjugate  in  B,  and  draw  QR" 
parallel  to  it ;  then, 

chord  of  curvature  through  the  focus 


*f  nf 


ciy  .  „^^      CD"    ^ciy 

=  2  — sinP£ir.2-^-2>^ 


(Conies,  Prop.  iii.  Cor.  page  145.) 
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9.      The  same  for  the  hyperbola. 

The  investigations  are  the  same  as  for  the   ellipse;    we 
shall  however  subjoin  a  figure. 


Obs.  The  three  preceding  propositions  belong  properly 
to  the  treatise  on  Conic  Sections,  but  could  not  be  introduced 
until  the  student  was  familiar  with  the  principles  of  limits. 

10.  The  following  proposition  will  be  required  in  the 
succeeding  Lemma. 

If  in  the  curve  AB,   AG,   BG  be    ^ 
drawn  perpendicular  to  the  tangent  AD 
and  chord  AB  respectively ;   then,  when 
B  moves  up  to  Aj  AG  will  be  ultimately 
the  diameter  of  curvature  at  A. 

Draw  BD  parallel  to  AG^  then  the 
triangles  GAB,  ABD  are  similar; 

AB^ 


.-.  AG 


BD" 


.-.  limit  AG  =  limit-=r:zr  «=  limit  — ^^  ^ 

BD  BD 

=  diam.  of  curvature.] 
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Lemma  XI. 

In  curves  of  finite  curvature^  the  subtenses  are  ultimately 
in  the  ratio  of  the  squares  of  the  conterminous  arcs. 


Let  AbBhe  the  curve,  having  the  curvature  at  A  finite. 

Case  1.  Let  the  subtenses  hd^  BD^  be  perpendicular  to 
the  tangent.  Draw  bgj  EG  perpendicular  to  the  chords  Ab 
ABy  and  let  them  meet  the  normal  at  ^  in  ^  and  G  respec- 
tively. 

Then,  when  b  and  B  move  up  to  A^  g  and  G  will  ulti- 
mately coincide  with  /  the  extremity  of  the  diameter  of  curva- 
ture. 

Bj  similar  triangles,  BAD,  AGBy  and  bAd,  Agby 


BD^ 


AB' 


AG 

.-.   BD  :  bd  :: 

And,  ultimately,    BD  ;  bd  :: 


6d=» 


Ab' 


Ag' 
AB"  A^ 
AG       Ag' 

AB"      Ab^ 
AI       AI' 

arc ABf   • 


arc 


Ab]'. 
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Case  2.    Let  the  subtenses  be  inclined  at  any  given  angle 
to  the  tangent.    Draw  fed*,  BO^  perpendicular  to  the  tangent; 


a  rf' 


then,  by  similar  triangles,  BDD\  hdd\ 

BD  :  bd  ::  BI/  :   6d'; 
but,  ultimately,  fijD'  :  ftcT  ::  arc  AB^^  :   arc -4  6]*,  by  Case  1 ; 
.•.  ultimately,  BD  :  bd  ::  arc  AB^  '  arc  Ab]^, 

Case  3,  Suppose  the  angle  D  not  to  be  given,  but  let 
the  lines  BDy  bd  pass  through  a  fixed  point,  or  let  B  and  b 
approach  A  according  to  any  other  fixed  law. 

Then,  since  the  angles  D  and  d  are  formed  according  to  a 
common  law,  they  will  continually  approximate  to  each  other 
as  B  and  b  approach  Aj  and  will  be  ultimately  equal.  Hence 
this  case  is  reduced  to  the  preceding,  and  the  Lemma  is  there- 
fore still  true. 


SECTION  11. 

ON  THE  METHOD  OF  FINDING  THE  CENTRIPETAL  FORCE, 
UNDER  THE  ACTION  OF  WHICH  A  BODY  WILL  DE- 
SCRIBE A  GIVEN  ORBIT  ABOUT  A  FIXED  CENTRE. 


Fkop.   I.      Theor.  I. 

The  areas  described  by  the  lines  drawn  from  the  moving 
body  to  the  fixed  centre  of  force^  are  all  in  one  plane,  and 
are  proportional  to  the  time  of  describing  them. 


Let  the  time  be  divided  into  equal  parts,  and  in  the  first 
period  let  the  body  move  with  an  uniform  velocity  from  A  to 
B.  In  the  second  period  of  time,  it  would,  if  acted  upon  by 
no  force,  move  in  AB  produced  to  c,  Be  being  =  AB :  and  the 
areas  described  about  the  centre  S  in  these  two  periods,  viz. 
ASB9  BSc  would  be  equal;  being  triangles  on  equal  bases 
and  of  equal  altitude. 

But  when  the  body  arrives  at  B,  suppose  it  to  receive 
a  sudden  impulse  towards  S,  in  consequence  of  which  it  moves 
in  the  direction  BC  instead  of  Be;  then,  if  we  draw  cC 
parallel  to  BS,  the  point  C  will  be  the  actual  place  of  the 
body  at  the  end  of  the  second  period ;  and  the  area  described 
will  be  BSC,  which  is  in  the  same  plane  with  ASB,  because 
Be  and  BS  are  both  in  that  plane. 
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Since  BSCy  BSc  are  triangles  on  the  same  base   and  be- 
tween the  same  parallels,   .*.  BSC  «  BSc  s  ASB. 

In  like  manner,  if  the  body  receive  an  impulse  towards 
S  when  at  C,  and  D  be  the  place  of  the  body  at  the  end  of 
the  third  period,  we  shall  have  CSD  «  BSC  =  ASB ;  and  so 
on,  that  is,  equal  areas  are  described  in  equal  times,  and 
therefore,  componendoy  the  sum  of  the  areas  described  in  aoy 
given  time  is  proportional  to  the  time,  and  they  all  lie  in  tbe 
same  plane. 

Now  suppose  the  periods  of  time  to  be  indefinitely  dimi- 
nished in  length  and  increased  in  number;  then  the  broken 
line  ABCD  ...  will  become  ultimately  a  continuous  curve,  the 
series  of  impulses  a  continuous  central  force,  and  the  sum  of 
the  areas  ASBj  BSCy  CSD  ...  the  area  described  by  lines 
drawn  from  the  body  to  the  centre.  Hence  the  areas  de- 
scribed, &C.       Q.E.D. 

Cob.  1.  The  velocity  of  a  body  in  a  central  orbit  varies 
inversely  as  the  perpendicular  from  the  centre  on  the  tangent. 

For  AB,  BCy  CD,  ...  are  ultimately  in  the  direction  of  the 
tangent,  and  proportional  to  the  velocity,  at  the  points-4,5,C... 
respectively:  hence,  velocity  at  A  oc  AB.  But,  if  we  draw 
a  perpendicular  p  upon  AB  from  S,  we  have 

AB  X  p  ,  .  ,   . 

-  —     =  area  ASB,  which  is  constant; 
2 

.'.    AB  oc  -  ; 
P 

or,  velocity  at  ^  oc  -  . 

[We  may  express  this  otherwise ;  let  A  =  twice  the  area  de- 
scribed in  a  unit  of  time,  and  let  AB  be  described  in  the 
time  t ; 

ht 
.-.    area  ASB  =  —  ,  and  AB  =  vt; 

2 

.•.    lip  =  A,  or  0  =  ~  .] 

P 
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Cor.  2.  If  on  AB,  BC,  the  chords  of  two  arcs  described 
in  equal  times,  we  construct  the  parallelogram  ABCV,  the  dia- 
gonal BV  will,  when  the  arcs  are  indefinitely  diminished, 
ultimately,  if  produced,  pass  through  the  centre  of  force. 

CoE.  S.  The  intensity  of  the  central  force  at  B  is  pro- 
portional to  the  line  B  V;  that  is,  if  B"  F'  be  the  line  corre- 
sponding to  BV  at  some  other  point  B'  of  the  orbit,  then, 
ultimately, 

force  at  B  :  force  Rt  B"  ::   BV  :  jBT'. 

CoE.  4.  The  forces  by  which  bodies  are  drawn  from  their 
rectilinear  motion  in  curved  paths,  are  proportional  to  those 
sagittae*  of  arcs  described  in  equal  times,  the  directions  of 
which  pass  through  the  centre  of  force  and  bisect  the  chord 
when  those  arcs  are  indefinitely  diminished. 

For  if  we  join  AC^  cutting  SB  in  w,  Bn  will  be  ulti- 
mately one  of  the  sagittae,  but  Bn  s=  1  5F,  and  hence,  by  the 
preceding  corollary,  in  the  same  orbit  the  force  ultimately 
oc  Bn.  Also,  in  different  orbits,  if  we  take  arcs  described  in 
equal  times,  the  sagittae  will  measure  the  effects  of  the  central 
forces  in  equal  times,  i.e.  the  forces  will  be  proportional  to  the 
sagittae. 

Prop.  II.      Theor.  II. 

Every  hody^  which  moves  in   a  plane  curve^  in  such  a 
manner  that  the  areas  described  by  lines  drawn  from  it  to  a- 
jtsced  point  are  proportional  to  the  time  of  describing  them,  is 
acted  upon  by  a  central  force  tending  to  that  point. 

With  the  same  figure  as  in  the  last  proposition,  let  S  be 
the  point ;  and  suppose  that  a  body  unattracted  by  any  force 
would  describe  the  space  AB  m  2i  given  interval  of  time. 

Produce  AB  to  c,  and  make  Be  =  AB  ;  then,  if  suffered 
to  proceed,  the  body  would,  in  a  second  equal  interval,  arrive 

•  The  sagitta  of  an  arc  is  a  line  drawn  from  a  point  in  the  chord  to  a  point  in 
the  arc. 
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at  e ;  but  at  J?  suppose  a  sudden  impulse  communicated,  which 
causes  it   to  move  to   C,  C  being  such    that   the   triangles    \ 
SBC,  SAB  are  equal. 

Join  Cc,  Sc;  then  the  triangle  SBC=  SJB  =  SBc; 
therefore  Cc  is  parallel  to  SB 9  and  therefore  the  impulse  at 
B  was  in  the  direction  of  SB^  or  tended  to  S.  Similarly,  if 
the  body  receives  at  equal  intervals  of  time  impulses  which 
make  it  describe  equal  triangles  in  equal  times,  or  a  polygonal 
area  proportional  to  the  time,  the  impulses  all  tend  to  S. 

The  same  will  be  true  if  we  suppose  the  number  of  the 
intervals  indefinitely  increased  and  their  length  diminished,  in 
which  case  the  system  of  impulses  becomes  a  continuous  force, 
and  the  polygonal  area  curvilinear.     Hence  every  body,  &c. 

Q.E.D. 


[Prop.  III.  is  omitted,  as  not  referring  to  motion  about 
ajiived  centre.] 


Prop.  IV.      Theor.  IV. 

The  centripetal  forces  of  bodies^  which  describe  different 
circles  with  uniform  velocity^  tend  to  the  centres  of  the  circles^ 
and  are  to  each  other  as  the  squares  of  arcs^  described  in  the 
same  time^  divided  by  the  radii. 

Sectors  of  circles  are  proportional  to  the  arcs  on  which 
they  stand,  and  therefore  the  sectors  described  by  the  bodies 
are  proportional  to  the  times  of  describing  them,  since  the 
bodies  move  uniformly.  Hence  the  forces  tend  to  the  centres 
of  the  circles. 

Again,  let  BAff^  baV  be  indefinitely  small  arcs  described 
in  equal  times ;  join  BB\  bb\  and  draw  the  diameters  GSCA^ 
gscaj  which  bisect  BB\  66'  in  C  and  c  respectively.  Then, 
(by  Prop.  I.  Cor.  4.)  ultimately, 
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force  at  A  :  force  at  a  ::  AC  :    ac 

BC  b(* 

GC  '  gc 

BB'^  bb'* 


m  • 


GC        gc 
BAB''    haH^ 


AG        ag 

but  if  AP^  ap  be  any  two  arcs  described  in  equal  times,  since 
the  bodies  move  uniformly,  we  have 

AP  :  ap  =  ultimate  value  of  the  ratio  BAB'  :  bab' ; 

.       o  AP"     ap^ 

.*.    force  at  4. 1  force  at  a  ::   -—— -  : ; 

^  AS      as 

.*.    The  centripetal  forces,  &c.      q.£.d^ 

Cob.  1.     Since  the  arcs  are  proportional  to  the  velocities,  > 

/-    (velocity)*     '^  * , 

the  forces   are   proportional   to   ,.        .;  or  if  V  be   the 

radius 

velocity,  R  the  radiud,  ^  the  central  force,  thj*;^  «  -—  . 

■ 

Cos.  2.     Let  P  be  the  periodic  time,  then  ZitR  ^  VP, 
(Dynamics,  Art.  4.  page  218.) ; 
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Prop.   V.     Prob.    I. 

Given  the  velocity  at  all  points  of  an  orbit  described 
by  a  body  under  the  action  of  a  central  force^  to  find  the 
centre. 


Let  the  three  straight  lines  PT^  TQV,  VR  touch  the 
orbit  in  the  points  P,  Q,  J?,  respectively. 

Draw  the  lines  PA^  QS,  RC  perpendicular  to  these 
tangents,  and  make  them  inversely  proportional  to  the  velo- 
cities at  Py  Q,^  R\  i.  e.  if  Tj  Fjj  F3  are  the  velocities  at  the 
three  points,  make 

_  _         1  1  1 

QB 


PA 


'"'^■y.-T, 


8 


Through  J,  5,  C  draw  the  lines  AD^  DBE^  CE  perpen- 
dicular to  PA,  QB,  RC.  Join  TD,  VE :  these  lines  pro- 
duced will  intersect  in  the  centre  S, 

For  the  perpendiculars  from  8  on  the  tangents  PT,  QT 
are  inversely  proportional  to  the  velocities  at  P  and  Q, 
(Prop.  I.  Cor.  1.),  and  therefore,  by  construction,  directly  pro- 
portional to  PA  and  QB,  i.  e.  to  the  perpendiculars  from  D  on 
the  tangents ;  hence  S,  D,  and  T  are  in  the  same  straight 
line. 

Similarly,  it  may  be  shewn,  that  S,  E,  and  V  are  in  Xhe 
same  straight  line,  and  therefore  S  is  the  point  of  intersection 
of  TD  and  VE  produced. 


I 
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L 


Prop.  VI.     Theor.  V. 


If  a  body  revolves  about  a  Jtxed  centre  of  force^  and  a 

.  sagUta  he  drawn  to  any  very  small  arc,  bisecting  the  chord  of 

the  arc  and  passing  through  the  centre  of  force,  then  the 

Jorce  at  the  middle  point  of  the  arc  ultimately  varies  directly 

€L8   the  sagitta  and  inversely  as  the  square  of  the  time  of 

describing  the  arc. 


Let  QPQi  be  the  small  arc,  S  the  centre  of  force,  mP 
the  sagitta.  Draw  PR  a  tangent  to  the  curve  at  P,  and  RQ 
parallel  to  Pm, 

When  the  body  leaves  the  point  Q,  it  would  if  not  acted 
upon  by  the  central  force  (F)  move  in  the  direction  PR; 
and  if  T  be  the  time  in  which  the  body  moves  from  P  to 
Q,  then  the  space  through  which  it  has  been  drawn  by  F  is 
QR ;  hence,  by  Lemma  X,  Cor.  2, 

,.    .   Q^     ^,.    .Pm     ,.    .  Pm 
F  =  2  limit  -^  =  2  hmit  —  «  hrait  —  . 


Cor.  1.     Draw  QT  perpendicular  to  SP,  then  will 

2A^    QR 


F  = 


SP'  QT 


^,  ultimately. 


SP.QT 

For  the  triangle  QSP  = '- ,  ultimately, 

19 
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.-.  SP,  QT-hT  by  Prop.  I.  Cor,  1  ; 

„      ih*    QR       ^. 
.-.  F-^  ^,  ultimatelj. 

Cor.  S.     If  SY  be  drawn  perpendicular  to  the  tangent  at 
P,  then 

F  ■=  -=r=  Tzrrr:: ,  ultimately. 


SY"  PQ» 


For,  in  the  limit, 


QT     SY 
PQ  ~  SP' 


.-.  SP*.QT*^SY*.PQ*, 

*"       SY"  p^'  "^"'"**«^y- 


CoH.  S.    If  PV  be  the  chord  of  curvature  at  P  through  S, 

PQ* 
PV  =  limit 


QR  ' 


.-.  F 


2  A' 


SY".PV' 


Cor.  4.     If  F  be  the  velocity  at  P,  then  by  Prop.  I. 
Cor.  1. 


.  F  = 


2P 


Cor.  5.  Hence,  if  the  form  of  the  orbit  in  which  a  body 
moves  be  given,  we  shall  be  able  to  calculate  the  law  of  the 
central  force.  Examples  of  this  process  will  be  found  in  the 
following  problems. 
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Prop.  VII.     Phob.  II. 

A   body  revolves  in   the   circumference  of  a  circle;  to 
find  the  law  of  force  tending  to  any  given  point. 


Let  VQPJ  be  the  circle,  S  the  given  point,  P  the  position 
of  the  body  at  any  given  time,  Q  a  point  in  the  orbit  very 
near  to  P. 

Through  S  draw  the  chord  PSV^  and  through  V  the 
diameter  VA  ;  join  PA ;  through  Q  draw  ZQT  perpendicular 
to  PVy  and  meeting  PZ  the  tangent  at  P  in  Z ;  through  Q 
draw  LQR  parallel  to  PF,  and  meeting  PZ  in  R ;  and 
lastly  draw  Rn  parallel  to  QT. 

2h^     QR 
Then  P  =  —  ^ ,  ultimately  ; 

but,  (Euclid,  III.  36.) 

QR.RL'^RP'; 

%h^        RP" 

•'*     ^rlTsP  qt^' 

,   RP'      RP'      VA\     .    ..        ,      , 
QT*  "  'R^'  'pV^^  ^^       triangles, 

also  RL  ultimately  «  PF, 

19—2 
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gp2    pyi      SF'.PF^' 

Cor.      If  the  ceDtre  of  force    is    in   the    circumference, 
1 


*y/»* 


Prop.  VIII.     Prob.  III. 


A  body  describes  a  semicircle^  under  the  action  of  a 
force  tending  to  a  centre  so  distant  that  the  force  may  be 
supposed  to  act  in  parallel  lines ;  to  find  the  law  of  farce. 


Let  P  he  the  position  of  the  body  at  a  given  time,  Q  a 
contiguous  position,  PMS,  QNS^  the  directions  of  the  force 
at  those  points;  draw  the  semi-diameter  AC  cutting  those 
lines  at  right  angles  in  M  and  N;  let  PRZ  be  the  tangent  at 
P;  through  Q  draw  ZQT  perpendicular  to  PM  and  meeting 
PKZ  in  Z,  and  produce  NQ  to  meet  PRZ  in  R  ;  join  CP, 
and  draw  Rn  perpendicular  to  PM. 


Then  F  oc  limit 
considered  constant. 


QR 


SP'.QT' 


QR 
oc  limit  -r-—  ,  since  SP  may  be 


But,  by  Euclid,  iii.  36, 

QR.{QN+RN)^RF', 
or  in  the  limit     2  QR .  PM  =  5jP, 


r  * 


K- 
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.♦.  F  oc  limit 


RP' 


ZPM.QT-" 


,    ^  RP'      RP"      CP"  ,      .    ..        .      , 
QT>  "  R^' "^  PM^  ^  '""  "  tn«ngles; 

.    .      J*     OC    _    _     ._      OC 


2P]\P       PM' 


Prop.  IX.      Prob.  IV. 

A  body  revolves  in  an  equiangular  spiral ;    to  find  the 
:   law  of  force  tending  to  the  centre  of  the  spiral, 

i 

t  [Def.      An  equiangular  spiral  is  a  curve,  in  which  the 

i  tangent  at  every  point  makes  the  same  angle  with  the  radius 

\  vector  :  i.  e.  in  the  figure  of  this  proposition,  SPR  is  a  con- 

I  stant  angle.] 

Let  S  be  the  centre  of  force,  P  the  position  of  the  body  at 
a  given  time,  Q  a  point  in  the  curve  very  near  to  P ;    PR  the 


tangent  at  P,  QR  parallel  to  SP^  and  QT  perpendicular  to 
SP. 

QR 


Then  F  oc  limit 


SP^.QT 


rn'i  ' 


Now,  since  the  angle  SPR  is  given,  if  we  take  PSQ  any 
given  small  angle,  we  shall  have  all  the  angles  in  the  figure 
SPRQ  given ;  and  therefore,  at  whatever  point  of  the  orbit 
we  take  P,  the  figure  SPRQ  will  be  similar,  and  the  lines  in 
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it  will  be  proportional  to  any  one  of  the  homologous  lines; 
hence  QR  and  QT  will  each  cc  SP ; 


.-.  F 


SP"' 


Pkop.  X.      Pbob.  V. 

A  body  describes  an  ellipse ;  to  find  the  law  of  force  tend- 
ing to  the  centre. 

Let  P  be  the  position  of  the  body  at  any  given  time,  Q  a 
point  contiguous  to  P,  PR  the  tangent  at  P,  QT  perpendi- 


cular to  the  diameter  PCGy  DCK  the  diameter  conjugate  to 
PCGy  PF  perpendicular  to  DCK^  Qt?  an  ordinate  to  PCG. 

Then   F  =  --—  -—— -   ultimately. 
By  similar  triangles  QTv,  PFC, 


QT      PF 
'oi^'CP 


;  .'.CP'.QT'''Qv\PF'; 


.-.  P»2AMimit 


QR 
Qv\PF' ' 
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CD' 
But  Q«*  =  -— j  Pv.vG  (Conies,  Prop.  VIII.  page  150.) 

=  ^pQR.vG; 
CF* 


.-./'=  2  A»  limit 


CD\PF*.vG 


=  2  A«  limit  j^^-^^-^  (Conies,  Prop.  X.  page  15S.) 

A* 
"  ITn — D?«  •  ^•^s  ®*'"^®  »  G  -»  2  CP  ultimately, 

or  F  oc  CP, 

Cor.  1.  To  find  the  periodic  time  in  an  ellipse  described 
about  a  force  in  the  centre. 

Suppose  jF  =  M  CPi  where  /ui  is  a  constant  quantity  de- 
pending upon  the  intensity  of  the  force  residing  in  the  centre, 
and  usually  called  the  absolute  force  of  the  centre :  then,  by 
the  preceding  proposition,  h*  ^  imJC^ .  BC^. 

Let  P  be  the  periodic  time,  that  is,  the  time  employed  in 
describing  the  complete  ellipse  ;   then  since  the  area  described 

in  a  unit  of  time  is  - ,  and  the  whole   area   of  the   ellipse  is 

wAC .  BC^  we  shall  have 

QirAC.BC       27r 


P  = 


x/^' 


Hence  the  periodic  time  depends  solely  upon  the  intensity  of 
the  force  in  the  centre. 

[Cor.  2.  Since  P  is  independent  of  both  axes  of  the 
ellipse,  its  value  will  be  the  same  if  we  suppose  the  minor 
axis  to  be  indefinitely  diminished,  in  which  case  the  motion 
will  approximate  to  that  of  a  body  oscillating  in  a  straight  line 
under  the  action  of  an  attractive  force  varying  directly  as  the 
distance  :    hence  the  time  of  a  complete  oscillation  of  a  body 

moving  in  the  manner  described  will  be  —j= .] 


SECTION  III. 

ON  THE  MOTION  OF  A  BODY  IN  A  CONIC  SECTION, 
ABOUT  A  CENTRE  OF  FORCE  IN  THE  FOCUS. 


Prop.   XI.      Prob.  VI. 

A  body  revolves  ifi  an  ellipse;  tojind  the  law  offeree 
tending  to  one  of  the  foci. 

Let  S  be  the  focus  of  the  ellipse,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contiguous  point  in  the  orbit, 


PCGK9  DC  conjugate  diameters,  PR  the  tangent  at  P,  QR 
parallel  to  SP9  Qa^v  to  PR,  QT  perpendicular  to  SP,  PF  to 
CJT,  and  E  the  point  of  intersection  of  SP  and  CD, 

r^y^  „      2h^     QR 

Then,  F  =  -——1   -— —  ,  ultimately. 

SP^    QT^  ^ 

By  similar  triangles  QTof,  PJSF, 

Q'J12  ppS  PJP2 


Qar'      PE'      AC 


;   (Conies,  Prop.  III.  Cor.  page  146.) 
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and,  by  similar  triangles  Pwvy  PEd 

Pw      PE      AC 
^v^CP^lCP' 

AC 


QR^Pw^  Pv 


CP" 


.     QR       ^    AC       AC^ 
and     — —  s  Pv 


QV  CP   Qaf.PF^ 

Pv        AC'  ,  .        , 

=  Qt^«   CP  .  PF^ '  ultimately, 

1     CP^       AC^ 
°  ^  C&  CP  PF'  (^°"'*'*'  ^'■°P-  ^^^^-  P-  '^*>) 

"  ^  cdTpf  '  »'t™«*^'y' 

AC* 
AC 


iBC" 


.    p     h*AC     1  1 


[Cor.     If  /u  be  the  absolute  force  of  the  centre. 


••  /* 


BO    ^  L  ' 


where  L  is  the  latus  rectum  of  the  ellipse.     (Conies,  Prop. 
VI.  Cor.  page  149.)] 

Prop.  XII.     Prob.  VII. 

A  body  moves  in  an  hyperbola  ;  to  find  the  law  of  force 
tending  to  one  of  the  foci. 
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Let  S  be  the  focus  of  the  hyperbola,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contiguous  point  in  the  orbit, 


PCG,  DCK  conjugate  diameters,  PR  the  tangent  at  P,  QR 
parallel  to  SP,  Q^v  to  PR,  QT  perpendicular  to  SP,  PF  to 
CD  produced,  and  E  the  point  of  intersection  of  SP  and  CD 
produced. 

2  A'     QB, 
Then,  ^  "  ^   Q7^  '  ultimately. 

By  similar  triangles  QT oo,  PEF, 

QT^      PF^      PF^ 

~Q^^PE'"JC^  (Conies,  Prop.  III.  Cor.  page  159.) 

And  by  similar  triangles  Pwv^  PECj 

Pm      PE      AC 
Fo'^  CP"  CP' 

.-.   QR^Pa;^Pv—; 

,       QR       „   AC        AC" 

and       ^-—1=  Pv 


QT^  CP   Qw^.PF^ 
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Pv  JC*  ,  .  , 

Q?  cp.PF* '  "i'""»t*iy' 

1     C/*      AC 
^  C^  CP.PF*  (^"'*=''  ^•'"P-  ^-  P"««  ^^7.) 

^C  1 

~r   CD\PF^  ♦  ultimately, 

zAC^.BC  (^°"^^*'  ^''^P-  ^'-  ^^^-  P*«^  ^^O 


2BC 


^     h^AC      1  1 


Ba    '  SP"         SP"  ' 


[Cor.     As  in  the  case  of  the  ellipse, 

M  =  -y-  (Conies,  Prop.  VI.  Cor.  page  l62.)] 


Prop.  XIII.     Prob.  VIII. 

A  body  moves  in  a  parabola ;  to  find  the  law  of  force 
tending  to  the  focus. 

Let  S  be  the  focus  of  the  parabola,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contiguous  point  in  the  orbit, 
PRY  the  tangent  at  P,  QR  parallel  to  SP,  Pd?v  to  PR,  QT 
perpendicular  to  SPy  and  *?  F  to  PR  Y, 

Then      F-  ---     -— -5 ,  ultimately. 
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But  QR-  Pa^  Pv     (Conies,  Prop.  II.  page  134.) 


3^ 
JSP 

iSP 


(Conies,  Prop.  IX.  page  140.) 


,  ultimately. 


QH  I        Qx'  1       SP' 

'  ■  QT*  "  *SP    QT*  "  4^  Sr*'  ^  *""*^"  *"*"«^^S' 


SP 


=  J, JO     OP     (Conies,  Prop.  VI.  Cor.  page  138.) 


4,JS' 


2AS  SP"      SP" 
[Cor,      As  in  the  preceding  cases, 

M  =  -y-j     (Conies,  Prop.  I.  page  133.)] 
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P»op.   KIV.     Theob.  VI. 

If  any  number  of  bodies  revolve  about  a  common  centre^ 
and  the  force  vary  inversely  as  the  square  of  the  distance^ 
the  latera  recta  of  the  orbits  described  will  be  as  the  squares 
of  the  areas  described  in  equal  times. 

For  we  have  seen  in  each  of  the  three  preceding  propo- 
sitions, that 

where  fi  depends  upon  the  absolute  intensity  of  the  central 
force;  if  therefore  this  be  given 

and  since  h  is  twice  the  area  described  in  a  unit  of  time,  which 
may  be  any  given  time,  the  proposition  is  true.  Hence  if 
any  number  of  bodies,  &c.     q.e.d. 


Paop.   XV.     Theor.  VII. 

On  the  same  hypothesis^  the  square  of  the  periodic  times 
in  the  ellipses  varies  as  the  cubes  of  the  major  a^ves, 

'  Let  P  be  the  periodic  time  in  one  of  the  ellipses,  then 

_      2  area  of  the  ellipse 

^ k     --- 

ZirJC.BC 


4ir* 
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Prop.  XVI.     Thkoe.  VIII. 

On  the  same  hypothesis^  the  vetodty  in  a/ny  of  the  orbits 
varies  inversely  as  the  perpendicular  from  the  focus  on  the 
tangent  and  directly  as  the  square  root  of  the  latus  rectum. 

For  if  t?  be  the  velocity,  and  p  the  perpendicular  from  the 
focus  on  the  tangent,  we  have  seen  (Prop.  I.  Cor.  1.)  that 

vp  «=  A, 
but  h  oc  \/ L ; 

.  .    V  ec  .        Q..E.D. 

P 

Cor.  I .     We  have  seen  that  A*  =  — ; 

2 

•••  «'  =  ^,. 

Now,  in  the  parabola, 

SY*''  AS.SP,  (Conies,  Prop.  VI.  Cor.  page  138.) 

or  p'^-.SP; 

4 

.   •       *'     ^      -    . 

SP 

In  the  ellipse, 

BC?   SP 
^^'"^QjrLsP  (^®"^^*»  ^'^^P-  '^-  ^®^-  P*8®  ^*7.) 

,       L.SP 

or     p^r=mmmmm 


SP' 

4-2 


AC 

SP \       AC  I 


MOTION   IN  A  OONIC  SECTION.  803 

Similarly,  in  the  hyperbola, 


v  «  — -  I  2  +  777  )•  (Conies,  Prop.  IV.  Cor.  page  160.) 


.2  ^ 

SP 


Cob.  2.  Let  V  be  the  velocity  with  which  a  body  would 
describe  a  circle  of  radius  SP  about  the  centre  of  force ;  then 
we  may  deduce  the  value  of  V  from  the  expression  for  the 
velocity  in  the  ellipse,  given  in  the  preceding  corollary,  by 
supposing  SP  and  AC  to  be  equal, 

•     F«  —   Jt-  . 
SP 

,\  in  the  parabola,     t>*  «  2  F*; 

(SP  \ 
1 —J  ,  or  <2F»; 

(  SP  \ 

in  the  hyperbola,  t>*  —  2  F*  ( 1  +  —77, )  »  or  >  2  F!. 


APPENDIX  TO  SECTION  II. 


1.  The  investigations  of  this  section  will  enable  us  to 
solve  the  problem  of  finding  the  time  of  oscillation  of  a  heavy 
particle,  when  constrained  to  move  upon  the  arc  of  a  cycloid. 
But  before  giving  the  solution,  it  will  be  necessary  to  define 
the  cycloid,  and  to  investigate  some  of  its  properties. 

2.  Dkf.  a  cycloid  is  the  curve  traced  out  by  a  point 
in  the  circumference  of  a  circle^  which  rolls  upon  a  given 
straight  line. 

C 


T  A 


B 


A 


Thus,  if  a  circle,  of  which  the  radius  is  OQ,  roll  on  the 
straight  line  ABA\  a  given  point  P  in  its  circumference  will 
trace  out  the  cycloid  ACA\  It  is  manifest  that  the  curve 
will  have  such  a  form  as  that  exhibited  in  the  figure ;  the  line 
AA'  will  be  equal  to  the  circumference  of  the  generating 
circle,  and  the  curve  will  be  symmetrical  about  the  line  BC^ 
which  bisects  AA'  at  right  angles,  and  which  is  called  the 
axis  of  the  cycloid. 


3.      To  draw  a  tangent  to  a  cycloid. 

Join  PQ,  Q  being  the  point  of  the  generating  circle  in 
contact  with  AA*  at  any  given  moment ;  then  the  generating 
circle  moves  into  its  next  position  by  turning  about  Q,  and 
therefore  the  motion  of  P  will  be  for  a  very  short  space  of 
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^^^e  the  same  as  if  it  were  describing  a  circle  about  Q,  that 
\  its  motion  will  be  perpendicular  to  PQ. 

Hence  the  tangent  at  P  will  be  perpendicular  to  PQ,  and 
Wll  therefore  pass  through  It  the  other  extremity  of  the 
diameter  QOB. 


4.     To  find  the  length  of  the  arc  of  a  cycloid. 


liCt  P,  P'  be  two  contiguous  points  in  a  cycloid ;  on  the 
axis  BC  describe  a  semicircle,  and  through  P,  P^  draw  the 
lines  Pn,  P^m  perpendicular  to  BC  and  cutting  the  semicircle 
in  Q  and  Q'  respectively.  Join  CQ,  CQ\  BQ\  QfQ,  and 
produce  the  last  to  meet  AB  in  S ;  also  let  P,  p  be  the  inter- 
sections of  CQi  P'm^  and  CQ^  Q'B  respectively. 

Then,  when  P'  approaches  indefinitely  near  to  P,  CQ 
will  become  parallel  to  the  tangent  at  P,  and  QB  will  be 
ultimately  equal  to  PP.  Also  Q'B  will  be  ultimately  per- 
pendicular to  CQ9  and  therefore  Qp  will  ultimately 

=  CQ  -  CQ\ 

Now  SQ\  ultimately  =  SB ; 

.-.  angle  SQ'P=SPQ'=i»^P; 

.*.  in  the  triangles  QQ'p»  BQ'py  we  have 

angle  QQ'B  -  BQ'p,  and  Q'pQ  «  Q^pB^  (each  being  a  right 
angle,)  and  the  side  Q'p  common  ; 

.-.  Qp==Bp, 

and  .-.   Qfi  «  2  Qp^ 

or  PP^,  ultimately  «  2  (CQ  -  CQ'). 
20 
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But  PP'  is  the  increment  of  the  are  of  the  cycloi  d  in 
passing  from  the  point  P  to  the  contiguous  point  P^^  and 
CQ  -  cot  is  the  corresponding  increment  of  the  chord  CQ,^ 
which  is  equal  to  the  chord  of  the  generating  circle  touching 
the  cycloid  at  P ;  hence  the  arc  of  the  cycloid  measured 
from  the  vertew  to  any  point  equals  twice  the  chord  of  the 
generating  circle  which  touches  the  curve  at  that  point.  In 
the  figure  of  the  preceding  proposition  CP  =  2PR. 


5.     To  make  a  pendulum  oscillate  in  a  given  cycloid. 


Let  APC  be  a  given   semicycloid,  having  base  AB  and 
axis  BC;   produce  CB  to  A\  making  BJ!  -  BC,  and  com- 
plete the  rectangle  J'jB^jB' :   with  A'ff  as  base,  and  AB'  as 
axis,  describe  the  semicycloid  AP A, 

Take  any  line  B!QIi  equal  and  parallel  to  A'Bd  and  on 
RQj  R'Q  describe  the  two  generating  semicircles  QPif,  QP'K*^ 
join  QP,  PR,  QP\  PR\ 

Then  the  circular  arc  QP  ^  AQ^  as  is  manifest  from  the 
mode  in  which  the  cycloid  is  generated ;  and  in  like  manner, 

arc   QPR  =  AB  ; 
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/.  arc  PR  =^  BQ  =  AB!  =  arc  PB! ; 

.'.  ±B  =  PR  } 

also,  QR  =  QR\ 

and  angle  QPR  s  angle  QPR!^  each  being  a  right  angle ; 

.•.  the  triangles  QPjR,   QP'R'  are  equal  in  all  respects. 

Hence  angle  PQR  =  P'QjR';   .'.   PQP  is  a  straight  line. 

Also  PP  (which  is  a  tangent  to  A' PA  at  P) 

=^2pQ=^arc  PA. 

Hence  if  a  string  of  length  A^PA,  fixed  at  A\  and  wrapped 
upon  the  semicycloid  ^'P'^,  be  unwrapped,  beginning  at  Aj  a 
particle  attached  to  its  extremity  will  trace  out  the  seraicycloid 
APC.  And  by  means  of  another  semicycloid  A'a^  the  particle 
may  be  made  to  describe  the  other  half  of  the  cycloid  ACa. 

6.  To  find  the  time  of  oscillation  of  a  heavy  particle 
moving  on  the  surface  of  a  cycloid. 


/ 


/ 


./ 


c 


Let  P  be  the  position  of  the  particle  at  any  time,  Q,PR 
the  corresponding  position  of  the  generating  circle,  PR  the 
tangent  at  P,  C  the  lowest  point  of  the  cycloid.  Then  the 
force,  which  accelerates  or  retards  the  motion  of  the  particle,  is 
the  resolved  part  of  the  force  of  gravity  in  the  direction  of  the 
tangent,  that  is,  in  the  direction  of  PR.      But  gravity  acts 

20 — 2 
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parallel  to  Q/f,  therefore  the  resolved  part  of  gravity  in  the 
direction  of  PR 

PR      ff  PC 
'^gcosPRQ^g—^^  Qg^A^y  the  property  of  the  cycloid) 

^^  .PC, 

4fa 

if  we  call  the  radius  of  the  generating  circle  a. 

Hence  the  particle  is  always  acted  upon  by  a  force  tend- 
ing to  draw  it  towards  C  and  proportional  to  PC,  and  will 
therefore  oscillate  in  the  same  manner  as  a  particle  under  the 
action  of  a  central  force  varying  directly  as  the  distance  :  there- 
fore by  Newton,  (Prop.  X.  Cor.  2), 

time  of  oscillation  =  Stt  'v   —  =  4ir  V   -  . 

g  g 

Cob.  If  we  have  a  particle  suspended  by  a  string  of 
length  /,  and  made  to  oscillate  in  a  cycloid  by  the  artifice  ex- 
plained in  the  preceding  proposition,  then  /  s4a,  and  the  time 
of  oscillation 


s/l 


g 

It  is  to  be  observed,  that  by  the  time  of  oscillation  is  meant  the 
time  which  elapses  between  the  departure  of  the  particle  from 
the  highest  point  and  its  return  to  the  same. 

7.  When  the  oscillations  of  a  pendulum  are  very  small, 
we  may  consider  the  time  of  oscillation  to  be  the  same  as  if 
the  extremities  described  a  cycloidal  arc;  hence  if  /  be  the 
length  of  a  pendulum  we  may  say  in  general,  that,  provided 
the  oscillation  be  small,  the  time 

=  27r\/-. 
g 

The  time  of  oscillation  of  a  pendulum  is  an  element  which  can 

be  observed  with  very  great  accuracy,   hence  the  observation 
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of  a  pendulum  affords  the  best  means  of  determining  the 
value  of  the  quantity  g.  Suppose  we  find  by  experiment  the 
length  of  a  pendulum  which  will  make  a  semioscillation  in  l^\ 
and  let  L  be  its  length,  then  we  have 


\/?..; 


g 


g-L 


tt'. 


Such  a  pendulum  is  called  a  seconds  pendulum.  By  this 
means  it  is  ascertained  that  the  accelerating  force  of  gravity, 
though  nearly  the  same  over  the  earth^s  surface,  is  not  accu- 
rately SO.  The  length  of  the  seconds  pendulum,  speaking 
without  extreme  accuracy,  may  be  said  to  vary  from  the  poles 
to  the  equator  between  the  limits  39^  and  39  inches.  In  the 
latitude  of  London  the  length  is  about  39^  inches. 

8.  A  pendulum  consisting  of  a  particle  suspended  by  an 
indefinitely  fine  string,  such  as  that  which  we  have  been  con- 
sidering, is  called  a  simple  pendulum.  But  in  practice,  no 
pendulum  can  be  made  so  nearly  to  fulfil  these  conditions  as 
to  be  regarded  as  a  simple  pendulum ;  to  deduce  the  length  of 
the  theoretical  simple  pendulum  from  a  seconds  pendulum  of 
complicated  construction,  requires  much  ingenuity,  as  well  as 
the  application  of  more  complicated  mathematical  processes 
than  any  introduced  into  this  work.  It  must  suffice  here  to 
state,  that  the  problem  admits  of  solution  to  the  utmost  degree 
of  accuracy. 
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1.  A  FLUID  is  a  collection  of  material  particles,  which  can 
be  moved  among  each  other  by  an  indefinitely  small  force. 

There  is  no  fiuid  in  nature  which  strictly  fulfils  the  defi- 
nition we  have  given ;  nevertheless  those  substances  which  we 
shall  consider  as  fiuid,  fulfil  it  sufficiently  nearly  to  make  the 
conclusions  founded  on  the  definition  practically  correct. 

2.  Fluids  are  distinguished  into  elastic  and  non-elastic. 
The  former  class  consists  of  those,  the  volume  of  which  can 
be  diminished  by  pressure,  and  which  have  an  internal  expan- 
sive force,  in  virtue  of  which  their  volume  increases  when  not 
constrained  by  external  pressure.  Of  this  kind  is  air^  and 
generally  all  gaseous  fluids.  The  latter  class  consists  of  those 
which  have  not  this  property,  and  the  volume  of  which  remains 
the  same  whatever  pressure  they  may  be  subjected  to.  Of  this 
kind  is  water^  and  generally  all  those  fluids  which  we  term 
liquid. 

These  two  classes  of  fluids  are  also  spoken  of  as  compres- 
sible and  incompressible.  Strictly  speaking  no  known  fluid  is 
incompressible,  but  all  ordinary  liquids  are  sufficiently  nearly 
so  to  enable  us  to  regard  them  as  such  without  sensible  error. 

3.  As  the  science  of  Force,  considered  as  acting  on  a  mate- 
rial particle,  or  a  system  of  material  particles  rigidly  connected, 
divided  itself  into  the  two  sciences  of  Statics  and  Dynamics, 
so  in  considering  the  action  of  force  on  a  fluid  the  science  will 
be  that  of  Hydrostatics  or  Hydrodynamics^  according  as  mo- 
tion is  or  is  not  produced.  The  mathematical  difficulty  of  the 
latter  science,  however,  will  confine  us  strictly  to  the  case  of 
a  fluid  at  rest. 
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4.  The  characteristic  property  of  fluids  is  that  of  trans- 
mitting  equally  in  all  directions  pressures  applied  at  their 
surfaces.  Thus,  suppose  the  figure 
to  represent  a  horizontal  section  of 
a  vessel  containing  fluid,  and  sup- 
pose a  pressure  exerted  on  the  fluid 
at  some  part  of  the  side  A  E  hy  sl 
piston  a;  then  this  pressure  will 
be  transmitted  through  the  fluid, 
not  only  in  one  direction,  as  would 
be  the  case  with  a  rigid  body,  but  in  all  directions  around 
the  piston.  To  test  the  truth  of  this,  suppose  a  piston  6, 
of  the  same  size  as  a,  to  be  inserted  in  the  side  BC^  then  it 
will  be  found  that  the  same  force  will  have  to  be  applied 
to  the  piston  6,  to  prevent  its  being  thrust  outward,  as  has 
been  applied  to  the  piston  a  in  order  to  produce  the  pressure 
on  the  surface  of  the  fluid. 

The  same  property  may  be  proved  by  other  experiments, 
so  far  as  the  nature  of  the  case  allows  of  experimental  proof, 
and  will  be  assumed  as  true  in  all  that  follows. 

5.  The  pressure  which  a  fluid  exerts  upon  a  smooth  plane 
is  necessarily  perpendicular  to  the  plane,  because  the  pressure 
must  be  mutual,  and  a  smooth  plane  is  incapable  of  exerting 
any  pressure  parallel  to  its  surface. 

6.  Having  spoken  of  the  pressure  on  a  plane,  we  must 
explain  how  such  pressure  is  measured.  The  pressure  may  be 
either  uniform  or  variable,  that  is,  it  may  be  the  same  at  one 
point  as  at  another,  or  it  may  vary  from  point  to  point :  in 
the  former  case,  the  pressure  is  measured  by  the  pressure  pro- 
duced on  a  unit  of  area;  in  the  latter,  the  pressure  at  any 
point  is  measured  by  the  pressure  which  would  be  produced 
on  a  unit  of  area,  if  the  pressure  at  every  point  of  it  were  the 
same  as  at  the  proposed  point.  The  unit  of  area  may  be  any 
whatever,  as,  for  instance,  1  square  inch.  The  pressure  thus 
measured  is  called  the  pressure  referred  to  a  unit  of  surface, 
and  is  usually  denoted  by  the  letter  p.      Suppose,  for  instance, 
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the  pressure  on  each  square  inch  of  the  bottom  of  a  pail  of 
water  were  the  same  as  would  be  produced  by  putting  upon  it 
a  weight  of  3lbs.,  then  p  =  3.  Also  if  A  be  the  whole  area 
pressed,  and  the  pressure  be  uniform,  the  whole  pressure  will 
be  measured  hy  pA:  thus,  in  the  example  just  now  taken,  if 
the  bottom  of  the  pail  contain  40  square  inches,  p  J  =  3  x  40 
=  120  lbs.,  which  is  the  whole  pressure  exerted  by  the  water. 

Conversely,  if  the  whole  pressure  on  an  area  be  given, 
and  the  pressure  be  uniform,  then  the  pressure  referred  to  a 
unit  of  surface  will  be  found  by  dividing  the  whole  pressure 
by  the  quantity  expressing  the  area. 

7.  When  we  speak  of  the  pressure  at  any  internal  point 
of  a  mass  of  fluid,  we  mean  the  pressure  which  would  be 
exerted  supposing  a  rigid  plane  were  made  to  pass  through 
the  point  in  question.  Or,  supposing  a  very  small  portion  of 
fluid  at  the  given  point  to  become  rigid,  then  we  shall  have 
the  case  of  a  small  rigid  body  kept  in  equilibrium  by  equal 
pressures  on  all  sides  of  it,  and  the  intensity  of  these  pressures 
measures  the  pressure  of  the  fluid  at  the  proposed  point. 


8.  Some  very  remarkable  results  follow  from  the  law  of 
equal  transmission  of  fluid  pressure,  which  at  first,  perhaps, 
appear  somewhat  paradoxical.  For  since,  when  we  exert  a 
pressure  on  the  surface  of  a  fluid,  that  pressure  is  transmitted 
equally  in  all  directions,  it  is  evi- 
dent that  the  whole  pressure  pro- 
duced on  any  surface  will  be  pro- 
portional to  the  extent  of  the 
surface,  and  therefore  may  be  in- 
creased indefinitely  by  increasing 
that  surface.  The  following  ex- 
periment exhibits  this  result  from 
a  very  striking  point  of  view.  Sup- 
pose AB^  CD  to  be  two  boards 
forming  the  ends  of  an  air-tight 
leather  bag,  and  through  the  lower 
board  CD  let  a   small   tube,  EF^ 


Al.-  '  H'lM""'  niiin'.  iiii;ii!l.l... 


—  E 
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be  introduced ;  then  it  will  be  found,  that,  by  making  the 
board  AB  sufficiently  large,  a  person  standing  upon  it  and 
blowing  into  the  tube,  will  be  able  to  lift  his  own  weight 
with  ease. 


ON  THE  EQUILIBRIUM  OF  NONELASTIC   FLUIDS 
UNDER  THE  ACTION  OF   GRAVITY. 

9.  In  the  treatise  on  Dynamics  (Art  21,  page  226),  we 
have  explained  what  is  meant  by  the  mass  of  a  body,  and  we 
established  the  formula 

where  W  is  the  weight  of  a  body,  M  its  mass,  and  g  the  acce- 
lerating force  of  gravity  (Art.  24,  page  227). 

By  the  density  of  a  body  we  mean  the  quantity  of  matter 
contained  in,  i.  e.  the  mass  of,  a  unit  of  its  volume ;  so  that  if 
V  be  the  volume  of  a  body  of  uniform  density  ^,  and  M  its 
mass,  then 

and  .'.   W=pVg, 

It  will  be  observed  that  here,  as  in  the  case  of  mass,  (see 
Dynamics,  Art.  21,  page  226,)  we  are  obliged  to  refer  to  the 
effect  of  gravity  upon  matter,  and  we  consider  two  bodies  of 
equal  volume  to  be  equally  dense  when  their  weights  are 
equal,  that  is,  when  the  effect  of  gravity  upon  them  is  the 
same. 

The  specific  gravity  of  a  body  is  the  weight  of  a  unit  of 
its  volume ;  so  that  if  S  be  the  specific  gravity  of  a  body,  the 
volume  of  which  is  V  and  the  weight  W^  then  will 

W^  VS. 

Comparing  this  with  the  formula  last  obtained,  we  see  that 

S  =  pg.  i 


BQUILIBRIUII  OF  N0NKLA8TIC  FLUIDS.  317 

The  specific  gravities  of  different  substances  may  be  con- 
veniently estimated  with  reference  to  some  standard  substance ; 
for  instance,  distilled  water  at  a  given  temperature  ;  if  we  call 
the  specific  gravity  of  this  standard  substance  1,  then  those  of 
other  substances  will  be  expressed  by  numbers,  which  give  the 
''atios  of  the  specific  gravities  of  those  substances  to  that  of 
the  standard.      Thus,  if  the  specific  gravity  of  water  is  1,  that 
of  lead  is  1  l'S5,  of  copper  8'9,  and  so  of  other  substances. 

10.     To  find  the  pressure  referred  to  a  unit  of  surf  ace  at 
^ny  depth  below  the  surface  of  a  fluid  at  rest. 

Let  £  be  a  point  at  a  depth  z  below 

t:he  surface ;   suppose  AB  to  be  a  prism  of 

"fluid   of  very   small   transverse    section   a, 

snd    suppose  this    prism    to  become  solid,     \  -^ 

which  may  evidently  be  done  without  dis- 


turbing the  equilibrium  ;  then  the  pressure  on  the  base  of  the 
prism  will  be  its  weight  =  pga  ar,  if  p  be  the  density  of  the 
fluid.  Again,  let  p  be  the  pressure  at  B  referred  to  a  unit 
of  surface,  then  the  whole  pressure  on  the  base  of  the  prism 
=  pa ;   hence  we  have 

pa  =  pgax, 

or    /}  =  pgx. 

Hence  the  pressure  at  any  point  in  the  interior  of  a  fluid 
Ht  rest,  is  proportional  to  the  depth  below  the  surface. 

If  we  suppose  the  surface  of  the  fluid  to  be  exposed  to 
some  pressure,  as  the  pressure  of  the  air,  and  we  call  this 
pressure  11,  we  shall  have 

p  =  pgx  +  n. 

11.  The  pressure  which  we  have  here  determined  is  not 
in  any  definite  direction,  but  exists  in  all  directions  around  B 
in  virtue  of  the  fundamental  property  of  fluids.  For  instance, 
if  we  have  a  vessel  with  vertical  sides  containing  fluid,  then 
the  pressure  at  a  given  depth  on  the  sides  of  the  vessel  will 
be  that  which  we  have  determined,  but  its  direction  will  be 
horizontal. 
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12.  The  surface  of  a  fluid  at  rest  is  a  horizontai  plane. 

Let  JB  be  the  surface  of  the   A         E F     B 

fluid,  CD  a  horizontal  plane  be- 
low the  surface,  £,  F  any  two 
points  in   the  surface,    £C,  FD 

perpendicular  to  CD^  p  the  den-  C  D 

sity  of  the  fluid.  Now,  suppose  a  small  canal  of  fluid  joining 
C  and  D  any  two  points  in  the  given  horizontal  plane  to  be- 
come a  solid  prism  ;  then  since  this  prism  is  in  equilibrium, 
the  horizontal  pressures  upon  its  two  ends  must  be  equal,  but 
these  are  the  fluid  pressures  at  C  and  D ;  hence 

fluid  pressure  at   C  =  fluid  pressure  at  J), 

that  is,  pgEC  =  pgFD ; 

.-.  EC  =  FD, 

and  therefore  the  surface  of  the  fluid  is  parallel  to  the  hori- 
zontal plane  CD^  or  is  horizontal. 

13.  To  find  the  pressure  on  a  plane  horizontal  area  at 
any  depth  below  the  surface  of  a  fluid  at  rest. 

Suppose  vertical  lines  to  be  drawn  from  all  points  of  the 
circumference  of  the  plane  area  to  the  surface  of  the  fluid,  and 
suppose  the  prism  of  fluid  thus  formed,  having  the  given  area> 
for  its  base,  to  become  solid ;    then  the  pressure  on  the  plan^ 
area  will  be  the  same  as  before.      But  in  this  hypothetical 
case,   the  pressure  manifestly  equals  the  weight  of  the  solidi 
prism.     Hence  the  pressure  on  the  plane  area  is  the  weight  of 
a  column  of  fluid,  the  base  of  which  is  the  area  pressed,  and 
height  the  depth  of  the  area  below  the  surface. 

The  proposition  will  be  true,  even  jj  FAB 

when  there  is  no  such  column  of  fluid 
actually  superincumbent  upon  the  plane. 
For,  suppose  we  have  a  vessel  of  the 
shape  ACDB,  full  of  fluid ;  produce 
AB  and  draw  CE^  DF  perpendicular 
to  it,  and  suppose  the  part  EC  A  to  be 
filled  with  fluid ;  now  let  the  side  AC 
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of  the  vessel  be  removed,  then  equilibrium  will  still  subsist 
and  the  pressure  on  the  base  CD  will  be  the  same  as  before. 
But  in  this  case  the  pressure  is  the  weight  of  the  column 
ECDF ;  therefore  the  proposition  is  still  true. 

14.  Hence  it  appears  that  the  pressure  on  any  plane 
horizontal  area  depends  on  its  depth  below  the  highest  point 
of  the  fluid,  and  not  upon  the  magnitude  of  the  actual  super- 
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incumbent  mass.  For  instance,  if  we  have  three  vessels,  such 
as  in  the  figure,  having  their  bases  and  altitudes  equal,  the 
pressure  on  the  bases  when  they  are  filled  with  fluid  will  be 
the  same. 

A  remarkable  illustration  of  the  proposition  is  supplied 
also  by  this  experiment;  a  barrel  filled  with  water,  and 
having  a  long  vertical  pipe  of  small  transverse  section  intro- 
duced into  it  also  filled  with  water,  will  be  burst  by  the  fluid 
pressure,  if  the  pipe  be  of  considerable  length. 


15.      The  common   surface  of  two  fluids  which   do  not 
mix  is  a  horizontal  plane. 

Let  A  BCD  be  a  vessel  containing  the 
fluids,  and  AD  the  horizontal   surface  of  A 
the  upper  fluid.     If  possible,  let  EHF  be 
the  common  surface;   draw  the  horizontal 
plane  EF.     Consider  the  equilibrium  of  a 
vertical  column  GHK^  composed  partly  of 
one    fluid  and    partly    of   the    other;    the 
pressure  at  JT  =  the  weight  of  the  column  GHK^  but  the  pres- 
sure at  K  also  equals  the  pressure  at  E  which  is  in  the  same 
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horizontal  plane  with  it,  and  therefore  equals  the  weight  of 
a  column  of  fluid  reaching  from  E  to  the  surface. 

Hence  the  weight  of  a  column  composed  of  the  two  fluids 
equals  that  of  a  column  of  the  same  height  composed  of  only  one 
of  them  ;  which  is  absurd,  since  the  fluids  are  supposed  to  be 
of  diflerent  densities.  Therefore  the  common  surface  cannot 
be  as  we  have  supposed,  and  must  be  horizontal. 

16.  Hence,  theoretically,  two  fluids  resting  the  one  on  the 
other  will  be  in  equilibrium,  provided  their  common  surface 
is  horizontal ;  but  practically  equilibrium  will  not  subsist, 
unless  the  lower  fluid  be  that  of  greater  density ;  for  if  the 
contrary  were  the  case,  the  smallest  disturbance  of  the  fluids 
would  cause  the  denser  fluid  to  descend,  and  the  equilibrium 
would  be  destroyed :  in  the  former  case  the  equilibrium  is  said 
to  be  stable^  in  the  latter  unstable.  Thus  oil  can  rest  perma- 
nently on  water,  but  not  vice  versa. 

17-  When  two  fluids  meet  in  a  bent  tube^  the  altitudes 
of  their  surfaces  above  the  horizontal  plane  in  which  they 
meet,  are  inversely  as  their  densities. 

For  let  pp  be  tlie    densities,  and  xx'  the  altitudes  of  the- 
fluids  above  the  common  surface ;   then  the  pressure  referred, 
to  a  unit  of  surface  of  the  two  fluids  at  the  common  surface 
must  be  equal  and   opposite,  because  there  is  equilibrium  ^ 
call  it  p^  then,  considering  the  flrst  fluid,  we  have  (Art.  10) 

•       p  =  pgx. 
Considering  the  second,   we  have 

P  =  pg«' ; 
.*.  p%  =  p'«\ 


z        p 


or  —  =  —  . 
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18.  The  whole  fluid  pressure  on  a  surface  immersed 
in  a  fluid  J  is  equal  to  the  weight  of  a  column  of  fluid  j  having 
for  its  base  the  area  of  the  surface  immersed^  and  for  its 
height  the  depth  of  the  centre  of  gravity  of  the  surface  he- 
low  the  surfa,ce  of  the  fluid. 

Suppose  the  surface  divided  into  a  number  of  very  small 
portions,  each  of  which  we  may  consider  to  be  ultimately  plane, 
and  to  have  all  its  points  at  the  same  distance  below  the  sur- 
face of  the  fluid.     Let  a^,  a^,  as be  the  areas  of  the  small 

portions,  and  Xi^ss^^  z^ their  respective  depths  below  the 

surface,  then  the  pressure  on  a^  is  pga^Xi ,  on  u^  the  pressure 
is  pga2X2  9  and  so  on ;  hence  the  whole  pressure  on  the 
surface 

Let  <S  be  the  area  of  the  surface,  and  x  the  depth  of  its 
centre  of  gravity,  then  by  a  property  of  the  centre  of  gravity  *, 
(see  Statics,  Art.  44,  page  209,)  we  shall  have, 

fli^i  +  a2«?2  +  03^3  + 

ai  +  a2  +  03  + 


S 


9 


.*.  the  whole  pressure  on  the  surface  =  pgSx^ 
=  the  weight  of  a  column  of  fluid  of  base  S  and  height  ». 

Ex.  1.  An  isosceles  triangle  is  immersed  in  fluid,  having 
its  vertex  in  the  surface  of  the  fluid,  and  its  base  horizontal ; 
find  the  whole  pressure  on  the  plane  of  the  triangle. 

Let  the  base  of  the  triangle  =  a, 

the  perpendicular  from  the  vertex  on  the  base  =  6, 

•  The  property  referred  to  was  proved  for  a  number  of  heavy  particles ;  when  we 
apply  the  same  to  the  centre  of  gravity  of  a  surface,  we  must  suppose  it  to  be  a 
physical  surface  of  an  indefinitely  small  thickness  and  having  weight ;  it  may  then 
be  considered  to  be  made  up  of  the  component  particles,  the  weights  of  which  are 
proportional  to  aj,  aj, 

21 
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the  angle  at  which  the  plane  of  the  triangle  is  inclined   to  the 
horizon  «  6 ; 

/.  the  depth  of  the  centre  of  gravity  «  —  sin  6. 

3 
(Statics,  Art.  46,  page  210.) 

Also  the  area  of  the  triangle  =  —  ; 

1 
.'.  the  whole  pressure  =  - pgabh  sin  9, 


Ex.  2.      A  cylindrical  vessel,  having  its  axis  vertical,  is 
full  of  fluid  ;   find  the  whole  pressure  on  the  sides. 

Let  h  be  the  height  of  the  vessel,  r  the  radius  of  the  base; 
then  the  surface  pressed  »  2  7rrA,  and  the  depth  of  the  centre 

of  gravity  -  *  ;     .-.  the  whole  pressure  =  .,^AV. 

19.  The  pressure  on  a  surface,  which  we  have  been  con- 
sidering, is  not  a  single  pressure  in  a  certain  direction,  nor 
does  it  admit,  in  general,  of  a  single  resultant,  because  the  di- 
rection of  the  pressure  on  any  one  of  the  small  areas  into  which 
we  supposed  the  surface  to  be  divided  is  perpendicular  to  that 
small  area,  and  therefore  varies  from  point  to  point  of  the  sur- 
face, except  in  the  case  of  a  plane  area.  If,  however,  we  con- 
sider only  that  portion  of  the  fluid  pressure  which  acts  in  any 
given  direction,  we  may  determine  the  single  force  in  that  di- 
rection, to  which  all  the  fluid  pressures  at  difi^erent  points  of  the 
surface  are  equivalent. 

20.  When  a  body  is  immersed  in  a  heavy  Jluid^  the 
resultant  of  the  horizontal  pressures  at  all  points  of  the  sur- 
face of  the  body  is  zero. 

The  pressure  on  the  surface  of  the  body  will  be  the  same 
in  every  respect  as  on  a  similar  and  equal  portion  of  the  fluid, 
supposed  to  be  substituted  for  the  body,  and  then  made  solid. 
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And  this  hypothetical  solid  will  be  in  equilibrium  under  the 
action  of  its  own  weight,  and  the  pressure  of  the  fluid ;  but  no 
part  of  its  own  weight  acts  horizontally,  therefore  the  horizontal 
part  of  the  fluid  pressure  must  be  zero. 

21.  Under  the  same  circumstances^  the  resultant  of  the 
vertical  pressure  on  the  body  is  equal  to  the  weighty  and 
acts  through  the  centre  of  gravity,  of  the  fluid  displaced. 

Making  use  of  the  same  artifice  as  before,  the  portion  of 
fluid  supposed  to  become  solid  is  kept  in  equilibrium  by  its 
own  weight  and  the  vertical  pressure  of  the  fluid,  and  these 
must  be  equal  and  opposite  forces;  but  the  former  may  be 
supposed  to  act  at  the  centre  of  gravity  of  the  solidified  portion, 
i.  e.  of  the  fluid  displaced  ;  therefore  also  the  vertical  pressure 
of  the  fluid  is  equal  to  the  weight  of  that  solidified  portion, 
and  acts  through  its  centre  of  gravity. 

22.  To  determine   the   conditions  of  equilibrium   of  a 
floating  body. 

The  floating  body  is  kept  in  equilibrium  by  its  own  weight 
acting  downwards  through  its  centre  of  gravity,  and  the  pres- 
sure of  the  fluid  acting  upwards,  which,  as  we  have  shewn,  is 
equal  to  the  weight,  and  acts  through  the  centre  of  gravity,  of 
the  fluid  displaced.  Hence,  when  a  body  floats  in  equilibrium, 
the  weight  of  the  body  is  equal  to  that  of  the  fluid  displaced, 
and  the  centres  of  gravity  of  the  body  and  of  the  fluid  displaced 
are  in  the  same  vertical  line. 

Cob.  If  a  body  is  wholly  immersed  in  a  fluid  of  greater 
specific  gravity  than  itself,  and  is  prevented  from  rising  by  ,a 
string  or  otherwise,  then  the  force  tending  to  raise  the  body 
is  the  difltrence  between  its  own  weight  and  that  of  the  fluid 
displaced. 

Let  rbe  the  volume  of  the  body,  S  its  specific  gravity,  *S" 
that  of  the  fluid  ;   then 

pressure  of  the  fluid  upwards  =  VS\ 

21— g 
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weight  of  the  body  acting  downwards  «  VS ; 
.•.  force  tending  upwards  =  F(*y  -  S). 

Hence  we  see  the  reason  of  the  ascent  of.  a  balloon,  when 
inflated  with  a  gas  speciflcally  lighter  than  common  air. 


ON   FINDING   THE   SPECIFIC   GRAVITY   OF  A 

SUBSTANCE. 

23.  We  have  before  remarked  (Art.  9)  that  it  is  con- 
venient to  compare  the  specific  gravities  of  substances  with  that 
of  some  standard  substance,  such  as  distilled  water  at  a  given 
temperature ;  we  shall  now  explain  the  mode  of  making  the 
comparison. 

We  will  first  consider  the  case  of  a  solid  body. 

(1)     Let  the  body  be  of  greater  specific  gravity  than  the 
fluid. 

Weigh  the  body  first  in  vacuum,  and  then  in  the  fluid,  and 
let  the  weight  in  the  first  case  be  W^  and  in  the  second  W'\ 
then  the  weight  of  the  fluid  displaced  =  WT  —  W^ ; 

specific  gravity  of  solid  W 

'"'  r. fluid  "  wr-  W ' 

(3)  Let  the  body  be  of  less  specific  gravity  than  the 
fluid. 

Then  it  must  be  attached  to  a  piece  of  some  heavy  sub- 
stance, the  weight  of  which  we  will  suppose  to  be  w  in  vacuum, 
and  w'  in  the  fluid  ;  and  let  W^  W*  be  the  weights  of  the 
two  bodies  attached  together,  in  vacuum  and  in  the  fluid  re- 
spectively ;  then 

the  weight  of  fluid  displaced  by  the  two  bodies  =  FT,  -  FT/, 

•  • heavier  ^z  w  —  w\ 

: lighter  =  W^  -  W[ 

-  w  +  «>'; 


SPECIFIC  GRAVITY.  325 

specific  gravity  of  solid  W 

^°     '**   fluid'  W.-W^'-w  +  w' 

If  the  body  be  composed  of  a  substance  soluble  in  the  fluid, 
we  must  inclose  it  in  wax  and  proceed  as  before. 

24.  In  rough  experiments,  founded  on  the  preceding  in- 
vestigation, it  will  be  sufficient  to  weigh  the  bodies  in  air 
instead  of  in  vacuum ;  but  in  all  delicate  experiments,  the 
weight  of  the  air  displaced  by  the  body  must  be  subtracted 
from  its  apparent  weight  in  air. 

25.  To  determine  the  specific  gravity  of  air. 

Let  a  large  flask  be  filled  with  air,  and  weighed,  and  let 
the  weight  be  W;  again,  let  the  air  be  exhausted,  and  the 
flask  weighed,  and  its  weight  he  W ;  lastly,  let  the  flask  be 
filled  with  water,  and  weighed,  and  its  weight  be  WT".  Then 
the  weight  of  air  contained  is  W  —  W\  and  of  water  con- 
toined   W"  -  fT, 

specific  gravity  of  air        W  —  W^ 


water       PT'-fT' 


26.  The  apparent  weight  of  a  body,  resulting  from  an 
experiment  made  in  common  air,  is  always  deceitful,  except  in 
the  case  of  the  substance  weighed  being  of  the  same  material 
as  the  weights  used  in  the  opposite  scale  of  the  balance. 

Let  V  be  the  volume  of  a  body  weighed,  S  its  specific  gravity, 

r the  weight,  S'  

G  the  specific  gravity  of  air. 

Then  we  must  have, 

F(5'-(7)=  r(/8f' -(7); 
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Hence  the  apparent  weight  of  a  body  must  be  multiplied  by 
the  factor  — —  in  order  to  get  the  true  weight. 


27.  Given  volumes  of  substances  of  known  specific  gra- 
vities are  compounded;  to  find  the  specific  gravity  of  the 
compound. 

Let  F  F'  be  the  volumes, 

A?  S'  the  specific  gravities, 

(T  the  specific  gravity  of  the  compound. 

Then,  since  the  weight   of  the  compound  equals  the  sum  of 
the  weights  of  the  constituents,  we  have 

(F+  F')(r=  FS+  F'5'; 
VS  +  VS' 


.',  a  = 


Ff  r 


28.      To  compare  the  specific  gravities  of  two  fluids  by 
weighing  the  same  solid  in  each. 

Let  W  be  the  weight  of  the  solid  in  vacuum, 

Wi     its  apparent  weight  when  suspended  in  the  first  fluid, 

Wft      second     ... 

Then, 
weight  of  the  quantity  of  the  first  fluid  displaced  =  FF-  fF,, 

second    sffr^^^. 

.*.  the  ratio  of  the  specific  gravities  =  ? . 
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29.     The  specific  gravities  of  two  fluids  may  he  conve- 
niently compared  by  means  of  the  common  hydrometer. 

This  instrument  consists  of  two  hollow 
spheres,  B  and  C»  having  their  centres  in  the 
axis  of  the  graduated  stem  AB ;  the  sphere  C 
is  loaded  with  lead,  so  that  the  instrument 
will  float  in  a  fluid  with  the  stem  vertical. 


Let  S  S'  he  the  specific  gravities  of  two 
fluids  which  are  to  be  compared. 

V  the  volume  of  the  instrument, 

W  its  weight, 

k  the  area  of  the  transverse  section  of  the 
stem; 

and  suppose  that  when  the  instrument  is  made 
to  float  in  the  two  fluids,  the  level  of  the 
fluids  in  the  first  case  is  P,  and  in  the  second 
Q ;   then 

also  W^S\V''k.AQ)  ; 

S^      V'k,AQ 
"'  S'  ^  V^k.AP' 

Hence  by  measuring  AP^  AQj  the  ratio  —7  is  known. 


P 


30.     Nicholson's  Hydrometer. 

This  is  a  convenient  instrument  for  comparing  either  the 
specific  gravities  of  a  solid  and  a  fluid,  or  the  specific  gravis 
ties  of  two  fluids. 

AB  is  a  hollow  cylinder ;  C  a  dish  supported  by  a  wire 
AC  coinciding  with  the  axis  of  AB ;  D  another  dish  suspended 
from  the  lower  extremity  of  AB. 

(1)  To  compare  the  specific  gravities  of  a  solid  and 
a  fluid. 
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Let  fT,  l)e  the  weight,  which  placed  in  C 
causes  the  instrument  to  sink  in  the  fluid  till 
the  surface  of  the  fluid  meets  ^C  in  a  given  point 
E.  Place  the  solid  in  C,  and  let  W^  be  the  weight 
which  must  be  added  to  make  the  instrument  sink 
as  deep  as  before.  Place  the  solid  in  2>,  and  let 
IF3  be  the  weight  which  must  then  be  placed  in 
C  in  order  to  sink  the  instrument  to  the  same 
depth. 

Then  the  weight  of  the  solid  =  PT,  -  ITg . 

Again,  the  apparent  weight  of  the  solid  when 
weighed  in  the  fluid  =  W^  -  W^\ 

.'.   the  weight  of  the  fluid  displaced 

specific  gravity  of  solid       W^^  —  W^ 


and 


fluid       FT,  -  W^ 


(2)      To  compare  the  specific  gravities  of  two  fluids. 

Let  W  be  the  weight  of  the  hydrometer  ;  and  let   W^  fV^ 
be  the  weights  which  must  be  placed  in  C  in  order  to  sirilr 
the  instrument   down    to   the  point  £,   when  floating  in   the 
two  fluids  respectively. 

The  weight  of  the  fluid  displaced  in  the  two  cases  will  be 
W  +  Wi  and  fT  +  TTg ;  but  the  volume  displaced  is  the 
same ; 

,'.  the  ratio  of  the  specific  gravities  =  -— ^  . 


ON   THE   PRESSURE   OF  AIR  AND   OTHER  ELASTIC 

FLUIDS. 

31.  The  atmosphere  or  air,  which  surrounds  the  earth, 
produces  a  pressure  upon  all  bodies  immersed  in  it.  This 
pressure,  though  very  great,  is  not  in  general  felt  by  us,  be- 
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cause  by  the  nature  of  fluid  pressure  it  acts  equally  on  all 
sides  of  a  body  submitted  to  it ;  for  instance,  when  a  man 
raises  his  hand,  the  downward  pressure  of  the  air  above  his 
hand  is  equal  to  the  upward  pressure  below  it,  and  the  two 
therefore  neutralize  each  other. 

32.      To  measure  the  pressure  of  the  air,     (The  Baro- 
meter.) 

Let  a  bent  glass  tube  ABC  be  closed  at  the  end  x 
Ay  and  let  AB  be  filled  with  mercury.  Then  if  the 
tube  be  placed  so  that  AB  is  vertical,  the  mercury 
will  descend  in  AB  and  rise  in  fiC,  leaving  a  vacuum 
above  the  level  of  the  mercury  in  AB.  Let  Z>,  E 
be  the  levels  of  the  mercury  in  the  two  branches, 
and  draw  FE  horizontal  through  E.  Then  the 
column  of  mercury  FD  is  supported  by  the  pres- 
sure of  the  air  on  the  surface  at  £,  and  therefore 
if  n  be  the  atmospheric  pressure  referred  to  a  unit 
of  surface,  a  the  specific  gravity  of  mercury,  and 
FD  ==  A,  we  shall  have 


F 


y 


E 


n  =  Act. 


33.     The  barometer  in  common   use  differs  slightly  from 
the  instrument  just  described. 

The  common  barometer  consists  of  a  vertical      j^ 
closed  tube  AB  opening  into  a  vessel  BC ;  a  scale 
of  inches  is  attached  to  AB,      The  height  of  the    ^ 
mercurial  column,  as  shewn  by  such  an  instrument 
as  this,  is  the  height  above  a  fixed  horizontal  plane,    N 
not  above  the  level  of  the  mercury  in  BC  which  is 
variable;    hence    the  height  will  be  in  error,  but 
since  the  area  of  the  vessel  BC  is  much  greater 
than  that  of  the  tube  AB  the  error  will  not  be 
very  great. 

The  actual  error  may  easily  be  calculated,  thus  :    -^ 
let  O  be  the  zero  point  of  graduation,  and  when 
the  mercury  in  BC  stands  at  that  level,  let  N  be 


O 
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the  level  of  the  mercury  in  AB\  and  when  the  mercury  in 
AB  has  risen  to  P,  let  that  in  EC  have  fallen  to  M,  then 
OM  is  the  error  required.  Let  k  K  he  the  areas  of  the 
transverse  sections  of  AB  and  EC  respectively ; 

.-.  k.PN^K.OM\ 

..  OM  ^%^.PN^^{OP^ON)', 
K  K 

(         1c  \       h 
and  the  true  height  of  the  barometer  =  OP  1 1  +  -j^j  -  l^^^* 

The  height  of  the  barometer  varies  from   about  28  to  31 
inches. 


34.  We  remarked  in  the  commencement  of  this  treatise, 
that  some  fluids  were  elastic  and  some  inelastic ;  in  the  latter, 
of  which  we  have  hitherto  principally  treated,  the  density  is 
the  same  to  whatever  pressure  the  fluid  may  be  subjected;  but 
in  elastic  fluids  the  volume  is  diminished  by  pressure,  and 
consequently  the  density  increased.  There  will  be,  therefore, 
some  relation  between  the  volume  occupied  by  an  elastic 
fluid,  and  the  pressure  exerted  by  it,  in  consequence  of  its 
elasticity. 

The  pressure  of  air  at  a  given  temperature  varies  in- 
versely as  the  space  it  occupies. 

We  shall  shew  how  this  is  proved  experimentally,  (l) 
when  the  air  is  compressed  for  the  experiment,  (2)  when  it  is 
rarified. 

(1).  Let  AEC^  a  bent  glass  tube  closed  at  A^  and  having 
its  branches  parallel,  be  placed  so  that  the  axes  of  the  tube 
are  vertical. 

Pour  mercury  into  the  tube  until  it  stands  at  the  same 
height  in   the  two  branches,  at  the  level  DE  suppose. 
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Now  pour  in  more  mercury,  until  the  level  in 
the  two  branches  is  F  and  G  respectively. 

Then  if  the  ratio  of  the  spaces  ^£,  AG^  occu- 
pied by  the  air  in  the  two  cases,  be  ascertained  by 
weighing  the  mercury  they  will  contain,  and  if  h  be 
the  height  of  the  barometer  at  the  time  of  the 
experiment,  it  will  be  found  that 

h  +  FG      volume  AE 
h  volume  AG 

But  if  n,  n'  be  the  pressures  of  the  air  when 
occupying  the  spaces  AE^  AG  respectively,  and  a 
the  specific  gravity  of  mercury. 


D 


F 


E 


B 


then  n 


h. 


n'      volume  AE 
n       volume  AG 


(2)  Let  a  glass  tube  ABCy  closed  at  A^  and 
having  the  branches  AB^  BC  parallel  and  nearly 
equal,  be  placed  so  that  the  axes  of  the  branches 
are  vertical. 

Pour  mercury  into  the  tube,  until  the  surfaces 
in  the  two  branches  stand  at  the  same  height  DE. 

Withdraw  a  portion  of  the  mercury,  and  let 
the  surface  in  the  two  branches  then  stand  at  F 
and  G  in  the  branches  fiC,  AB  respectively. 

Then  it  is  found,  as  in  the  former  case,  that 

h-  FG      volume  AE 


D 


E 


h 


volume  AG 


Or 


F 


B 
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But  if  n,  n'  be  the  pressure  of  the  air  when  occupying 
the  spaces  AEy  AG  respectively,  we  shall  have 

n  =  ah, 

n'  «  a(h  -  FG)  ; 

n'      volume  ^£ 
n       volume  AG' 

Cor.  If  p  be  the  pressure  of  air  referred  to  a  unit  of 
surface  when  the  density  is  p,  we  have 

1 
volume  * 

1 

but  p  oc  — ; 

'       volume 

.*.  p  ocpzs  kpy  suppose, 

where  k  is  some  constant. 

The  same  law  is  found  to  hold  good  in  the  case  of  all 
elastic  fluids. 

35.  If  the  atmosphere  he  supposed  to  be  divided  into 
indefinitely  thin  strata  of  equal  thickness,  the  densities  of 
the  air  in  those  strata  will  be  in  geometrical  progression. 

Suppose  the  strata  to  be  so  thin  that  the  density  may  be 
supposed  the  same  throughout  each ;  and  let  p„,  p„  be  the 
density  and  pressure  in  the  n*^  stratum  measured  from  the 
earth's  surface;   t  the  thickness  of  the  strata. 

Then  the  difference  of  pressure  in  passing  from  the  nf^ 
to  the  n  +  l]*  stratum  is  the  weight  of  a  column  of  air  of 
height  T ; 

•••      Pn'  Pn+l^PngT       (Art.lO); 

but     p„  =  k  p„     (Art.  34), 
and     p„+,  =  kp^^i; 


in  like  manner, 


or 
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pn  *     A?    ' 

pn-l  -  pn  ^gT 
pn-l  ^    ' 

Pn  —  Pn  +  \  _  P«~l   -^  pn 
Pn  Pn-l 

Pn-l  pn  +  l  =   Pn- 


Hence   the   densities   p,,  pg,  ^3  ...  ,  and  therefore  also   the 
pressures  />,,  p2»  />3«--»  form  a  geometrical  progression. 

Obs.  The  preceding  proposition  is  not  experimentally 
true,  for  two  reasons ;  first,  we  have  considered  the  tempera- 
ture to  be  the  same  at  all  heights  above  the  earth's  surface, 
which  is  not  the  case ;  and,  secondly,  we  have  neglected  to 
take  account  of  the  diminution  of  the  force  of  gravity  as  we 
recede  from  the  centre  of  the  earth.  For  small  heights,  how- 
ever, the  proposition  may  be  taken  as  approximately  true. 

36.  To  explain  the  method  of  finding  the  difference 
of  altitude  of  two  stations  above  the  eartKs  surface  by  means 
of  the  barometer. 

Let  ,v  be  height  in  feet  of  one  station  above  the  earth^s  surface, 
<r'      the  other    

We  may  suppose  the  atmosphere  to  consist  of  strata  of  one 
foot  thick,  throughout  each  of  which  the  pressure  is  the  same, 
but  that  in  passing  from  one  to  another  of  them  the  pressure 
diminishes  in  a  geometrical  progression.  Let  r  be  the  ratio  of 
this  progression,  then  (making  r  »  1  in  the  last  article), 

l-r  =  €- 
Jb' 

.-.  r-  1  -f . 
k 


334  IIYDROSTATK^. 

Again,  let  the  height  of  the  barometer  at  the  two  stations 
be  h  h\  which  will  be  proportional  to  the  atmospheric  pres- 
sures at  the  two  stations; 

■    h'      r''       V      kl        ' 
taking  logarithms,  log  —  =  (a;  -  a?')  logf  1  -  -]  , 

or  X  —  X  =  — — —  ; 


...(.-f) 


which  formula,  by  the  aid  of  a  table  of  logarithms,  will  give 
us  the  difference  of  height  of  the  two  stations  measured  im 
feet*. 

•  The  Student  who  is  acquainted  with  the  exponential  theorem  may  solve  tt^is 
problem  more  completely,  as  follows. 

Let  the  thickness  of  the  strata  be  t,  and  let  mx,  nr  be  the  heights  of  the  two 
stations,  and  z  the  difference  of  their  heights,  so  that 

jjr  =  (m  —  n)  T, 
then  ^,  =  (1-£t)— =(1-|t)V 


1      *   ^      ^ 


l(l-l) 

Z,m^Y^^r^^  Vt"^]  ~  ••  •••  ^y  *^®  binomial  theorem. 


k 


[x-r)  (iL\_ 
1.2      \k) 

Now  make  x  =  0,  i.  c.  suppose  the  strata  to  be  indefinitely  thin ; 
'  '  h'  k^\,2\    k)      


-«f 


=  e         (where  e  =  2*712818 )  by  the  exponential  theorem  ; 

taking  logarithms, 


1        A  Q  ^ 

log    -=-;,-  loff^, 

or    ^J         '^' 
g  loge 
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Obs.  The  preceding  investigation  explains  the  principle 
of  finding  heights  by  barometrical  observations,  but  requires 
many  corrections  in  practice  to  enable  us  to  obtain  accurate 
results.  The  decrease  of  the  earth''s  attraction,  and  the  change 
of  temperature,  in  rising  above  the  earth's  surface  give  rise  to 
the  two  most  important  corrections. 


THE    AIR-PUMP. 


In  many  scientific  experiments  it  is  necessary  to  exhaust 
the  air  from  vessels  made  use  of.  This  is  done  by  means  of 
the  air-pump ;  there  are  several  varieties,  some  of  which  effect 
a  more  complete  exhaustion  than  others,  but  none  are  capable 
of  producing  a  perfect  vacuum.  We  shall  describe  two  con- 
structions. 

37.      Hawkshee's^  or  the  common  Air-pump, 

AB^  A'ff  are  two  hollow  cylinders, 
communicating  at  their  lower  extremities  by 
a  pipe  with  a  strong  vessel  or  receiver,  from 
which  it  is  required  to  exhaust  the  air ; 
jB,  B'  are  valves  opening  upwards ;  C,  C 
pistons  fitted  to  rods  which  are  worked  by 
means  of  a  toothed  wheel  jEJ,  and  contain- 
ing valves  also  opening  upwards. 


A 


ra 


A' 


D 


Suppose  the  piston  C  to  be  in  its  highest  position,  and 
therefore  C'  in  its  lowest,  and  suppose  the  density  of  the  air 
in  the  receiver  to  be  that  of  atmospheric  air ;  then  when  C 
descends  and  C'  rises,  the  valve  B  closes,  and  C  opens  because 
the  pressure  below  becomes  greater  than  that  of  atmospheric  air  ; 
also  B'  opens  and  C'  is  closed,  and  the  air  which  before  occu- 
pied the  receiver  now  occupies  the  receiver  and  the  interior  of 
the  cylinder  A'  B\  and  is  therefore  rarified.  At  each  stroke 
a  similar  rarification  takes  place;  and  thus  the  air  in  the 
receiver  is  gradually  exhausted. 
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38.  To  find  the  density  of  the  air  in  the  receiver  after 
n  turns  of  the  wheel. 

Let  A^  B  be  the  capacities  of  the  receiver  and  of  each  of 
the  cylinders  respectively,  p^  the  density  of  the  air  after  n 
turns,  p  the  density  of  atmospheric  air.  Then  after  one  turn 
the  air  which  occupied  previously  the  space  A  occupies  the 
space  A  +  B ; 

. .    pi  (A  -^  B)  =^  pA,  or  n>,  =  p  - — —  ; 


A' 


similarly,      p^  {A  +  B)  =  p^A^  or  p.  =  p-rj- 

A" 
and   so  generally,      pn-^  Pvj—  ^y  • 


By 


39.  In  air-pumps,  which,  as  in  the  above  construction, 
have  the  pistons  open  to  the  atmosphere,  it  is  quite  necessary 
to  have  two  pistons  ;  for  if  there  were  only  one,  the  pressure 
of  the  air  upon  it  would  make  it  almost  impossible  to  work  the 
pump :  by  having  two,  as  described,  the  pressure  of  the  air 
on  the  pistons  is  in  equilibrium,  and  the  only  resistance  to  be 
overcome  is  that  arising  from  friction. 


40.     SmeatorCa  Air-pump. 

AB  is  a  hollow  cylinder  communicating  with 
the  receiver  by  a  pipe  BC ;  5  is  a  valve  opening    j^ 
upwards ;  a  piston  works  in  AB^  having  the  valve 
D  opening  upwards ;  and  the  cylinder  is  closed  by 
a  plate,  having  a  valve  A  also  opening  upwards. 

Suppose  the  piston  in  its  lowest  position  ; 
when  it  rises  the  valve  B  opens,  D  shuts,  and  the 
air  which  occupied  the  cylinder  is  expelled  through 
A ;  when  the  piston  descends,  A  closes,  D  opens, 
B  closes,  and  by  raising  it  again  the  air  occupying 
the  cylinder  is  again  expelled,  and  so  on. 


D 


B 


C 
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41.  To  find  the  density  of  the  air  in  the  receiver  after  n 
;  accents  of  the  piston. 

'-  Let  J,  B  be  the  capacities  of  the  receiver  and  cylinder 

I  respectively ;  p  the  density  of  atmospheric  air,  p^  the  density 
?  after  n  ascents  of  the  piston.  Then  after  one  ascent,  the  air 
I  which  occupied  the  space  A  occupies  the  space  A  -{-  B ; 

I  A 

f  .:    p,(A  + B)  =  p A,  or  pi  =  p— — -^, 

similarly, 

A'^ 
p^iA  +  B)=piA,  or  p,  =  p  , 

and  so  generally, 

A" 

f"' ~  f"  (aTW 

42.  In  this  pump  only  one  cylinder  is  required,  the 
upper  surface  of  the  piston  not  being  exposed  to  the  atmo- 
apheric  pressure.      Also    the    exhaustion    producible  is  much 

'  greater  than  by  Hawksbee^s  construction,  because  the  valve 
D  not  being  open  to  the  air  will  open  for  a  much  longer  time 
than  the  valves  C,  C'  in  the  former  case,  which  are  so  ex- 
posed. 

43.  The  valves  in  these  pumps  are  usually  formed  of  a 
small  square  piece  of  oil  silk,  fastened  by  the  four  corners  over 
an  aperture  in  a  brass  plate.  The  receivers  are  glass  vessels 
of  a  bell  form,  which  stand  upon  a  brass  plate,  through  which 
the  pipe  enters  which  communicates  with  the  cylinder  or  cylin- 
ders; the  junction  of  the  receiver  with  the  brass  plate  is  made 
air-tight  with  some  greasy  substance,  or  sometimes  a  disk  of 
leather  is  interposed.  This  form  of  the  receiver  is  necessary 
for  strength,  since  after  a  few  ascents  of  the  piston  the  pressure 
of  the  atmosphere  becomes  very  corisiderable. 


22 
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ON    THE    THERMOMETER. 

44.  The  thermometer  is  not,  properly  speaking,  a  hydro- 
statical  instrument ;  nevertheless,  as  we  have  had  frequently 
to  speak  of  the  temperature  of  fluids,  it  will  be  well  to  describe 
the  instrument  by  means  of  which  temperature  is  measured. 

The  efibct  of  heat  is  to  expand  bodies  under  its  influence; 
this  property  of  bodies  is  taken  advantage  of  to  measure  the 
degree  of  heat  to  which  they  are  exposed. 

45.  The  common  thermometer  consists  of  a  glass  tube,  of 
small  uniform  bore,  closed  at  one  end  and  terminating  in  a 
bulb  at  the  other,  which  together  with  part  of  the  tube  is  fitted 
with  mercury  ;  the  part  of  the  tube  not  occupied  by  mercury 
is  a  vacuum.  A  graduated  scale  is  attached  to  the  tube: 
when  the  thermometer  is  exposed  to  heat  the  mercury  expands 
and  rises  in  the  tube ;  the  degree  of  its  expansion  is  known 
by  the  graduated  scale. 

46.  The  scale  is  graduated  as  follows.  The  thermo- 
meter being  immersed  in  melting  snow,  a  mark  is  made  oppo- 
site  to  the  surface  of  the  mercury  :  this  is  the  freezing  point. 
The  thermometer  is  next  exposed  to  the  steam  of  water  boiling 
under  a  given  atmospheric  pressure,  and  a  mark  is  made  oppo- 
site to  the  surface  of  the  mercury  in  this  case :  this  is  the 
boiling  point.  The  interval  between  these  two  points  is 
divided  into  a  number  of  equal  parts  called  degrees:  in  the 
centigrade  thermometer  the  freezing  point  is  called  0^  and  the 
boiling  100*^ :  in  Fahrenheit's,  the  scale  commonly  used  in  this 
country,  the  former  is  marked  as  39^  and  the  latter  212°. 

47.  To  compare  the  scales  of  two  differently  graduated 
thermometers. 

Let  C°  and  F^  denote  the  number  of  degrees  indicated 
under  the  same  circumstances  by  a  centigrade  and  a  Fahren- 
heit's scale.  Then  F^  -  32°  is  the  number  of  degrees  Fahren- 
heit above  the  freezing  point.     Now  a  degree  centigrade  mea- 
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sures  one  hundredth  part  of  the  distance  from  the  freezing  to 
the  boiKng  point,  and  a  degree  Fahrenheit  measures  one  hun- 
dred and  eightieth  part  of  the  distance. 


C  X  —  -  (F  -  32)  — 

100  180 


or   C»-(F-  82); 
9 


a  formula  by  means  of  which  we  can  deduce  the  reading  of  one 
scale  from  that  of  the  other. 

48.  We  can  now  reduce  any  question  involving  consi- 
derations of  temperature  to  numbers;  for  if  we  speak  of  t 
degrees  of  temperature,  we  mean  that  the  mercury  in  a  ther- 
mometer exposed  to  the  degree  of  heat  in  question  would  stand 
at  t  degrees  above  the  zero  point. 

For  instance,  in  the  case  of  elastic  fluids  we  have  found 
(Art.  34.  Cor.)  that  p  «  kp^  provided  the  temperature  is  con- 
stant ;  when  the  temperature  varies,  the  following  is  the 
formula  given  by  experiment, 

p  ^  kp(l  +  at)y 

where  t  is  the  temperature  of  the  fluid,  and  a  a  small  quan- 
tity, the  value  of  which  is  found  by  experiment. 


ON    THE    SIPHON. 

49.  The  siphon  is  a  bent  tube 
ABC  open  at  both  ends.  Let  the 
tube  be  filled  with  fluid,  and  the 
shorter  leg  inserted  into  a  vessel  of 
fluid  which  it  is  required  to  empty, 
and  the  extremity  of  the  other  leg 
closed.  Let  the  level  of  the  surface 
of  the  fluid  meet  the  two  legs  of  the 
siphon  in  A  and  D  respectively,  then  there  will  be  equilibrium 
provided  the  height  of  B  above  AD  is  not  greater  than  that 
of  a  column  of  water  the  weight  of  which  is  equal  to  the  atmo- 
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spheric  pressure,  and  the  pressure  at  A  will  be  equal  to  that  at  D; 
consequently  the  pressure  on  the  end  C,  which  we  have  supposed 
to  be  closed,  is  greater  than  the  atmospheric  pressure,  and 
therefore  if  the  tube  be  opened  the  fluid  will  descend  :  the 
atmospheric  pressure  on  the  surface  of  the  fluid  will  cause  it  to 
rise  in  the  shorter  leg,  and  thus  a  continuous  stream  will  be 
produced,  which  will  only  cease  when  the  surface  of  the  fluid 
has  descended  to  the  extremity  of  the  shorter  leg  of  the 
siphon. 

The  limit  of  the  height  of  B  above  the  level  of  the  surface 
of  the  fluid  is  about  32  feet. 


ON    PUMPS. 

50.  The  pressure  of  the  atmosphere  on  the  surface  of 
water  is  taken  advantage  of,  for  the  purpose  of  raising  it  above 
its  level.  The  machine  by  means  of  which  this  is  ^ected,  is 
called  a  pump  ;  we  shall  describe  two  principal  kinds. 

The  Common  Pump. 

51.  AB  is  a  cylinder,  having  its 
lower  end  closed  with  a  valve  B  opening 
upwards,  and  connected  by  means  of  a 
pipe  BC  with  the  water  which  is  to  be 
raised.  A  piston,  containing  a  valve  D  '^^ 
opening  upwards,  is  worked  in  the  cylin- 
der by  means  of  a  vertical  rod  and  a 
handle. 

Suppose  the  piston  to  be  in  its  lowest 
position ;  then,  when  it  is  raised,  the 
valve  B  opens  and  a  partial  vacuum  is 
produced  in  the  cylinder  and  pipe,  and 
the  pressure  of  the  atmosphere  without 
being  greater  than  the  pressure  within 
the  pipe,  the  water  rises,  and  it  continues 
to  rise  until  the  pressure  within  and  with- 
out become  equal.  When  the  piston 
descends,  the  valve  D  opens,  and  the  air 
within  the  cylinder  escapes;  when  it  is 
raised,  the  former  process  is  repeated,  and 


D 


PUMPS. 


341 


so  on  until  the  water  rises  to  the  level  of  the  pipe  JS,  from 
which  it  escapes. 

It  is  obvious  that  the  length  of  BC  must  not  be  greater 
than  the  height  of  a  column  of  water,  the  weight  of  which 
is  equal  to  the  atmospheric  pressure,  that  is,  than  about  32 
feet. 

52.  The  common  pump  is  limited  in  respect  of  the 
height  to  which  it  can  raise  water;  but  we  can  raise  water 
to  any  height  by  means  of  the  forcing  pump ;  it  is  by  this 
means  that  cisterns  at  the  higher  parts  of  houses  are  supplied. 


The  Farcing  Pump. 

53.  AB  is  a  cylinder,  having  at  its 
lower  end  a  valve  B  opening  upwards, 
and  connected  by  a  pipe  BC  with  the 
water  to  be  raised.  From  the  lower  part 
of  AB  a  pipe  EF  communicates  with  the 
cistern  to  be  filled,  and  this  pipe  is  fur- 
nished with  a  valve  E  opening  upwards. 
2>  is  a  solid  piston  which  works  in  the 
cylinder  by  means  of  a  vertical  rod  and 
handle. 
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Suppose  the  piston  to  be  in  its  lowest  hlE 

position ;  then,  when  it  is  raised,  the 
valve  B  opens  and  the  valve  E  is  closed, 
and  consequently  a  partial  vacuum  is  pro- 
duced within  the  cylinder  and  pipe;  and 
the  pressure  of  the  atmosphere  without 
being  thus  greater  than  that  within  the 
pipe,  the  water  within  rises,  and  continues 
to  rise  until  the  pressures  within  and  with- 
out  are  equal.      Let  the   piston   be  now 

made  to  descend  and  the  process  repeated,    

until  the  water  has  risen  above  the  top  of  ^ 

the  pipe ;  then  when  D  descends,  the  water  in  the  cylinder, 
not  being  able  to  return  on  account  of  the  valve  B^  is  forced 
up  the  pipe  EF^  in  which  it  is  retained  by  the  valve  J5. 
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This  process  may  be  continued,  and  by  this  means  water 
may  be  raised  to  any  elevation. 

As  in  the  case  of  the  common  pump,  the  height  of  the 
valve  B  above  the  level  of  the  water  must  not  exceed  S2  feet 


The  Fire  Engine. 

54.  The  fire  engine  consists  of 
two  forcing  pumps,  by  means  of  which 
the  water  is  forced  into  an  air  vessel 
ABC 9  from  which  the  water  can  escape 
by  the  pipe  ED.  The  air  in  the 
vessel  being  compressed  by  the  water, 
which  is  forced  in  by  the  pumps,  exerts 
a  continuous  pressure  on  the  surface  of 
the  water  SC,  by  which  it  is  driven 
violently  and  in  a  continuous  stream 
through  the  pipe  ED.  A  flexible  tube 
is  attached  to  the  mouth  of  the  pipe  £Z>,  by  means  of  which 
the  stream  of  water  can  be  made  to  play  in  any  direction. 


I 
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ON   THE   DIVING   BELL. 

55.  The  diving  bell  is  a  heavy  chest,  which  is  suspended 
by  a  rope,  and  which  has  its  lower  side  opeii.  If  the  bell  be 
lowered  into  the  water,  the  air  within  the  bell  will  prevent  the 
water  from  filling  it,  and  consequently  persons  sitting  on  a 
seat  inside  will  be  enabled  to  breathe  at  considerable  depths 
below  the  surface  of  the  water. 

In  practice  the  diving  bell  is  furnished  with  a  flexible  pipe 
communicating  through  the  top  of  the  bell  with  the  interior, 
by  means  of  which  fresh  air  can  be  pumped  in,  and  the  interior 
thus  kept  as  free  from  water  as  we  please,  while  at  the  same 
time  fresh  air  is  furnished  for  the  respiration  of  the  divers. 

Let  B  be  the  volume  of  air  contained  by  the  bell,  B»  the 
volume  it  contains  when  at  the  depth  z  below  the  surface,  h  the 
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height  of  a  column  of  water  the  weight  of  which  equals  the 
atmospheric  pressure,  then  (by  Arts.  10  and  34) 


B, 


h 


B       h^-x 
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ON  BRAMAH'S    PRESS. 

56.  The  principle  of  the  equal  transmission  of  fluid 
pressure  in  all  directions,  and  the  consequent  possibility  of 
increasing  the  total  pressure  on  a  surface  to  any  extent  by 
increasing  the  surface,  supply  us  with  the  means  of  obtaining 
one  of  the  most  powerful  machines  in  use,  the  application 
of  which  to  the  purpose  of  producing  enormous  pressure  or 
tension  is  extremely  valuable. 

A  solid  cylinder  E  works 
through  a  watertight  collar  in  the 
end  of  the  strong  hollow  cylinder 
AB\  the  latter  is  connected  by 
a  pipe,  having  a  valve  B  open- 
ing inwards,  with  another  strong 
cylinder  CD,  which  with  the  solid 
cylinder  FG  acting  as  a  piston 
forms  a  forcing  pump.  Suppose 
the  machine  to  be  used  for  com- 
pressing a  bale  of  goods  L  ;  then 
the  bale  is  placed  upon  E,  and 
is  pressed  by  it  against  the  very 
strong  framework  HK. 

When  the  pump  is  worked 
the  water  is  forced  through  B^ 
which  pressing  on  the  lower  sur- 
face of  E  causes  it  to  rise,  and  to  compress  L ;  and  the 
pressure  may  be  increased  by  continuing  to  work  the 
pump,  the  force  with  which  the  piston  FG  descends  at 
each  stroke  being  multiplied  in  its  effect  upon  L  by  the 
ratio  of  the  area  of  the  base  of  the  piston  E  to  that  of  the 
piston  FG, 
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The  pressure  may  be  immediately  relieved,  by  allowiog 
the  water  in  AB  to  escape  by  a  cock  provided  for  the  pur- 
|)oae. 


ON   THE  STEAM  ENGINE. 

5^.  The  account  which  we  shall  here  give  of  the  steam 
engine  vill  be  exceedingly  brief ;  we  shall  in  fact  consider  it 
principally  as  a  hydrostatical  machine,  whereas  the  complete 
view  of  it  would  represent  it  as  involving  the  principles  of 
dynamics,  and  would  require  a  description  of  a  variety  of 
ingenious  contrivances  which  would  here  be  out  of  place. 
It  has  only  been  by  degrees  that  _ 

the  steam  engine  has  attained  to 
its  present  perfection;  we  shall 
describe  it  as  it  was  completed 
by  James  Watt,  to  whose  genius 
the  most  important  of  the  con- 
trivances are  due. 

C  ia  a  piston  working  in  a 
cylinder  AB,  the  rod  CD  which 
communicates  the  motion  of  the 
piston  to  the  machinery  passing 
through  a  steam-tight  collar  at  A. 
At  E  and  F  two  pipes  which 
communicate  with  the  boiler  enter 
the  cylinder;  suppose  one  of  these 
to  be  open  to  the  boiler  and  not 
the  other,  (in  the  figure  the  lower 
pipe  is  open  to  the  boiler,  the 
upper  not,)  then  the  steam  rush- 
ing in  through  F  below  the  piston  will  drive  it  up ;  when 
the  piston  is  at  the  highest  point  of  its  stroke,  suppose  this 
arrangement  reversed,  that  is,  JJ  to  be  opened  to  the  boiler 
and  F  not ;  then  the  steam  rushing  in  above  the  piston  will 
drive  it  downward,  and  the  steam  which  is  below  the  piston 
will  escape  through  F  either  into  the  outer  air  or  into  a  vessel 
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provided  for  the  purpose,  it  being  so  contrived  that  the 
arrangement  which  opens  E  to  the  boiler  cuts  off  the  com- 
munication of  F.  If  this  alternate  opening  of  the  pipes  be 
effected  by  some  contrivance,  it  is  manifest  that  we  shall  obtain 
a  continuous  oscillating  motion  of  the  piston  C 

The  contrivances  for  the  alternate  opening  of  the  pipes 
are  various ;  in  the  figure  we  have  represented  a  simple  and 
common  one.  G  is  a  steam-tight  box  which  is  made  to  slide 
up  and  down  by  means  of  the  rod  GH ;  the  magnitude  of 
this  box  or  slide  is  such  that  when  one  pipe  is  just  covered 
the  other  is  just  uncovered,  and  while  one  of  the  steam  pipes, 
as  F  in  the  figure,  is  uncovered  by  it,  the  other  (J5)  communi- 
cates through  it  with  the  vent  pipe  K,  If  then  the  rod  HG 
has  exactly  the  reverse  motion  of  the  rod  CD,  so  that  one 
shall  rise  when  the  other  falls,  it  is  evident  that  what  was 
required  will  be  done. 

It  is  clear  that  the  pressure  on  the  piston  throughout  the 
stroke  will  not  be  uniform,  because  while  one  of  the  pipes 
Ey  Fj  is  being  shut  and  the  other  opened,  they  will  both 
be  partially  open,  and  consequently  there  will  be  an  influx 
of  steam  both  above  and  below  the  piston  ;  in  fact,  at  the 
middle  of  the  stroke  there  will  be  as  much  steam  pressure  on 
one  side  of  the  piston  as  on  the  other.  This  difficulty  is 
obviated  by  the  use  of  a  flywheel^  which  is  a  large  heavy 
wheel  turned  by  the  rod  CDy  and  which  by  its  momentum 
carries  the  machine  past  the  half  stroke,  and  also  tends  to 
equalize  the  motion  throughout. 

(The  manner  in  which  CD  is  connected  with  the  fly- 
wheel, and  the  motion  of  the  rod  HG  produced  by  an  ex- 
centric  crank  on  the  axis  of  the  flywheel,  we  shall  not  here 
describe.) 

The  steam,  when  allowed  to  escape  from  the  cylinder, 
through  the  pipe  JT,  may  be  permitted  either  to  escape  into 
the  outer  air,  or  else  to  flow  into  a  closed  vessel  in  which  it  is 
condensed,  and  the  water  formed  by  it  pumped  up  again  into 
the  boiler  to  be  reconverted  into  steam. 

In  the  former  case  the  pressure  of  the  atmosphere  is  al- 
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lowed  to  act  on  the  pistoD,  and  must  be  overcome  by  the 
greater  pressure  of  the  steam  on  the  opposite  side :  hence,  in 
order  to  produce  a  given  effect,  the  elastic  force  of  the  steam, 
and  consequently  the  quantity  of  fuel  employed,  must  be 
much  greater  in  this  case,  than  when  the  steam  is  allowed  to 
escape  into  a  condenser ;  engines  on  the  former  construction 
are  called  High  Pressure^  on  the  latter  Low  Pressure  engines. 

The  high  pressure  engine  has  also  this  disadvantage,  that 
the  interior  of  the  cylinder  is  cooled  by  being  open  to  the 
atmosphere,  and  consequently  when  the  steam  is  again  ad- 
mitted some  portion  is  condensed  and  rendered  ineffective. 

It  is  usual  to  cut  off  the  steam  before  the  piston  has 
attained  to  the  end  of  its  stroke,  and  to  allow  the  stroke  to 
be  completed  by  the  elastic  force  of  the  steam  already  injected  ; 
by  this  arrangement  not  only  is  less  steam  required,  but  also 
the  motion  is  more  uniform. 

58.  An  earlier  and  imperfect  form  of  the  steam  engine 
was  the  atmospheric  engine,  in  which  the  piston  was  driven  up 
by  steam,  and  a  vacuum  having  been  produced  below  it  by^an 
injection  of  cold  water  the  piston  was  driven  down  by  the 
atmospheric  pressure  above.  The  capital  defect  of  this  con- 
struction is,  that  the  cylinder  must  be  cooled  down  at  every 
stroke,  and  consequently  when  the  steam  is  again  admitted 
a  very  large  quantity  is  condensed,  and  there  is  an  immense 
waste  of  fuel.  This  construction  has  consequently  almost 
entirely  disappeared. 
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1.  The  science  of  which  we  are  now  about  to  explain 
the  principles  is  known  as  that  of  common  or  geometrical 
optics,  in  contradistinction  from  physical  optics ;  in  this  latter 
science,  we  endeavour  by  means  of  a  simple  hypothesis  con- 
cerning the  constitution  of  light,  to  connect  and  account  for 
the  various  phenomena  presented  to  us ;  in  the  former,  we  are 
principally  employed  in  tracing,  by  mathematical  calculation, 
the  results  of  certain  experimental  laws.  Hence,  the  conclusions 
arrived  at  in  the  following  pages,  will  be  equally  sound,  what- 
ever physical  theory  is  adopted,  and  the  subject  will  be,  for 
the  most  part,  one  of  pure  geometry. 

2.  From  a  bright  object  light  emanates  in  all  directions, 
and  this  light  we  may  conceive  to  be  made  up  of  rays^  intend- 
ing by  the  term  ray  to  express  the  smallest  quantity  of  light 
which  can  proceed  in  any  direction ;  and  we  reason  concerning 
rays,  as  though  they  were  geometrical  lines.  In  like  manner, 
an  object  to  be  a  source  of  light  must  be  of  finite,  though  it 
may  be  of  very  small  dimensions;  but  we  shall  consider  a 
bright  point  which  is  a  source  of  light  as  a  geometrical  point. 

3.  Any  substance  which  allows  the  transmission  of  light 
through  it  is  called  a  medium.  Light  may  proceed  either 
through  a  medium  or  in  vacuum. 

4.  An  assemblage  of  rays  proceeding  from  a  luminous 
point  is  called  a  pencil  of  rays.  The  pencils  which  we  shall 
consider  will  be  conical,  and  the  axis  of  the  cone  will  be  called 
the  axis  of  the  pencil. 

A  conical  pencil  may  consist  either  of  divergent  or  con- 
vergent rays;  if  the  rays  are  proceeding  from  a  luminous 
point,  the  pencil  is  divergent ;  if  the  rays  are  proceeding  from 
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some  source  of  light  towards  a  point,  it  is  convergent ;  if  the 
rays  are  parallel,  the  pencil  is  neither  divergent  nor  con- 
vergent. 

5.  When  a  ray  of  light  is  proceeding  in  a  uniform  me- 
dium or  in  vacuum,  its  direction  is  rectilinear,  but  when  it  is 
incident  upon  the  surface  of  a  medium,  it  is  in  general  divided 
into  three  parts, 

(1)  One  portion  is  reflected  according  to  a  regular  law, 
and  forms  the  reflected  ray ; 

(2)  Another  portion  enters  the  medium  according  to  a 
regular  law,  and  forms  the  transmitted  or  refracted  ray; 

» 

(3)  A  third  part  is  scattered^  that  is^  is  reflected  in  all 
directions  without  any  regular  law. 

The  first  two  portions  mentioned  are  those  with  which 
we  shall  be  hereafter  concecned,  the  third  part  is  that  which 
renders  the  'surfaces  of  bodies  ordinarily  visibly 


Besides  the  reflected,  refracted,  and  scattered  light,  there 
is  also  a  certain  portion   absorhed-by  the^  medium. 

In  the  case  of  polished  metallic  surfaces  and  some  others, 
the  reflected  ray  is  the  only  one  which  sensibly  exists; 
and,  in  general,  the  relative  intensities  of  the  reflected  and 
refracted  rays,  will  vary  with  the  circumstances  of  the  in- 
cidence, and  also  with  the  nature  of  the  medium. 

6.  When  a  ray  of  light  is  incident  upon  a  plane  surface, 
the  angle  which  its  direction  makes  with  the  line  perpendicular 
to  the  surface,  or  the  normal  to  the  surface,  is  called  the  angle 
of  incidence,  and  the  angles  which  the  reflected  and  refracted 
ray  respectively  make  with  the  same  line  are  called  the  angles 
of  reflewion  and  refraction.  When  a  ray  is  incident  on  a 
curve  surface,  the  ray  will  be  reflected  or  refracted  in  the 
same  manner  as  if  it  fell  upon  the  plane  which  touches  the 
surface  at  the  point  of  incidence,  and  the  angles  of  incidence 
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reflexion  and  refraction  are  those  which  the  incident  reflected 
and  refracted  raj  respectively  make  with  the  nonnal  to  this 
plane. 

7.     The  laws  of  reflexion  are  the  following: 

(1)  The  incident  and  reflected  ray  lie  in  the  same 
plane  with  the  normal  at  the  point  of  incidence^  and  on 
opposite  sides  of  it. 

(2)  The  angles  of  incidence  and  reflexion  are  equal. 
And  the  following  are  the  laws  of  refraction : 

(1)  The  incident  and  refracted  ray  lie  in  the  same 
plane  with  the  normal  at  the  point  of  incidence^  and  on 
opposite  sides  of  it, 

(2)  The  sine  of  the  angle  of  incidence  bears  to  the 
sine  of  the  angle  of  refraction  a  ratio  dependent  only  on 
the  nature  of  the  media  between  which  the  refraction  takes 
plaee,  and  on  the  nature  of  the  light. 

According  to  this  last  law,  if  we  call  the  angle  of  incidence 
d),  and  that  of  refraction  (p\  we  shall  have  sin  ^  =s  yu  sin  <^, 
where  /i  is  a  quantity  depending  upon  the  nature  of  the  media 
and  of  the  light ;  it  will  have  for  instance  a  certain  value  for 
refraction  from  vacuum  into  glass,  another  from  glass  into 
water,  and  so  on ;  also  it  will  have  one  value  for  red  light, 
another  for  green,  and  so  on.  The  quantity  ^  is  called  the 
refractive  index,  and  is  greater  than  1  when  refraction  takes 
place  from  vacuum  into  a  medium,  and  in  general  is  greater 
than  1  when  the  refraction  is  from  a  rarer  to  a  denser  me- 
dium, and  less  than  1  when  the  opposite  is  the  case. 

8.  These  laws  may  be  considered  as  depending  for  their 
truth  upon  experiment ;  in  a  treatise  on  Physical  Optics  they 
would  be  deductions  from  an  hypothesis  respecting  the  con- 
stitution of  light,  but  in  a  treatise  like  the  present  they  may 
be  regarded  as  experimental  truths ;  and  we  may  remark  that 
the  accuracy  with  which  observations  of  the  heavenly  bodies 
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can  be  conducted,  and  the  perfect  consistency  of  the  results  of 
such  observations,  are  such  as  to  leave  no  room  for  doubt  as 
to  the  exactness  of  the  laws  on  which  they  are  founded.  They 
are  to  be  regarded  therefore  as  expressing  not  empirical  ap- 
proximations, but  absolute  physical  laws. 


9.     Prop.     If  the  refractive  index  for  a  medium  (A 
when   light   is  incident   upon   it  from   vacuum  he  /ulj  an 
the  index  for  another  medium    (B)    under   the    same   cir^^ 
cumstances  he  n\  then  when  light  proceeds  from  (B)  info 
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(A)  the  refractive  index  is   -7. 

The  proof  of  this  proposition  depends  upon  the  two 
following  experimental  laws : 

(1)  If  a  ray  of  light  proceed  from  a  point  P  to  another 
Q  suffering  any  reflexions  or  refractions  in  its  course,  then  if 
it  be  incident  in  the  reverse  direction  from  Q  it  will  follow  the 
exactly  reverse  course  to  P. 

(2)  If  a  ray  pass  from  vacuum,  through  any  number  of 
media  having  their  surfaces  plane  and  parallel,  when  the  ray 
emerges  into  vacuum  its  direction  will  be  parallel  to  that 
which  it  had   before  incidence. 

Now  let  <p  be  the  angle  of  incidence  from  vacuum  upon 
the  medium  jB,  <f>  the  angle  of  refraction,  which  will  also  be 


the  angle  of  incidence  upon  the  medium   A,     Also  let  ^"  be 
the  angle  of  refraction  into  A^  which  will  also  be  the  angle  of 
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incidence  upon  the  second  bounding  surface  of  A ;  and  by  the 
second  of  the  preceding  laws  the  angle  of  emergence  into 
vacuum   will  be  0.     Hence  we  shall  have 

sin  ^  =s  /ui'  sin  (f>\ 

and  sin  <f)  =  JUL  sin  0", 

by  the  first  of  the  above  laws ; 

.*.     sm  ©  =  —  sm  0   ; 

/^ 

which  proves  the  proposition. 

Cor.  If  the  refractive  index  from  vacuum  into  a  me- 
dium be  1JL9  that  from  the  medium  into  vacuum  will  be  — . 

ON  THE  CRITICAL  ANGLE. 

10.  Let  (f)  be  the  angle  of  incidence  of  a  ray  within  a 
medium,  the  refractive  index  of  which  is  yuy  and  (p^  the  angle 
of  refraction  into  vacuum  ;   then 

sin  0  =  -  sin  0'. 

From  this  formula  if  0  be  given  0'  may  be  found,  and  a 
real  value  will  be  given  so  long  as  sin  0  is  less  than  -  ;  but 
when  0  has  a  value  greater  than  that  determined  by  the  equa- 
tion  sin  0  s  -  ,  the  formula  fails  to  give  us  a  value  of  0',  it 

becomes  in  fact  impossible,  because  the  sine  of  an  angle  cannot 
be  greater  than  unity.  In  consequence  of  this  failure  of  our 
formula  we  have  recourse  to  experiment,  and  we  find  that  in 
reality  there  is  no  refracted  ray  when  the  angle  of  incidence  is 
greater  than  that  above  assigned,  the  ray  being  wholly  re- 
flected within  the  medium.     The  angle  of  which  the  sine  is 

-  is  called  the  critical  angle.     The  critical  angle  for  glass  is 

about  41045',  for  water  about  48°  30'. 
23 
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This  internal  reflexion  at  the  surfaces  of  media  is  the  most 
complete  kind  of  reflexion,  that  is  to  say,  the  reflected  light 
is  more  nearly  equal  in  intensity  to  the  incident  than  in  any 
other  case. 

The  critical  angle  is  sometimes  called  the  angle  of  total 
reflemon. 

Refraction  from  vacuum  into  a  medium,  or  from  a  rarer 
into  a  denser  medium,  is  always  possible. 

1 1 .  We  shall  now  proceed  to  investigate  the  efffect  pro- 
duced upon  the  form  of  a  small  pencil  of  rays,  when  reflected 
and  refracted  under  various  conditions :  the  breadth  of  the 
pencil  will,  in  general,  be  considered  indefinitely  small,  for  the 
sake  of  mathematical  convenience,  and  our  results  must  there- 
fore be  regarded  as  an  approximation  to  the  actual  case,  in 
which  the  breadth  of  pencils,  though  generally  very  small,  is 
of  course  not  indefinitely  small ;  for  many  purposes  the  results 
we  shall  obtain  will  be  as  useful  as  if  the  approximation  had 
not  been  made.  We  shall  first  consider  some  cases  of  reflexion, 
and  then  some  of  refraction. 

ON  REFLEXION   AT  A  SINGLE   SURFACE. 

I.     A  Plane  Surface. 

12.  A  conical  pencil  of  rays  is  incident  upon  a  plane 
reflecting  surface;  to  determine  the  form  of  the  reflected 
pencil. 

Let  AB  be  a  section  of  the 
surface  made  by  a  plane  per- 
pendicular to  it,  and  passing 
through  the  luminous  point  Q, 
or  focus  of  incidence.  Draw 
QN  perpendicular  to  the  sur- 
face, produce  it,  and  take 
Nq  =  NQ.  Let  QP  be  any  in- 
cident  ray,  join  qP  and  produce 
it  to  i? ;   PR  will  be  the  reflected  ray. 
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Draw  PM  perpendicular  to  the  surface.  Then  in  the  tn- 
angles  PQN,  PqN^  we  have  NQ  =  Nq^  PN  common,  and  the 
angles  QNP,  qNP  equal  being  right  angles;  hence  the  angle 
QPN  =  qPN  =  APR  :  therefore  also  angle  QPM  «  RPM, 
or  PR  is  the  reflected  ray. 

Hence  the  ray  QP  proceeds  after  reflexion  at  P,  as  if  it 
came  from  q ;  and  the  same  may  be  said  of  each  other  ray, 
therefore  all  the  rays  after  reflexion  proceed  as  if  they  came 
from  9,  and  if  the  incident  pencil  be  a  cone  having  Q  for  its 
vertex,  the  reflected  will  also  be  a  cone  having  q  for  its 
vertex. 

13.  We  may  call  the  point  q  the  focus  of  reflexion  ;  but 
it  is  to  be  observed  that  it  is  a  virtual  not  a  real  focus,  that 
is  to  say,  the  reflected  rays  proceed  not  actually,  but  only  as 
if  they  came,  from  it.  So  also  the  line  qP^  which  is  the 
direction  of  the  reflected  ray  PRy  may  be  called  a  virtual  ray. 

Since  the  rays  after  reflexion  proceed  from  q  as  before 
reflexion  from  Q,  q  is  sometimes  called  the  ima^e  of  Q, 

II.     A   Spherical  Surface. 

14.  We  have  seen  that  however  large  a  cone  of  rays  is 
incident  upon  a  plane  surface,  the  reflected  pencil  is  accurately 
conical ;  but  this,  it  is  easy  to  see,  will  not  be  the  case  when 
rays  are  incident  on  a  spherical  surface.  If,  however,  we  con- 
sider the  vertical  angle  of  the  incident  conical  pencil  to  be 
indefinitely  small,  the  reflected  pencil  will  also  be  conical,  and 
it  will  be  our  business  now  to  investigate  the  position  of  the 
vertex  of  the  reflected  cone,  that  of  the  incident  being  given. 
This  vertex  is  called  the  geometrical  focus ^  and  if  the  incident 
rays  are  parallel,  it  is  called  the  principal  focus  of  the  mirror. 
Also  if  Q  be  the  focus  of  incident  rays,  q  the  geometrical 
focus  of  the  reflected  rays,  it  is  manifest  from  the  first  of  the 
two  general  laws  quoted  in  Art.  9,  that  if  q  be  made  the 
focus  of  incident  rays,  Q  will  be  the  focus  of  reflected  rays ; 
hence  Q  and  q  are  called  with  reference  to  each  other  conjU" 
gate  fod. 

23—2 
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16.     Diverging  rays  are  incident  upon  a  concave  sphe- 
rical reflector  ;  to  Jind  the  geometrical  focus. 

Let  BAB'  be  a  section  of  the  reflector,  made  by  a  plane 
passing  through  the  centre  O  of  the  sphere,   and  the  focus 


of  incidence  Q.  Let  QP  he  any  incident  ray,  QOA  the  axis 
of  the  conical  pencil :  join  OPy  and  make  OPq  «=  OPQ^  then 
P^  is  the  reflected  ray ;  and  the  ultimate  position  of  q^  when 
P  moves  up  to  Aj  will  be  the  geometrical  focus. 

We  have,  by  Euclid,  VI.  3,  since  QPq  is  bisected  by  PO, 

Pq      PQ 


q 

0 

QO' 

but 

ultimately, 

Pq^Aq, 

and 

PQ  =  AQ; 

• 

Aq 

AQ 

•   • 

qO 

~  QO- 

If  we  denote  AQ  by  u, 

,  Aq 

by  «,  and  A 

V 

u 

r  — 

V 

u  —r 

r 

r 

or  -  • 

-1  = 

«  1  -  -  , 

V 

I 

u 

1        2 

or 

-  + 

V 

u      r ' 

This  equation  determines  v  when  u  is  given. 
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16.      The  same  proposition  for  a  cowoew  surface. 


In  this  case  we  must  draw  PR^  to  make  with  OP  produced 
to  A"  the  angle  RPN  =  QPNy  and  produce  RP  to  cut  the 
axis  in  q. 

Then  since  the  external  angle  RPQ  of  the  triangle  QPq 
is  bisected  by  OPN^  therefore  by  Euclid,  VI.  A, 

qd'QQ" 

Aq      JQ 
* '    ^  "  QO  ' 

and  using  the  same  notation  as  before,  we  shall  have, 

V  u 


r  —  tj      w  +  r 


r  r 

or 1=1+  —  , 

V  u 


1       1       2 

or =  -  . 

•Q      u      r 


In  this  case  the  focus  q  is  virtual. 

17.  In  like  manner  we  might  investigate  the  cases  of 
incidence  of  diverging  rays.  We  shall  find,  however,  that  all 
four  cases  may  be  brought  under  one  formula,  by  adopting 
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a  conyention  respecting  the  sign  -,  as  indicating  direction, 
similar  to  that  which  we  have  already  found  so  convenient  in 
other  subjects. 

It  will  be  found,  that,  if  we  suppose  light  to  proceed 
from  right  to  left  across  the  paper,  so  that  Q  is  on  the  right  of 
the  mirror  for  diverging  rays,  and  on  the  left  for  converging, 
the  following  formulae  will  result  : 

(1)  Concave  mirror,   diverging  rays: 

1       1       2 

-  +  -  =  -. 

V  u      r 

(2)  Concave  mirror,  converging  rays : 

1       1       2 

V  u      r 

(3)  Convex   mirror,   diverging  rays  : 

1         1  2 

V  u         r 

(4)  Convex   mirror,  converging  rays : 

1       1  _      2 

^■*         ""       ^^        ^i—        m^        ""^        ^"      « 

V  u  r 

Now  let  us  adopt  this  convention,  that  lines  shall  be  posi- 
tive or  negative,  according  as  they  are  measured  towards  the 
source  of  light,  or  in  the  opposite  direction ;  so  that  u  will  be 
positive  or  negative,  according  as  the  incident  pencil  is  diver- 
gent or  convergent,  v  will  be  positive  or  negative,  according  as 
the  reflected  rays  are  divergent  or  convergent,  and  r  will  be 
positive  or  negative,  according  as  the  mirror  is  concave  or 
convex.  Then  it  will  be  seen  that  the  four  preceding  for- 
mulae will  all  be  embraced  in  the  following, 

1       1       2 
V      u      r  ' 
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18.  By   making  f^  •  oo  in  the  formula 

1        1       2 

-+-  =  -, 
V      u      r 

r 
we  find  that  v  »  -  ,  which  shews  that  the  principal  focus  of 

a  mirror  is  half-way  between  the  mirror  and  the  centre  of  the 
spherical  surface  of  which  it  is  formed.  This,  however,  is  a 
sufficiently  important  proposition  to  deserve  a  separate  in- 
vestigation. 

19.  To  Jind  the  principal  focus  of  a  concave  mirror. 

Let   QP  be   a  ray  of   light    parallel  to  AO9  the  axis  of 
the  mirror.     Join  PO,  O  being  the  centre  of  the  sphere,  and 


make  qPO  «=  OPQ^  then  Pq  is  the  reflected  ray  correspond- 
ing to  QP,  and  F  the  ultimate  position  of  g,  when  P  moves 
up  to  A9  is  the  principal  focus. 

Then   the  angle  qPO^:^  OPQ^qOP,  since   Oq,  PQ  are 
parallel. 

.-.     Pq  =  qO; 

and  this  being  always  true,   AF  «  FO ; 

AO 


.'.     AF  = 


2 

A  similar  demonstration   is   applicable    to   the  case  of  a 
convex  mirror. 

AF  is  called  the  focal  length  of  the  mirror,  and  is  fre- 

r 
quently  denoted  by  the  letter  /;   so  that  /  =  -  . 

2 
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112 
20.     The  formula  -  +  —  =  -   may  be  put  in  a  different 

V      u      r 

form,    by   measuring   the   distances    of    Q    and   q    from  the 

point  F. 

For  we  have 

T  r 

.-.  u  m  QF  -¥  -,  and  v  «  qF  +  -, 

2  2 

112 
and  hence  the  formula  -  +  -  =  -  becomes 

V      u      r 


r  r       r 

gF  +  -       QF+- 

or      ^{QF+qF  +  r)^  {qF  +  '^i^QF  +  ^^j 

=  qF.QF  +  '^j^QF+qF  +  -^; 

.:    qF.QF  =  -=  OF". 

This  formula  may   also   be  proved   directly  in  the  same 
manner  as  that  of  Art.  15. 

112 
21.      If  in  the  formula  -  +  —  «-,  we  give  u  any  value 

V      u      r  ^  ^ 

we  obtain  the  corresponding  value  of  v,  which  if  we  attend  to 

its  algebraical  sign  will  make  us  acquainted  with  the  form  of 

the  reflected  pencil.     Suppose  for  instance  r  =:  4in.9 1^  ~  ^in., 

then  -  =  ^  —  1^=  ^^,  orvs  — 6;  hence  the  rays,  which  di- 
verge upon  the  mirror  from  a  point  three  inches  and  a  half  to 
the  right,  converge  after  reflexion  to  a  point  six  inches  to  the 
left  of  the  mirror.  And  more  generally,  if  we  suppose  Q  to 
assume  all  possible  positions,  we  shall  be  able  to  find  the  cor- 
responding positions  of  q ;  this  we  proceed  to  do  in  the  fol- 
lowing proposition. 
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22.      To   trance  the  corresponding  positions  of  the  con- 
jugate fod. 

Suppose  the  mirror  to  be  concave,  then  we  have 

1       1       2 
-#     -+-  =  -. 
^      u      r 

Since  the  sum  of  -  and  —  is  constant,  as  one  of  them 

V  u 

increases  the  other  must  decrease,  and  the  same  will  be  true  of 
their  reciprocals  v  and  u ;  hence  Q  and  q  always  move  in  op- 
posite directions. 

(1)       Let  Q  be  at  an  infinite  distance  to  the  right  of  the 

r 
mirror,  or   the  incident  rays  parallel ;    then  v  =  -  and  q  is 

at  F. 


O 


(2)  Let  Q  move  towards  O ;  then  q  moves  to  meet  it  ; 
and  at  O  they  coincide,  because  when  t^  =  r,  c  =  r. 

(3)  Let   Q  move  from  O  towards  F\   then  q  moves  to 

the  right  of  O .;   and  when  Q  has  reached  F,  q  is  at  an  infinite 

r 
distance,  or  the  reflected  rays  are  parallel,  because  when  ti  e  -. , 

t?  =  00  . 

(4)  Let  Q  move  from  F  towards  A  ;  then  q  moves  from 
an  infinite  distance  on  the  left  of  A  to  meet  it ;  and  when  Q 
has  reached  A^  q  is  there  also,  because  when  t^  =  0,  v  «•  0. 

(5)  Let  Q  move  to  the  left  of  A ;  then  q  moves  to  the 

right ;  and  when  Q  has  attained  to  an  infinite  distance,  q  is  at 

r 
Fy  because  when ««  «  oo  ,    «  =  -  . 

2 
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Q  and  q  are  now  in  the  same  positions  as  at  first,  and  there- 
fore we  have  traced  all  their  corresponding  positions. 

The   corresponding    positions   of   the   foci   for  a   convex 
surface  may  be  traced  in  a  similar  manner. 

Cob.     It  appears  from  the  preceding  investigation,  that  Q 
and  q  are  always  on  the  same  side  of  F, 

23.  The  formulae  which  have  been  proved  for  a  spherical 
mirror  may  be  adapted  to  the  case  of  a  mirror  formed  by  the 
revolution  of  any  curve  about  its  axis,  by  putting  for  the 
radius  r  the  radius  of  curvature  of  the  mirror  at  the  point  of 
incidence.     Thus,   suppose  the  mirror  to  be  parabolical,  and 

the  latus  rectum   to  be  L,  then  for  r  we  must  write  — ,   (see 

page  278),   and  the  formula  becomes 

I        1        4 
V      u      L 

The  truth  of  the  principle  upon  which  this  substitution  is 
made  will  be  seen  at  once,  by  considering  that  in  the  immediate 
neighbourhood  of  the  point  of  incidence  the  curve  and  the 
circle  of  curvature  may  be  supposed  to  coincide. 

24.  It  has  been  observed  (Art.  14)  that,  when  a  conical 
pencil  of  rays  is  incident  on  a  spherical  mirror,  the  reflected 
rays  will  not  converge  to  or  diverge  from  a  point,  unless  we 
suppose  the  breadth  of  the  pencil  to  be  indefinitely  small. 
There  are  however  certain  surfaces,  on  which  if  a  pencil  of 
rays  of  any  magnitude  be  incident,  the  reflected  rays  will 
converge  to  or  diverge  from  a  point ;  such  surfaces  are  said 
to  be  aplanatic, 

25.  The  surf  ace  formed  hy  the  revolution  of  a  parabola 
about  its  aojisy  is  aplanatic  for  rays  incident  parallel  to  its 
axis. 

By  a  property  of  the  parabola,  (Conies,  Prop.  II.  Cor.  2, 
page  134),  the  focal  distance  of  any  point  and  the  line  drawn 
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through  that  point  parallel  to  the  axis  make  equal  angles 
with  the  normid.  Consequently,  any  ray  incident  parallel  to 
the  axis,  will  after  reflexion  pass  through  the  focus,  and 
therefore  a  pencil  of  rays,  incident  parallel  to  the  axis  of  the 
surface  formed  by  the  revolution  of  the  parabola  about  its 
axis,  will  have  the  focus  of  the  parabola  for  the  focus  of 
reflection. 

26.  The  surface  formed  by  the  revolution  of  an  ellipse 
about  its  major  euoisy  is  aplanatic  for  rays  incident  from  one 
of  its  foci. 

By  a  property  of  the  ellipse  (Conies,  Prop.  II.  page  144), 
the  focal  distances  of  any  point  make  equal  angles  with  the 
normal  at  that  point.  Consequently  any  ray,  incident  from 
one  focus  will,  after  reflexion,  pass  through  the  other,  and 
therefore  a  pencil  of  rays,  incident  from  one  of  the  foci  of  the 
surface  formed  by  the  revolution  of  the  ellipse  about  its  major 
axis,  will  have  the  other  focus  for  the  focus  of  reflexion. 
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27.  To  find  the  deviation  of  a  ray  of  light,  which  is 
reflected  at  the  surfa^se  of  two  plane  mirrors,  inclined  to  each 
other  at  a  given  angle,  in  the  plane  perpendicular  to  the 
line  of  intersection  of  the  planes. 

Through  any  point  O  draw  OM, 
ON  parallel  to  the  normals  to  the  two 
mirrors.  Let  PO  be  parallel  to  the 
incident  ray  ;  then,  if  we  make  MOQ 
=  MOP,  OQ  is  parallel  to  the  ray 
after  reflexion  at  the  first  surface ;  and 
again,  if  we  make  NOR  =  NOQ,  OR  ^ 
will  be  parallel  to  the  ray  after  reflexion 
at  the  second  surface.  Let  a  he  the 
angle  between  the  mirrors. 
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Then  the  deviation  of  the  ray  «  POR 

«  POQ  +  QOR 
^2M0Q  +  2JV0Q 

^2M0N 
-  2a. 

In  other  words,  the  deviation  is  twice  the  angle  between 
the  mirrors.  This  is  an  important  proposition  in  consequence 
of  its  application  to  the  construction  of  Hadley^s  Sextant,  as 
shall  see  hereafter. 

28.  A  luminous  point  ia  placed  between  two  paraUd 
plane  mirrors;  to  find  the  position  of  the  images  ^  which  trtfi 
be  formed  by  the  successive  reflewions  of  the  rays  at  the 
surfaces  of  the  two  mirrors. 


Qs 


Q/A 


a 


a^ 


Let  Q  be  the  luminous  point ;  through  it  draw  AQB  per- 
pendicular to  the  two  mirrors,  and  produce  it  both  ways. 

Consider  the  rays  which  fall  from  Q  on  the  mirror  A ;  if 
we  make  ^Q,  »  JQ,  an  image  of  Q  will  be  formed  at  Qi  (Art. 
IS)  ;  again,  make  BQ2  =  SQn  then  the  rays  falling  as  from  d 
on  the  mirror  B  will  form  a  second  image  Q^;  and  if  we 
make  AQ^  ^  AQ29  there  will  be  a  third  image  at  Q^  and  so  on. 

Let  AQ^a,  BQ^b:  then, 
QQi  =»  2  a, 
QQs  =  5Q  +  5Q8  =  5Q  +  SQ,  -  2BQ  +  QQi 

«  2a  +  26, 

s  4a  +  26, 
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simOarly,    QQ4  «  8  AQ  +  QQ,  «  4a  +  46 ;     . 
and  generally,  QQ^n  *  ^^^  +  ^nb^ 

QQun+i  =  (2«  +  2)a  +  2wft. 

In  like  manner,  if  we  consider  the  rays  which  fall  from  Q 

on  the  mirror  B^  we  shall  have  a  series  of  images,  Q\  Q^^ 

suppose,    the   position  of    which  will  be   determined    by  the 
formulae 

QQ'qn  =  ^^(^  +  2n6, 
QQ'«»+i=  2wa+  (2n  +  2)6. 

Cob.  If  a  »  6,  and  d  be  the  distance  between  the  mirrors, 
we  shall  have, 

QQ2n  =  ^nd, 

QQ2»+i  =  (2w  +  1)^, 

QQ\„^2nd, 
QQ'2»+i  =  (2n  +  l)c/; 
which  formulae  are  included  in  this  one, 

QQn  =  nd. 

Hence  the  whole  series  of  images  will  be  equidistant  from 
each  other,  and  the  distance  between  two  consecutive  images 
will  be  d. 

29.  A  luminous  paint  is  placed  between  two  plane 
mirrors f  inclined  to  each  other  at  a  given  angle  ;  to  find  the 
number  and  position  of  the  images. 

Let  AOA\  BOB'i  be  sections  of  the  mirrors,  made  by  a 
plane  perpendicular  to  their  line  of  intersection,  and  passing 
through  the  luminous  point  Q.  With  centre  O  and  radius  OQ 
describe  a  circle. 

Consider  first  the  rays  which  fall  from  Q  on  the  mirror 
OA ;  draw  QaQi  perpendicular  to  OA  to  meet  the  circle  in 
Qij  then  aQ,  =  aQ,  and  therefore  Q,  is  the  image  of  Q;  in 
like  manner,  if  we  draw  Q,  Q^  perpendicular  to  OB  to  meet 
the  circle  in   Q^,  Q2  will  be  the  image  formed  by  rays  falling 
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from  Qi  on  the  mirror  OB ;  and  so  on,  the  series  of  images 
Qi  Qi  Qs*--all  lying  on  the  circumference  of  the  circle,  which 
we  have  described. 


ajB 


B'QT A 

Let  the  arc  AQ^ay  BQ^  ^  :   then 

QQ2  ^QB-^  BQ,  ^QB  +  BQ,  =  2QB  +  QQ^ 

=  2a  +  2/3, 
similarly,  QQ3  =  4a  +  2/3  ; 

and  generally,  QQ^n  «=  2wa  +  2n/3, 

QQ2U+1  =  (2»  +  2)a  +  2n(i. 

In  like  manner  there  will  be  a  series  of  images,  Q'l  Q's*** 
suppose,  formed  by  rays  which  at  first  fall  on  the  mirror  Ofi, 
the  position  of  which  will  be  determined  by  the  formulae, 

QQ'2«  -  2/1  a  -H  27i/3, 
QQ'2»  +  ,  =2wa+  (2w  +  2)/3. 

To  determine  the  number  of  the  images,  we  observe  that 
reflexion  will  be  repeated  until  one  of  the  images  falls  at  the  ^ 
back  of  the  mirrors,  as  Q^  in  the  figure  ;   that  is  to  say,  if  Q^ 
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be  the  last  of  the  series  of  images  Q,  Qsf»9P  must  be  such  that 
AQp  is  greater  than  tt  if  p  be  even,  and  BQ^  greater  than  ir 
if  p  be  odd. 

Suppose  p  to  be  even  and  »  2n,  then  AQ^^  »  a  +  QQiny 
and  we  must  have 

a  +  2Wtt  +2w)3>  TT, 

TT  —  a 

o  +  p 

Suppose  p   to  be  odd,  and    =  2/1  f  I, 

then  fiQ^  =  /3  +  QQ,„+M 
and  we  must  have 

(i  +  (2w  +  2)  a  +  2w/3  >  TT, 

TT  —  a 

a  +  p 

Hence,  whether  p  be  even  or  odd,  it  will  be   the  whole 
number  next  greater  than 


a  +  /3' 


Similarly,  the  number  of  images  formed  by  rays  which 

fall  from   Q  on   the   mirror   OB  will   be   the   whole   number 

.         7r-/i 
next  greater  than . 

a  +  p 

CoK.      If   a  +  /S)   the  angle  between   the  mirrors,  be  an 
integral  part  of  tt,   the  number  of  each  set  of  images  will  be 

,  for  this  will  be  a  whole  number,  and  - 


a  +  i3'  '  a  +  /3'a  +  j8 

will  be  proper  fractions. 

TT 

Suppose,  for  instance,  a  +  /3  =  —  ,  then  each  set  will  con- 

'  sist  of  3  images.      If  we  suppose   the  point   Q  to  be  sym- 
metrically  situated   with  respect  to  the    mirrors,   the  last  of 
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the  two  series  of  images  will  coincide,  aod  there  will  be  found 
altogether  5  images,  so  that  the  object  and  images  will  be  in 
the  angular  points  of  a  regular  hexagon. 

The  preceding  proposition  contains  the  principle  of  the 
toy  called  a  kaleidoscope. 


ON   REFRACTION  AT   A   SINGLE    SURFACE. 

30.  We  shall  now  give  investigations  of  cases  of  re- 
fraction, analogous  to  those  of  reflexion  already  considered. 
The  figures  will  be  drawn  on  the  supposition  of  light  being 
refracted  either  from  vacuum  into  a  medium,  or  from  a  rarer 
into  a  denser  medium ;  in  other  words,  fi  will  be  supposed  to 
be  greater  than  unity,  or  the  refracted  ray  to  be  bent  towards 
the  normal,  unless  the  contrary  is  stated :  the  formulae  ob- 
tained  will  however  be  generally  true. 

I.     A  Plane  Surface  * 

31.  Diverging    rays    are   incident   upon    a   plane  re- 
fracting surface ;   to  find  the  geometrical  focus. 


J 

R 

i 

P 

^^^^--^ 

A 

Q             ^ 

Let  Q  be  the  focus  of  incidence ;  QA  a  normal  to  the 
surface  AB  of  the  refracting  medium ;  PR  the  refracted  ray 
which  produced  backwards  meets  QA  in  q;  then  the  ultimate 
position  of  q^  when  P  moves  up  to  Ay  is  the  geometrical 
focus. 
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laet  AQ^u,     Jq^v,     AQP  ^  <p,      AqP  ^  tj]! -, 
then  9  sin  0  B  /A  sin  <^', 

but  sin<^=  — ,  sin0'=   —  , 

and  this,  being  always  true,  will  be  true  when  P  has  nvoved 
up  to  ^ ; 

Cor.  When  rays  proceed  from  a  denser  into  a  rarer 
medium,  jm  is  less  than  1,  and  therefore  q  is  nearer  to  the 
surface  than  Q.  Hence  when  we  look  at  an  object  which 
is  under  water,  it  will  appear  to  be  nearer  to  the  surface  of 
the  water  than  it  really  is ;  for  the  rays  which  proceed  from 
Q,  when  they  emerge  into  air,  proceed  as  if  from  q. 

Hence  also,  a  pole  thrust  partly  into  water  will  appear 
discontinuous  at  the  surface  of  the  water,  and  the  part  sub« 
merged  will  seem  to  be  bent  upwards ;  for  the  rays  from  each 
point  of  the  part  submerged  will  come  to  the  eye,  as  if  from 
a  point  nearer  to  the  surface  than  the  point  itself. 

32.  When  a  ray  of  light  passes  out  of  one  medium  into 
another^  as  the  angle  of  incidence  increases^  the  angle  of  de- 
viation  also  increases. 

Let  (j>  be  the  angle  of  incidence, 

<!>   refraction, 

then  the  deviation  a  0  ~  0'. 

Also,  let  sin  0  es  ^  sin  (f); 
then 

sin  0  +  sin  ^'      /u  +  1 

sin  ^  -  sin  0'      /m  —  1  ' 

•    0  +  0'         0  "■  0' 
sin  -^ ^—  cos  -^- ^— 

2  2  M  +  1 

or  — 


0  +  0  0^0       At*"l 

cos^- ^  sm '— 

2  2 
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.'.    tan  ^- — ^  «= tan  ^- — ^ 


sin  0' «=  -  8in0;    .-.  -    ^^    land    .•.   tan  5^- — ^j    increases; 


2  iu+  1  2 

Now  as  0  increases  it  is  manifest  that  0'  increases,  because 

•    ^'      ^    •    ^  0  "*■  0' 

f^  2 

and  .•.  tan-^f- — ^  increases,  or  the  deviation  <I>~<1>  increases. 

This  result  is  true  whether  /u  is  greater  or  less  than  unity; 
that  is,  whether  the  refraction  takes  place  from  a  rarer  into  a 
denser  medium,  or  from  a  denser  into  a  rarer. 

II.    A  Spherical  Surface. 


33.  We  shall  give  the  investigation  of  the  position  of 
the  geometrical  focus,  for  the  case  of  rays  diverging  upon  a 
concave  surface;  the  student  will  be  able  to  apply  the  same 
method  to  all  other  cases,  which  will,  however,  be  included  in 
the  formula  which  we  shall  obtain,  by  having  regard  to  the 
convention  respecting  the  negative  sign  explained  in  Art.  17. 

34.  Diverging  rays  are  incident  upon  a  concave  sphe- 
rical refracting  surface  :    to  find  the  geometrical  focus. 


Let  BAff  be  a  section  of  the  refracting  surface,  made 
by  a  plane  passing  through  the  centre  O  of  the  sphere,  and 
the  focus  of  incidence  Q.  Let  QP  be  any  incident  ray,  PR 
the  corresponding  refracted  ray,  which  produced  backwards 
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meets  QOA  in  g.     Then  the  ultimate  position  of  g,  when  P 
moves  up  to  A,  will  be  the  geometrical  focus. 

Join  PO,  and  let 
OPQ  =  0,  OPq  -  (p\  AQ  «  tt,   Aq^  »,  AO  ^  r ; 

then,  in  the  triangle  OPg, 

« 

Og        sin  0' 
Pg  "  sinPOg' 

and  in   the  triangle  OPQ, 

OQ         sin  <!>  fx  sin  <p' 

PQ  *  sin  POQ  "^  sin  POq" 

/uLpq      OQ 

and  this,  being  always  true,  will  be  true  when  P  has  moved 
up  to  A^  in  which  case 

PQ  =  w,  Pq  ^  v^   Oq  m  V  -  r; 
M  (w  -  ^)      w  -  r 


5 
u 


M        M^   1   _  1_ 

r      «      r      tt 


/A       1       M-  1 

or sa  . 

t)      u         r 

Obs.  It  will  be  seen,  that  this  formula  reduces  itself 
to  that  for  reflexion  by  putting  /x  =  -  i ;  and  this  is  the 
case  with  all  formulae  for  refraction. 

CoE.  If  u  e  QO ,  or  the  incident  rays  are  parallel, 
^  *      _    ^9  *  result  which  may  also  be  easily  obtained  by 

direct  investigation. 

24—2 
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36.  The  relative  positions  of  the  conjugate  foci  are  not 
so  worthy  of  notice  in  the  case  of  refraction  at  a  spherical 
surface,  as  in  that  of  reflexion,  because  in  practice  we  are 
seldom  or  never  concerned  with  refraction  at  a  single  surface: 
nevertheless,  the  student  will  And  the  following  proposition 
worthy  of  attention,  as  tending  to  familiarize  him  with  in- 
vestigations of  the  same  kind. 

36.     To  trace  the  corresponding  positions  of  the  conjugate 
foci. 


-•- 


O  F 


Suppose  the  surface  to  be  concave,  then  we  have, 

■■^     ^^     ^^      ■  ~      -      "  • 

V      u         r 

Since  the  difierence  of  —  and  —  is  constant,   as  one  of 

them  increases,  the  other  must  also  increase,  and  the  same 
will  be  true  of  v  and  u ;  hence  Q  and  q  always  move  in 
the  same  direction. 

(1)  Let  Q  be  at  an  infinite  distance  to  the  right  of  the 

mirror,  or  the  incident  ray  parallel ;  then  v  = r  =  AF, 

suppose,  and  q  is  at  F. 

(2)  Let  Q  move  towards  O ;  then  q  also  moves  towards 
O,  and  at  O  they  coincide,  because  when  u  ^  ry  v  sz  r. 

(3)  Let  Q  move  from  O  towards  A ;  then  q  also  moves 
towards  A,  and  when  Q  arrives  at  A^  q  arrives  there  also, 
because  when  w  =  0,  u  =  0. 


( 
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(4)  Let  Q  moTe  to  the  left  of  A ;   then  q  also  moves 

to  the  left  of  Aj  and   when  Q  has  reached  a  point  /,  such 

r 
that  Af  s ,  7  is  at  an  infinite  distance,  or  the  refracted 

T 

rays  parallel,  because  when  w  = ,  t>  sa  oo  . 

(5)  Let    Q  move  to  the  left  of  /;    then  q  moves  up 

from  an  infinite  distance  to  the  right  of  Ay  and  when   Q  has 

attained   to   an   infinite   distance,   q  is  at   F^   because   when 

fi 

Us  00,  w= r, 

IX  -  1 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and 
therefore  we  have  traced  all  their  corresponding  positions. 
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37.  Refraction  through  a  prism. 

Def.  a  prism  is  a  portion  of  a  refracting  medium 
bounded  by  two  planes,  which  terminate  in  a  common  line 
called  the  edge  of  the  prism. 

Def.  The  refracting  angle  of  a  prism  is  the  angle  of 
inclination  of  the  two  bounding  planes. 

38.  A  ray  of  light  is  refracted  through  a  'priamy  in  a 
plane  perpendicular  to  its  edge;  to  Jind  the  direction  of  the 
refracted  ray. 

Let  the  plane  of  the  pdper  be 
that  in  which  the  refraction  takes  x. 
place ;  and  let  ABCD  be  the  course 
of  the  ray  through  the  prism. 

Let  (py  <!>  be  the  angles  of  in- 
cidence and  refraction  at  the  first 
surface. 
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\^',  yffy  those  at  the  second  surface, 
i     the  angle  of  the  prism, 
D    the  whole  deviation. 

The  deviation  at  the  first  refraction  is  0  -  <f}\  and  at  the 
second  >^  —  >^' ;  and,  as  we  have  drawn  the  figure,  the  two 
deviations  evidently  take  place  in  the  same  directions; 

hence,  X)e0-0'  +  >/^-  >^', 

and  we  have,  >//' +  0' =  180"  -  SJVC  =  i (1); 

.-.  2)  =  0+  yff-i (2). 

From  the  equations  (l)  and  (2),  together  with  the  relations 

sin  (f}  ^  fjL  sin  0 , 

sin  \//  e  /ui  sin  y^\ 

(p'yf/  yj/'  may  be  eliminated,  and  we   shall  then   have  D  ex- 
pressed in  terms  of  the  given  quantities  (p  and  L 

If  we  had  drawn  the  incident  ray  JB  on  the  other  side  of 
the  normal  to  the  surface  of  the  prism,  the  deviation  D  would 
have  been    the  difference  of  the  two  deviations  0  —  0'  a^jd 

39.  To  construct  a  prisma  such  that  no  ray  shall  be 
able  to  pass  through  it. 

Suppose  the  angle  of  the  prism  to  be  such,  that  a  ray  being 
incident  very  nearly  parallel  to  one  face,  emerges  very  nearly 
parallel  to  the  other;  then  it  is  clear,  that  if  the  refracting 
angle  be  greater  than  that  determined  by  this  condition,  no 
ray  will  be  able  to  pass  through,  because  every  ray  which 
enters  the  prism  will  be  incident  on  the  second  surface  at  an 
angle  greater  than  the  critical  angle,  and  will  therefore  be  totally 
reflected  within  the  prism. 

But  this  condition  gives  us,  that 

0  =  90",  yj^^9(f'; 
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.'.  Sin  0  s=  — ,         Bin  \//  =  -  . 

Hence,     i  =  0'  +  \^'  =  2  0', 

.     i       1 
or  sin  -  ■■  —  . 

The  value  of  this  angle  for  glass  is  about  85^. 

40.      Refraction  through  a  lens. 

Def.  a  lens  is  a  portion  of  a  refracting  medium, 
bounded  by  two  spherical  surfaces,  having  a  common  axis. 

Under  this  general  definition,  we  include  the  case  of  one 
of  the  surfaces  of  the  lens  being  plane,  since  a  plane  may 
be  regarded*  as  ■•  a  sphere  of  infinite  radius. 

Lenses  are  of  various  kinds,  and  receive  different  names 
according  to  the  form  of  the  surfaces  which  bound  them.  The 
rule  for  assigning  the  proper  designation  to  a  lens  is  this: 
first  look  at  the  face  of  the  lens  on  which  the  light  is  in- 
cident, then  reverse  the  lens  and  look  at  the  other  face; 
combine  the  names,  which  indicate  the  form  of  the  surfaces 
successively  presented  to  the  eye,  and  the  combination  will 
give  the  name  of  the  lens. 

If  we  suppose,  as  heretofore,  that  light  proceeds  across 
the  paper  from  right  to  left,  then  the  names  and  forms  of 
the  various  lenses  will  be  as  under; 


I.  II. 

I.  Concavo-conveoBj 

II.  Concavo-planey 

III.  Concavo-concave  or  double  concave ^ 

IV.  Plano-concave, 

V.  Conveao-concavCi 
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VII.  VIII. 

VI.  Convewo-plane^ 

VII.  Plano-convens^ 

VIII.  Conveixo-convex  or  double  convex. 

IX.  A  lens  such  as  that  represented  by  fig.  IX.,  accord- 
ing to  the  rule  above  given,  would  be  a  convexo-concave,  but 
having  very  different  properties  from  a  lens  of  that  description, 
it  is  distinguished  by  the  name  of  meniscus. 

41.  To  find  the  geometrical  focus  of  a  small  pencil  of 
diverging  rays  refracted  through  a  concavo-convex  lens,  the 
thickness  of  which  is  neglected* 

Let  r,  s  be  the  radii  of  the  surfaces  of  the  lens. 

u  the  distance  from  the  lens  of  the  focus  of  incidence. 


V  of  the  focus  after  re- 
fraction through  the  first 
surface. 

V      through  the  second. 

Then,  by  Art.  34,  we  have, 

V     u         r  ^  '• 

Now  the  rays  fall  upon  the  second  surface,  as  if  they  came 
from  the  geometrical  focus,  the  position  of  which  is  deter- 
mined by  equation  (l)  ;  but  they  emerge  from  the  medium  of 
which  the  lens  is  formed  into  vacuum,  therefore  in  adapting  the 
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formula  to  this  case  we  must  write  -  instead  of /i,  (Art.  9.  Cor.); 


hence,  for  the  second  surface, 


1 

-  1 

1  1 

1 

M 

Mt? 

"r 

8 

1 

or     -  - 

V 

■  r 

« 

8 

(2). 


Adding  (l)  and  (2)  we  have. 


1-1.0.. „(l.i). 

V      u  \r      8/ 


which  is  the  formula  required,  and  gives  v  when  u  is  known. 

42.  The  investigation  is  quite  similar  for  the  case  of 
converging  or  parallel  rays,  or  for  any  other  species  of  lens. 
We  have  taken  the  particular  case  of  rays  diverging  on  a 
concavo-convex  lens^  because  in  it  all  lines  are  measured  in  the 
same  direction,  namely,  towards  the  source  of  light ;  the  for- 
mula for  any  other  lens  may  be  deduced,  by  attending  to  the 
convention  already  explained  respecting  the  minus  sign. 

43.  If  we  make  u  ==  eo  ^  we  obtain  -  =  (iul  —  l)\ 1  ; 

V  \r      8/ 

the  point  thus  determined  is  called  the  principal  focus,  or 
more  briefly,  the  focus,  of  the  lens.  The  distance  of  this 
point  from  the  lens  is  called  its  focal  length,  and  if  we  denote 
it  by  /,  we  shall  have 


i.o.-.,G-i). 


On  examining  this  expression  it  will  be  seen,  that  the  first 
five  lenses,  enumerated  in  Art.  40,  have  their  focal  lengths 
positive,  and  the  last  four  negative ;  that  is  to  say,  if  parallel 
rays  be  incident  upon  either  of  the  first  five,  they  will  diverge 
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after  refraction,  if  upon  either  of  the  last  four  they  will  con- 
verge. Hence,  lenses  divide  themselves  naturally  into  two 
classes,  which  may  be  distinguished  by  the  algebraical  sign  of 
/;  those  for  which  /is  positive  may  be  described  in  general  as 
concave  lenses,  and  those  for  which  it  is  negative  as  convew. 
So  far  as  the  purpose  of  this  treatise  is  concerned,  we  shall 
distinguish  the  lenses  used  in  optical  instruments  only  by  this 
general  character ;  when,  greater  refinement  is  sought,  there 
are  other  considerations  which  render  the  use  of  particular 
lenses  in  particular  cases  desirable. 

44.  It  is  manifest  that  a  lens  will  produce  the  same  effect, 
whichever  face  is  presented  to  the  incident  light,  since  the 
formula  which  determines  the  position  of  the  geometrical  focus 
is  not  altered  by  supposing  the  face  changed.  Also,  it  ap- 
pears, that  a  lens  has  two  principal  foci ;  for  whichever  face  of 
the  lens  is  exposed  to  parallel  rays,  the  rays  will  have  the 
same  geometrical  focus,  and  therefore  a  point  on  the  axis  of 
the  lens,  and  at  a  distance  /  from  it  on  either  side  of  the  lens, 
may  be  called  its  principal  focus,  and  parallel  rays  will  have 
one  focus  or  the  other  as  their  geometrical  focus,  according  as 
they  fall  on  one  face  of  the  lens  or  the  other. 

45.    To  trace  the  corresponding  positions  of  the  conjugate 
fociy  for  a  concave  lens. 

The  formula  which  determines  the  position  of  q  is, 

111 

V  w      /' 

Since  the  difference  of  -  and  —  is  constant,  -  and  —  must  in- 

V  u  V  u 

crease  and  decrease  together,  and  the  same  will  be  true  of  v 
and  u  ;  hence  Q  and  q  move  always  in  the  same  direction. 

Let  F  and  /  be  the  foci  of  the  lens,   which  are  at  a  dis- 
tance/from A,     Then, 
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(1)  I^et  Q  be  at  an  infinite  distance  to  the  right  of  J, 
or  the  incident  rays  be  parallel ;  then  q  is  at  Fy  because  when 
u  ^  CO  yV  =/,  and  the  rays  are  divergent. 

(2)  Let  Q  move  towards  A ;  then  q  moves  in  the  same 
direction,  and  at  A  they  coincide,  because  when  f^  «  0,  v  «  o. 

(3)  Let  Q  move  to  the  left  of  J;  then  q  also  moves  to  the 
left  of  ^,  and  when  Q  has  reached  /,  q  is  at  an  infinite  distance, 
because  when  u^  —f^  t?  =  oo  ,  and  the  refracted  rays  are 
parallel. 

(4)  Let  Q  move  to  the  left  of/;  then  q  moves  up  in 
the  same  direction  from  an  infinite  distance  on  the  right  of  A^ 
and  when  Q  is  at  an  infinite  distance,  q  is  at  F^  because  when 
t«  =  00  ,  1?  =/. 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and  we 
have  therefore  traced  all  their  corresponding  positions. 

In  the  figure  we  have  represented  a  double  concave  lens, 
but  the  same  investigation  is  applicable  to  all  lenses  for  which 
/  is  positive.  On  account  of  the  importance  to  the  student  of 
perfect  familiarity  with  the  relative  positions  of  the  conjugate 
foci,  we  shall  consider  at  length  the  case  of  a  convex  lens,  or 
in  general  of  a  lens  for  which  /  is  negative. 

46.  To  trace  the  corresponding  positions  of  the  conju- 
gate foci^  for  a  convex  lens. 

The  formula  which  determines  the  position  of  q  is, 

I       1  I 

V      n"      f' 
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Q  and  q  move  in  the  same  direction,  as  before.      Let  F  and  / 
be  the  foci  of  the  lens,  which  are  at  a  distance/ from  A.  Then, 

(1)  Let  Q  be  at  an  infinite  distance  to  the  right  of  A^ 
or  the  incident  rays  parallel ;  then  q  is  at  F^  because  when 
u  s  00  9  V  a  — /,  and  the  refracted  rays  are  convergent. 

(2)  Let  Q  move  towards/;  then  q  moves  to  the  left  of 
F^  and  when  Q  has  reached  /,  q  is  at  an  infinite  distance,  be- 
cause when  t^  a:  /  V  a>  00  ,  and  the  refracted  rays  are  parallel. 

(3)  Let  Q  move  from  /  towards  A ;  then  q  moves  up 
from  an  infinite  distance  on  the  right  of  the  lens  towards  A^ 
and  at  A  they  coincide,  because  when  w  =  0,  u  ■=  0. 

(4)  Let  Q  move  to  the  left  of  A  ;  then  q  also  moves  to 
the  left  of  A^  and  when  Q  is  at  an  infinite  distance,  q  is  at  /", 
because  when  w  ■=  oo,  t?  =  — /. 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and 
therefore  we  have  traced  all  their  corresponding  positions. 

47*  In  examining  the  preceding  investigations,  it  will  be 
seen,  that  the  concave  lens  always  diminishes  the  conver- 
gency  or  increases  the  divergency  of  rays,  and  that  the 
convex  lens  has  exactly  the  reverse  efiect.  This  very  im- 
portant property  of  lenses  admits  however  of  simple  direct 
proof,  as  in  the  following  proposition. 

48.  A  concave  lens  diminishes  the  convergency  or 
increases  the  divergency  of  a  pencil  of  rays^  and  a  convex 
lens  produces  the  opposite  effect. 
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For  the  concave  lens, 

1       1       1 
-  =  -  +  -. 

V  u      f 

Suppose  u  positive,  or  the  incident  rays  divergent,  then  - 

V 

is  greater  than  — ,  or  v  less  than  u ;  therefore  the  geometrical 

focus  is  nearer  to  the  lens  than  the  focus  of  incidence,  or  the 
refracted  rays  are  more  divergent.  If  u  is  negative,  or  the 
incident  rays  convergent,  v  is  either  positive  or  a  greater 
negative  quantity  than  u\  therefore  the  refracted  rays  are 
either  divergent,  or  less  convergent  than  the  incident. 

For  the  convex  lens, 

1       1       1 

V  u      f' 

From  the  discussion  of  which  equation,  the  opposite  con- 
clusions to  the  above  are  deduced.  Hence  the  proposition 
is  true. 

49.  When  reflexion  takes  place  at  a  spherical  surface, 
it  is  evident  that  a  ray  which  passes  through  the  centre  of 
the  sphere  suffers  no  deviation,  because  it  falls  upon  the 
surface  in  a  direction  coinciding  with  the  normal  at  that 
point :  there  is  a  similar  point  on  the  axis  of  a  lens,  through 
which,  if  the  direction  of  a  ray  during  its  course  through  the 
l^ns  pass,  it  will  emerge  parallel  to  the  direction  of  incidence, 
and  therefore  if  we  neglect  the  thickness  of  the  lens  will 
suffer  no  deviation :  this  point  by  analogy  is  called  the  centre 
cf  the  lens. 

50.  To  find  the  centre  of  a  lens. 

Let  the  lens  be  concavo-convex.  00'  the  centres  of  the 
first  and  second  surfaces  respectively. 

Draw  any  line  OP  to  the  first  surface,  and  O'P^^  parallel 
to  OP,  to  the  second  surface ;  join  PP ;  and  let  BPPD  be 
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the  course  of  a  ray  through  the  lens ;  produce  FP  to  meet 
the  axis  in  C 


Then,  since  OF^  O'P  are  parallel,  the  planes  perpen- 
dicular to  them  are  parallel,  and  therefore  the  ray  BPPD 
passes  as  through  a  medium  bounded  by  parallel  surfaces,  and 
PD  is  parallel  to  BP. 

Again,  by  similar  triangles,   CPO^  CPC/^ 

CO      CO^ 

Ipo"  p'o" 

r-  AC      8  -t  -  AC         ,  .      , 

or, = ,     where    t   is   the 


8 


thickness  of  the  lens ; 


.'.  AC  = 


rt 


»  — r 


This  formula  determines  the  position  of  C,  the  centre 
of  the  lens,  which  as  we  see  depends  on  the  form  of  the 
lens  only. 

51.  If  the  surfaces  of  the  lenses  have  their  convexities 
turned  in  opposite  directions,  that  is,  if  r  and  8  have  different 
algebraical  signs,  the  distance  AC  is  very  small  when  t  is  very 
small;  and  hence,  in  the  case  of  double  convex  or  double 
concave  lenses,  which  are  very  thin,  we  may  consider  in  practice 
that  the  centre  coincides  with  the  middle  point  A  of  the  lens, 
and  therefore  that  a  ray  passing  through  A  suffers  no  de- 
viation. 
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But  the  centre  of  a  concavo-convex  or  of  a  meniscus  lens 
may  be  at  a  considerable  distance  from  the  lens,  if  r  and 
8  be  nearly  equal. 

52.  Sometimes  two  lenses  are  placed  on  the  same  axis, 
and  very  near  to  each  other,  so  as  to  serve  the  purpose  of 
one  lens :  the  focal  length  of  the  lens,  which  would  produce 
the  same  effect  on  a  pencil  of  rays  as  the  two  together,  is 
called  the  focal  length  of  the  combination. 

63.  To  find  the  focal  length  of  a  combination  of  two 
lenses^  omitting  their  thickness. 

Let  ff  be  the  focal  lengths  of  the  lenses,  F  that  of  the 
combination. 

Suppose  rays  to  diverge  from  a  point  at  distance  u  from 
the  first  lens,  and  let  V  be  the  distance  of  the  geometrical 
focus ;  from  this  focus  rays  diverge  upon  the  second  lens, 
let  V  be  the  distance  of  the  geometrical  focus  after  this  second 
refraction. 


Then  we  have. 


1       1^1 

and  ---=-; 
1)       F     f 


adding  these  equations. 
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But    if   the   rays    diverged  upon  a  lens  of  focal  length 
F,  the  formula  would  be 


1       £1 
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Hence,  in  order  tbat  this  lens  may  be  equivalent  to  the 
combination,  we  must  have 

1       1        l_ 

If  the  first  lens  be  concave,  and  the  second  convex,  we 
should  have  in  like  manner, 


1       1        1 

and  so  in  other  cases. 

A   similar   investigation   is    applicable  to   three   or  more 
lenses. 


ON  IMAGES  FORMED  BY  REFLEXION  OR 

REFRACTION. 

54.  When  li^ht  is  incident  from  a  luminous  point  upon 
a  reflecting  or  refracting  surface,  or  upon  a  combination  of 
surfaces,  whether  plane  or  spherical,  the  investigations  of  the 
preceding  pages  enable  us  to  determine  the  focus  of  the  re- 
flected or  refracted  rays;  and  the  focus  so  determined  is  to 
be  considered  as  the  image  of  the  luminous  point,  that  is, 
the  rays  will  proceed  from  it  as  from  a  luminous  point,  and 
will  therefore  produce  the  same  efftct  upon  our  organs  of 
vision  as  an  actual  luminous  point.  Our  investigations  only 
apply  strictly  to  the  case  of  an  indefinitely  small  conical 
pencil  of  rays,  incident  directly  on  the  reflecting  or  refracting 
surface,  that  is,  having  its  axis  coincident  with  the  axis  of 
the  surface;  if  the  incidence  be  obliquej  that  is,  if  the  axis 
of  the  pencil  be  inclined  at  some  angle  to  the  axis  of  the 
surface,  the  reflected  or  refracted  pencil  will  manifestly  be 
altered  in  its  form,  and  our  formulae  will  not  be  strictly  cor- 
rect. Nevertheless,  since  in  practice  the  obliquity  is  generally 
small,  and  since  the  consideration  of  the  general  question  of 
the  form  of  oblique  pencils  would  lead   us   into   calculations 
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more  complicated  than  we  desire  to  introduce  into  this  trea- 
tise, we  shall  suppose  that  the  formulae  already  established 
for  direct,  will  also  hold  for  oblique  incidence,  a  supposition 
which  the  student  will  bear  in  mind  is  only  approximately 
true. 

55.  Having  then  solved  the  problem  of  finding  the  image 
of  a  point,  we  may  now  proceed  to  consider  the  more  general 
one  of  finding  the  image  of  any  object  formed  by  reflexion  or 
refraction.  We  may  conceive  any  object  to  be  made  up  of 
physical  points,  each  of  which  is  a  focus  of  incidence,  and  has 
a  corresponding  focus  of  reflexion  or  refraction ;  if  then  we 
construct  the  geometrical  foci,  corresponding  to  all  difierent 
points  of  the  object,  we  shall  have  the  image  of  the  object 
required. 

56.  We  shall  confine  our  attention  almost  exclusively  to 
the  case  of  the  image  of  a  small  straight  line,  because  this  is 
the  simplest  figure  which  the  object  can  have,  and  the  deter- 
mination of  the  image  in  this  case  will  be  suflicient  for  our 
purpose,  when  we  come  to  apply  our  results  to  the  construc- 
tion of  optical  instruments. 

57.  We  shall  first,  however,  shew  how  to  apply  our 
formulae  to  the  finding  of  the  image  of  a  point,  from  which  the 
rays  fall  obliquely  on  a  mirror  or  a  lens. 

Let  BAB'  be  a  concave  spherical  mirror,  and  AO  its  axis. 
Let   Q  be  a  luminous  point  not  on   the  axis  of  the  mirror. 
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Draw  QOP  through  the  centre  O  of  the  mirror,  and  take  q 
such  that 

1  1  2 

P^'*"P(i"  PO" 

then  q  will  be  the  image  of  Q. 

The  position  of  q  may  be  determined  very  easily  and  suf- 
ficiently nearly  for  many  purposes,  by  means  of  the  investiga- 
tion of  Art.  22.  Bisect  OP  in  /,  then  if  Q  were  at  an 
infinite  distance  q  would  be  at  /;  but  as  Q  moves  towards  O, 
q  also  moves  towards  O,  therefore  when  Q  has  the  position 
given  to  it  in  the  figure,  q  is  somewhere  between /and  O.  In 
like  manner,  if  Q  were  between  O  and  /,  q  would  be  on  PO 
produced  ;  and  if  Q  were  between  /  and  P,  q  would  be  on  OP 
produced. 

In  like  manner  we  may  find  the  image  of  a  luminous  point 
in  the  case  of  a  convex  mirror. 


58.     Next  let  us  consider  a  lens.      Let  BABf  be  a  double 
convex  lens ;   Q  a  luminous  point  not  on  its  axis.      Let  A  be 


the  centre  of  the  lens,  which,  on  account  of  the  thinness  of  the 
lens,  we  may  suppose  to  be  any  point  of  that  portion  of  its 
axis  which  lies  within  the  lens ;  for  distinctness^  sake,  we  will 
suppose  the  centre  to  be  the  point,  in  which  the  line  joining 
B  and  B'  cuts  the  axis.  Draw  Q^Aq  through  the  centre  of 
the  lens;  then,  by  the  property  of  the  centre,  this  ray  will 
undergo  no  deviation,  and  consequently  the  image  of  Q  must 
be  somewhere  on  the  line  Q,Aq,  If  we  suppose  the  formula 
proved  in  Art.  41,  to  apply  to  this  case  of  oblique  incidence, 
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the  distance  (Aq)  of  the  image  from  A  will  be  given  by  the 
formula, 

1  1  1 

But,  as  in  the  case  of  reflexion,  we  may  determine  the 
position  of  q  sufficiently  nearly  for  many  purposes,  by  consi- 
dering that  if  Af=fy  (the  focal  length  of  the  lens,)  q  is  at  an 
infinite  distance  from  A,  and  that  as  Q  moves  away  from  A, 
q  moves  from  the  left  towards  A^  and  will  have  some  position 
to  the  left  of  F. 

In  like  manner,  we  may  determine  the  image  of  a  lumi- 
nous point,  in  the  case  of  a  double  concave  or  any  other  lens. 

59.  The  same  method  may  be  adapted  to  the  case,  in 
which  a  small  pencil  of  rays  falls  ewcentrically  on  a  lens,  that 
is,  in  which  the  axis  of  the  incident  pencil  does  not  pass  through 
the  centre  of  the  lens.  For  we  may  conceive  a  complete  pen- 
cil, having  its  axis  passing  through  the  centre,  to  fall  upon 
the  lens,  and  we  may  determine  the  image  in  this  case,  and  the 
same  will  be  the  position  of  the  image  when  the  pencil  is  so 
restricted  that  it  becomes  excentrical ;  the  difference  will  be, 
that  there  will  be  fewer  rays  diverging  from,  or  converging  to, 
the  geometrical  focus. 

Suppose,  for  instance,  a  very  small  excentrical  pencil  falls 
from  Q  on  the  portion  a  a'  of  a  double  convex  lens  BAff : 


draw  QA  q  through  the  centre  of  the  lens,  and  take  q  such  that 

1  1  1 

Tq'AQ'^  "f 

25—2 
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then  the  rays  incident  from  Q  will,  after  refraction  through 
the  lens,  converge  to  q.  If  AQ  ^fy  Aq  ^  ^  ^  and  the  re- 
fracted rays  are  parallel ;  hence,  when  a  small  pencil  of  rays  is 
incident  on  a  convex  lens  from  a  point  at  a  distance  from  it 
equal  to  its  focal  length,  we  must  draw  a  line  through  the 
point  and  the  centre  of  the  lens,  and  the  rays  will  emerge 
parallel  to  that  straight  line. 

60.  A  similar  method  is  applicable  to  a  small  excen- 
trical  pencil,  incident  on  a  mirror.  A  pencil  is  in  this  case 
said  to  be  excentrical,  when  the  point  in  which  its  axis  meets 
the  mirror  is  not  that  in  which  the  axis  of  the  mirror 
meets  it. 

Let  Q  be  the  origin  of  a  small  pencil,  incident  on  the 
small  portion  a  a'  of  the  mirror.     Draw  QOqP  through  the 


centre  O  of  the  spherical  surface,  and  take   the  point  q  such 
that 


1  1         2 

+ 


Pq       PQ      r' 

then    the    rays    of  the    small    excentrical   pencil    will,    after 
reflexion,  converge  to  q, 

61.  We  are  now  prepared  to  consider  the  formation  of 
the  image  of  a  straight  line,  placed  before  a  reflecting  sur- 
face, or  before  a  lens. 

The  image  of  an  object,  placed  before  a  plane  reflector, 
will  manifestly  be  precisely  similar  to  the  object,  and  each 
point  of  the  image  will  be  as  far  behind  the  mirror,  as  the 
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point  of  which   it  is   the  image  is  distant  from  the  mirror. 
This  follows  at  once  from   Art.  12. 

When  a  small  straight  line  is  placed  before  a  spherical 
mirror,  its  image,  that  is,  the  locus  of  the  geometrical  foci 
corresponding  to  the  different  points  of  it,  will  evidently  not 
be  a  straight  line.  If  the  line  be  indefinitely  distant  from 
the  mirror,  the  image  will  evidently  be  a  small  arc  of  a  circle ; 
in  other  cases  it  may  be  shewn  to  be  a  portion  of  a  conic 
section,  but  this  we  shall  not  do,  since  we  shall  not  be  con- 
cerned with  the  particular  form  which  the  image  assumes :  if 
however  the  object  be  supposed  to  be  extremely  small,  it  will 
be  sufficient  to  consider  its  image  to  be  also  a  straight  line, 
and  the  only  point  with  which  we  shall  engage  ourselves  will 
be  the  determination  of  the  position  of  this  straight  line. 

62.  We  shall  here  give  results,  which  the  student  will 
have  no  difficulty  in  verifying  for  himself. 

Concave  Mirror.  When  the  object  is  at  a  distance  from 
the  mirror  greater  than  its  radius,  the  image  will  be  small,  in- 
verted, and  between  the  centre  and  principal  focus.  When 
the  object  is  between  the  centre  and  principal  focus,  the  image 
will  be  magnified,  inverted,  and  at  a  distance  from  the  mirror 
greater  than  its  radius.  When  the  object  is  between  the  prin- 
cipal focus  and  the  mirror,  the  image  will  be  magnified,  erect, 
and  behind  the  mirror. 

Convex  Mirror,  The  image  will  always  be  small,  erect, 
behind  the  mirror,  and  between  the  mirror  and  its  principal 
focus. 

Concave  Lens,  The  image  will  be  small,  erect,  on  the 
same  side  of  the  lens  as  the  object,  and  between  the  lens  and 
its  principal  focus. 

Convew  Lens,  When  the  object  is  at  a  distance  from  the 
lens  greater  than  its  focal  length,  the  image  is  on  the  opposite 
side  of  the  lens,  inverted,  and  at  a  distance  from  the  lens 
greater  than  its  focal  length.  When  the  object  is  between 
the  lens  and  its  principal  focus,  the  image  is  erect,  and  on  the 
same  side  of  the  lens  as  the  object. 
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ON   THE   EYE. 

63.  The  theory  of  the  formation  of  images,  which  we 
have  been  explaining,  is  applicable  to  the  explanation  of  the 
construction  of  the  eye;  which,  to  take  the  simplest  view, 
may  be  conceived  of  as  a  convex  lens,  by  means  of  which, 
images  of  external  objects  are  formed  upon  a  screen  behind 
it,  these  images  affecting  the  brain  by  means  of  nerves,  and 
in  some  inexplicable  manner  conveying  to  the  mind  the  sense 
of  vision. 


64.  The  figure  represents  a 
horizontal  section  of  the  human  eye; 
its  general  form  is  spherical,  but  the 
front  BAB'  is  more  convex  than  the 
rest. 

The  outer  coat  is  called  the 
sclerotica,  and  is  white  and  opaque, 
except  in  the  front,  which  is  occupied 
by  the  transparent  convex  portion 
BAB'  called  the  cornea. 


The  interior  of  the  sclerotica  is  lined  with  a  soft  thin 
coat,  called  the  choroid  membrane ;  at  the  junction  of  this 
membrane  with  the  sclerotica  arises  the  uvea,  an  opaque 
membrane,  having  an  aperture  aa  in  its  centre  called  the 
pupil,  through  which  light  enters  the  eye,  and  by  the  spon- 
taneous enlargement  and  diminution  of  which,  the  quantity 
of  light  admitted  is  regulated.  The  diameter  of  the  pupil 
varies  from  about  -^  th  to  ^  th  of  an  inch. 

The  interior  of  the  choroid  membrane  is  covered  with  a 
black  substance  called  the  pigmentum  nigrum^  the  oiBce  of 
which  is  to  absorb  stray  rays  of  light,  and  so  prevent  inter- 
nal reflexions,  which  would  be  the  source  of  much  confusion. 
At   the  back  of  the   eye,   and   imbedded    in    the    pigmentum 
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nigrum,  is  the  retina;  the  retina  is  a  network  of  very  fine 
nerves,  which  branch  off  from,  and  may  be  looked  upon  as  a 
continuation  of,  the  optic  nerve,  which  proceeding  directly  from 
the  brain  enters  at  O,  on  the  side  of  the  eye  next  the  nose. 

CCf  is  a  soft,  transparent  substance,  in  the  form  of  a 
double  convex  lens,  and  called  the  crystalline  lens. 

The  space  between  the  crystalline  lens  and  the  cornea,  is 
filled  with  a  transparent  fluid  resembling  water,  and  called  the 
oqueotM  humour.  That  between  the  crystalline  and  the 
retina  is  filled  with  another  humour,  called  the  vitreous  hu- 
mour.  The  refractive  indices  of  these  humours  differ  very 
little  from  that  of  water. 

65.  When  a  pencil  of  light  diverges  from  a  luminous 
point  upon  the  exterior  surface  of  the  eye,  it  suffers  refrac- 
tion at  the  cornea,  and  again  at  the  surface  of  each  succes- 
sive humour  through  which  it  passes,  and  by  the  combined 
refraction  of  all  is  made  to  converge  to  a  point  upon,  or  very 
near  to  the  retina.  In  like  manner  the  image  of  an  external 
object  is  formed  upon  the  retina;  it  is  easy  to  see  that  the 
image  will  be  inverted  with   respect  to  the  object. 

66.  The  focal  length  of  the  eye  is  not  constant,  but  is 
varied  instinctively  by  the  eye,  so  as  to  adapt  itself  to  vision 
at  different  distances.  The  shortest  distance  to  which  the  eve 
can  adjust  itself  varies  in  different  persons,  and  is  called  the 
least  distance  of  distinct  vision ;  with  regard  to  vision  of 
distant  objects,  the  majority  of  persons  can  see  when  the  object 
is  at  such  a  distance  that  the  rays  from  it  may  be  considered 
to  be  parallel  to  each  other,  but  some  eyes  require  the  rays 
entering  them  to  have  a  certain  degree  of  divergency :  in 
general,  however,  we  say  that  rays  of  light  are  fitted  to  pro- 
duce distinct  vision,  when  they  are  parallel  to  each  other.  It 
may  be  observed,  that  no  eye  can  see  by  means  of  rays  having 
the  smallest  amount  of  convergency. 

67.  The  eyes  of  animals,  though  agreeing  in  principle, 
are  different  in  many  of  their  details  from  those  of  men ;   the 
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difference  being,  in  general,  such  as  can  be  accounted  for,  by 
consideration  of  the  different  circumstances  of  vision,  to  which 
it  is  desirable  that  they  should  be  adapted:  but  the  student, 
who  desires  information  on  this  head,  must  consult  other  works 
on  the  subject. 

ON    DEFECTS    OF    SIGHT. 

68.  Perfect  vision  requires  that  a  pencil  of  rays  incident 
on  the  cornea  should  be  made,  by  refraction  through  the  several 
humours  of  the  eye,  to  converge  accurately  to  a  point  upon 
the  retina.  Vision  will  therefore  be  imperfect,  when  the  rays 
converge  to  a  point  in  front  of  the  retina  and  then  diverge 
upon  it,  or  when  they  converge  to  a  virtual  focus  behind  it. 
The  resulting  defect  is  nearly  the  same  in  the  two  cases,  for 
in  both  the  image  of  a  point,  instead  of  being  a  point,  is  a 
small  circle  or  disk  of  light,  and  the  image  of  an  object  is 
therefore  formed  of  such  small  circles,  which,  overlapping  each 
other,  produce  indistinctness  or  confusion. 

The  former  defect  is  that  of  ahortsight^  and  arises  from 
the  too  great  convexity  of  the  refracting  surfaces  of  the  eye. 
It  may  be  remedied  by  the  use  of  a  concave  lens,  which  will 
give  the  rays  the  degree  of  divergency  necessary  to  enable  the 
eye  to  bring  them  to  a  focus  upon  the  retina. 

The  latter  defect  is  that  of  longsight^  and  arises  from  the 
too  great  flatness  of  the  refracting  surfaces  of  the  eye;  it  is 
a  defect  usually  brought  on  by  old  age.  It  may  be  remedied 
by  the  use  of  a  convew  lens,  which  will  cause  the  rays  to  enter 
the  eye  in  a  state  of  parallelism,  and  so  to  be  fit  to  produce 
distinct  vision. 


ON  VISION  THROUGH    A   SINGLE   LENS. 

69.  To  determine  the  angle  under  which  a  given  object 
will  be  seen  by  the  eye^  when  viewed  through  a  concave 
lens. 


VISION  THROUGH  A  SINGLE  LENS. 
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Let  A  be  the  centre  of  the  lens,  E  the  eye,  PQ  the  object; 
join  QA^  and  let  pq  be  the  image  of  PQ.     Join  Eq\  then 


qEp  is  the  angle  under  which  the  object  is  seen  through  the 
lens,  or  the  visual  angle. 

Let  PQ  =  X,   AP^u,  AE^d,  f^  the  focal  length  of 
the  lens,  0  =  the  visual  angle. 


Then 
triangles. 


tand  = 
u 


pq 


PQ 


Ap 


AE  +  Ap      AE  +  Ap    AP 


,    by  similar 


1  + 


d 


X 
u 


Ap 


1  +  d 


(^>) 


.  (Art.  41.) 


Let  a  be  the  angle  under  which  the  object  would  have 
been  seen  by  the  naked  eye,  then  tan  a  = 


u  +  d^ 


tand 


u  -\-  d 


•  • 


tan  a  ,      du 

u-^d+  — 

This  ratio  is  less  than  unity,  and  the  effect  is  that  the 
object  appears  diminished. 

If  we  had  taken  the  case  of  a  convex  lens,  we   should 
have  found,  that 


tand 
tana 


u  +  d 
u  -^  d  — 


du 

7 
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du 
If  M  +  d  be  greater  than     _-  ,  the  object  will   appear  mag- 

du 
nified,  and  it  may  be  magDified   to  any  extent.     But  if  — -  be 

greater  than  u  -^  d^  tan  0  will  be  negative,  and  the  image  will 
be  inverted  and  not  necessarily  magnified. 

70.  If  we  suppose  the  lens  so  adjusted  that  the  rays  enter 
the  eye  in  a  state  of  parallelism,  we  must  have  u  =/,  and 
then  (for  the  convex  lens), 

tan  0         f  +  d  d 

tan  a     f  ■\-  d  -  d  f 

The  magnification  by  a  convex  lens  will  be  therefore 
greater  as  -  is  greater ;  hence  it  has  been  proposed,   to  call 

the  quantity  ~  the  power  of  a  lens. 


71.  A  very  small  convex  lens,  of  short  focal  length,  or  a 
very  small  sphere  of  glass,  may  be  used  as  a  magnifying  glass 
in  a  way  slightly  differing  from  the  preceding.  When  an 
object  is  placed  very  near  the  eye,  a  magnified  image  is  formed 
on  the  retina,  but  on  account  of  the  too  great  divergency  of 
the  rays  the  eye  is  not  able  to  obtain  a  distinct  perception  of 
the  object.  If  now  a  very  small  lens,  not  exceeding  in  breadth 
that  of  the  pupil  of  the  eye,  and  of  focal  length  so  short  that 
the  object  shall  be  in  its  principal  focus,  be  placed  close  to  the 
eye,  the  rays  of  light  emerging  from  the  lens  will  be  parallel 
to  each  other,  and  therefore  fit  to  produce  distinct  vision,  and 
the  magnification  of  the  image  on  the  retina  will  be  the  same 
as  before.  The  rays  will  in  this  case  pass  centrically  through 
the  lens. 
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ON  THE  GENERAL  PRINCIPLE  OF  TELESCOPES. 


72.  When  a  small  object  at  a  great  distance  is  viewed 
by  the  naked  eye,  there  are  two  reasons  why  the  vision  is 
indistinct,  namely,  the  smallness  of  the  angle  which  the  object 
subtends  at  the  eye  or  the  visual  angle^  and  the  small  quan- 
tity of  light  which  comes  to  the  eye  from  any  point  of  the 
object.  The  ends  to  be  accomplished  therefore  by  an  instru- 
ment used  for  viewing  distant  objects  are  also  two,  namely,  to 
increase  the  visual  angle,  and  to  increase  the  quantity  of  light 
which  reaches  the  eye.  The  latter  is  accomplished  by  allow- 
ing the  rays  to  fall  upon  a  convex  lens,  called  the  object-glass, 
which  collects  from  each  point  of  the  object  a  quantity  of 
light,  bearing  to  the  quantity  which  would  enter  the  naked 
eye,  the  ratio  of  the  area  of  the  object-glass  to  the  area  of  the 
pupil  of  the  eye;  and  the  former  by  deflecting  the  rays 
through  a  system  of  lenses,  the  arrangement  of  which  varies  in 
telescopes  of  different  constructions.  In  some  telescopes  the 
rays  are  received  on  a  concave  reflector,  instead  of  a  convex 
lens,  but  the  principle  is  the  same. 

73.  It  may  be  seen,  without  any  difficulty,  that  the  two 
defects  of  vision,  which  are  to  be  remedied,  are  in  some 
measure  antagonistic.  For,  suppose,  that  from  a  very  small 
distant  object  a  certain  quantity  of  light  falls  on  the  object- 
glass  of  a  telescope,  then  the  magnifying  power  is  greater  in 
proportion  as  the  light  is  spread  over  a  larger  eoftent  of  the 
retina ;  but  the  brightness  of  the  illumination  of  the  retina  is 
greater  in  proportion  as  the  light  is  more  concentrated,  or 
spread  over  a  smaller  extent  of  the  retina ;  hence,  when  an 
image  is  formed  on  the  retina,  we  have  this  general  relation. 


brightness  of  the  image 


oc 


magnification  produced 
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If  therefore,  with  a  given  object-glass^  we  increase  the 
magnifying  power,  we  diminish  the  brightness  of  the  image, 
and  thus  we  have  a  limit  put  to  increase  of  magnification. 
Hence,  in  order  that  we  may  have  telescopes  of  great  power, 
we  must  have  object-glasses,  or  object-mirrors,  of  very  large 
diameters,  and  in  the  construction  of  these  lies  the  difficulty 
of  making  powerful  telescopes. 

74.  We  shall  now  proceed  to  describe  the  construction  of 
various  telescopes,  premising  that  we  shall  describe  them  in 
their  simplest  form ;  to  render  them  practically  useful  instru- 
ments, it  would  be  necessary  to  introduce  a  variety  of  refine- 
ments of  construction,  which  the  elementary  mode  of  treating 
the  science  of  Optics  adopted  in  this  treatise  precludes  us 
from  making  intelligible  to  the  student. 

Telescopes  may  be  divided  into  two  classes,  Refracting, 
and  Reflecting. 


ON  REFRACTING   TELESCOPES. 


75.      The  Common  Astronomical  Telescope. 


The  common  astronomical  telescope  consists  of  two  con- 
vex lenses,  a  larger  one  BAB'  called  the  object-glass,  and 
a  smaller  one  hah'  called  the  eye-glass,  placed  on  the  same 
axis,  and  at  a  distance  from  each  other  equal  to  the  sum  of 
their  focal  lengths. 

Let  the  axis  of  the  instrument  be  directed  to  a  point  P 
of  a  very   small  object   PQ^  so  distant  that  rays  from  any 
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point  of  it  which  fall  upon  the  object-glass  are  sensibly 
pfu*allel;  then  an  inverted  image  pq  will  be  found  in  the 
focus  of  the  object-glass,  and  the  rays  which  diverge  from 
any  point  q  of  the  image  upon  the  eye-glass  will,  after  re- 
fraction, emerge  approximately  parallel  to  the  line  9 a,  which 
joins  q  with  the  centre  of  the  eye-glass,  since  aq  nearjy  '^  ap 
SB  the  focal  length  of  the  eye-glass.  If  therefore  an  eye  be 
placed  at  Ey  the  point  at  which  the  axis  of  the  pencil  from  q 
crosses  the  axis,  the  rays  entering  the  eye  will  be  fit  for 
producing  distinct  vision,  and  an  image  of  PQ  will  be  seen. 

Objects  seen  through  this  telescope  will  appear  inverted, 
but  this  is  of  no  importance  in  the  case  of  celestial  objects. 

76.  The  Magnifying  Power. 

The  magnifying  power  is  measured  by  the  ratio  of  the 
visual  angles,  when  the  object  is  viewed  through  the  telescope 
and  with  the  naked  eye  respectively. 

The  angle  under  which  PQ  would  be  seen  with  the  naked 
eye  is  PAQ  =  pAq;  and  the  angle  under  which  pq  is  seen 
is  pa q^  since  the  rays  emerge  parallel  to  qa; 

paq      Ap 

.'.  magnifying  power  =  — —  = nearly, 

pAq       ap 

-fo. 

"// 

where  /,,  f^  represent  the  focal    lengths  of  the   object-glass 
and  eye-glass  respectively. 

77.  The  Field  of  View. 

The  field  of  view  is  the  angle  subtended  at  the  eye,  or  at 
the  centre  of  the  object-glass,  (for  on  account  of  the  distance 
of  the  object  the  two  will  be  sensibly  the  same,)  by  the  largest 
object  which  at  a  given  distance  can  be  seen  through  the 
telescope.  This  definition,  however,  though  apparently  precise, 
is  not  so  really ;   for,  suppose  we  find  a  point  in  the  object 
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from  which  a  pencil  of  rays,  after  being  refracted  through  the 
object-glass,  just  fall  on  the  eye-glass:  then  if  we  take  a  point 
a  little  further  from  the  axis,  the  rays  from  it  will  not  all  fall 
on  the  eye-glass,  but  some  of  them  will  be  lost ;  still  more 
will  this  be  the  case  with  a  point  a  little  further  from  the 
axis ;  and  so  on,  until  at  last  we  come  to  a  point  from  which 
no  rays  fall  upon  the  eye-glass,  and  therefore  none  reach  the 
eye.  The  result  is,  that  in  looking  through  a  telescope  such 
as  we  have  described,  the  outer  portions  of  the  field  instead  of 
being  clearly  defined  would  gradually  fade  away;  this  im- 
perfect part  of  the  field  is  called  the  ragged  edge  of  the  Jield 
of  view. 

The  ragged  edge  may  be  cured  by  placing  a  stop^  or 
annulus  of  metal,  in  the  focus  of  the  object-glass ;  for  by  this 
means  we  can  stop  any  rays  we  please,  and  limit  the  field  to 
any  extent.  If  this  be  done,  the  angular  extent  of  the  field 
of  view  will  be  the  angle  subtended  by  the  aperture  of  the 
stop  at  the  centre  of  the  object-glass. 

78.  The  telescope  which  we  have  now  described  is  not 
applicable  to  vision  of  terrestrial  objects,  on  account  of  its 
inverting  property ;  but  it  may  be  adapted  to  the  purpose 
by  using  a  combination  of  lenses  called  an  erecting  eye-piece, 
instead  of  the  simple  eye-glass.      The  construction  of  such  an 


eye-piece  will  be  sufficiently  understood  from  inspection  of  the 
annexed  figure,  which  represents  one  form  of  its  construction. 


79.     Galileo's   Telescope, 
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This  telescope  consists  of  a  convex  lens  BAB\  and  a 
concave  lens  hah\  placed  on  the  same  axis,  at  a  distance  from 
each  other  equal  to  the  difference  of  their  focal  lengths ;  BAB* 
is  the  object-glass,  and  is  of  much  greater  breadth  and  focal 
length  than  the  eye-glass  bab\  which  need  not  be  larger  than 
the  pupil  of  the  eye. 

Let  the  axis  of  the  instrument  be  directed  to  a  point  P 
in  an  object  PQ,  which  is  at  such  a  distance  that  rays  from 
any  point  of  it  may  be  considered  to  fall  upon  the  object-glass 
in  a  state  of  parallelism ;  then  if  nothing  were  interposed,  an 
inverted  image  pq  would  be  formed  of  PQ  in  the  focus  of  the 
object-glass.  If  now  an  eye  were  placed  at  E  the  rays  con- 
verging to  any  point  q  would  not  produce  distinct  vision  (see 
Art.  66)'^  but  if  a  small  concave  lens  hah'  he  placed  before 
the  eye,  and  at  a  distance  from  the  image  equal  to  its  focal 
length,  the  rays  will  emerge  in  a  state  of  parallelism,  and 
therefore  will  produce  distinct  vision ;  and  the  visual  angle 
will  be  paq^  since  the  rays  which  before  refraction  at  the 
eye-glass  were  converging  to  q  emerge  parallel  to  aq.  The 
rays  being  intercepted  by  the  eye-glass  before  they  have 
crossed  the  axis,  objects  will  appear  erect. 

80.  The  Magnifying  Power. 

Let  /),,  f^  be  the  focal  lengths  of  the  object-glass  and 
eye-glass  respectively ;  then  the  visual  angle  for  PQ  seen  with 
the  naked  eye  is  PAQ^  the  visual  angle  when  seen  through 
the  telescope  is  paq; 

.'.   mamiifying  power   =  -=— — -  = — —  =  V  nearly. 
^     ^    ^  ^  PAQ      pAq     f  ^ 

81.  The  Field  of  View. 

The  ragged  edge  in  Galileo's  telescope  is  not  curable  by 
the  use  of  a  stop  as  in  the  astronomical  telescope,  because  no 
real  image  is  allowed  to  be  formed  by  the  object-glass,  and  it 
is  manifest  therefore  that  a  stop  placed  any  where  within  the 
telescope  will  not  stop  imperfect  pencils  only. 
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In  this  telescope  the  field  of  view  will  be  limited  by  the 
object-glass,  and  not  by  the  eye-glass,  as  in  the  case  of  the 
astronomical  telescope.  For  the  field  will  necessarily  be 
limited  in  any  combination  of  lenses,  by  the  first  lens  through 
which  the  rays  pass  excentrically ;  and  in  Galileo^s  telescope, 
the  rays  pass  excentrically  through  the  object-glass;  for 
although  rays  fall  upon  the  whole  extent  of  the  object-glass 
from  each  point  of  the  object,  yet  the  eye-glass  selects  a 
small  pencil,  (as  will  be  seen  distinctly  from  the  figure,)  and 
this  small  pencil,  with  which  alone  we  are  concerned,  passes 
through  the  object-glass  excentrically. 

82.  6alileo'*s  telescope  possesses  great  historical  interest, 
as  being  the  first  combination  of  lenses  so  used ;  the  con- 
struction is,  however,  now  only  applied  to  opera-glasses,  and 
for  astronomical  purposes  is  wholly  useless.  The  capital  defect 
of  the  telescope  is  that  no  image  is  formed  by  the  object- 
glass  ;  now  observations  of  the  stars  are  made  by  means  of 
fine  wires,  which,  being  placed  in  the  focus  of  the  object- 
glass  of  an  astronomical  telescope,  become  visible  by  stopping 
pencils  of  rays  which  there  converge  to  points,  and  the  place 
of  a  star  is  noted  by  referring  it  to  these  wires  ;  but  in  Galileo's 
telescope  wires  cannot  be  so  used,  there  being  no  position  in 
which  they  can  be  made  visible ;  hence  for  astronomical  pur- 
poses the  construction  is  totally  useless. 


ON    REFLECTING    TELESCOPES 


83.  In  reflecting  telescopes,  the  place  of  the  object-glass 
is  supplied  by  an  object-mirror,  or  concave  speculum  of  metal, 
which  reflects  the  incident  rays  and  causes  them  to  converge. 
We  shall  describe  four  kinds  of  reflecting  telescopes,  which 
involve  however,  (as  will  be  seen)  only  two  essentially  different 
constructions. 
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84.     HerscheFs   Telescope. 


BAB'  is  a  concave  speculum,  having  its  axis  AF  inclined 
at  a  small  angle  to  AP  the  axis  of  the  tube  of  the  telescope, 
so  that  a  ray  incident  in  the  direction  of  the  axis  of  the  tube 
is  reflected  in  the  direction  Ap;  on  the  line  Ap  as  axis  is 
placed  the  convex  lens  bab\  at  a  distance  from  A  equal  to 
the  sum  of  the  focal  lengths  of  the  mirror  and  lens. 

If  the  axis  of  the  instrument  be  directed  to  P,  a  point 
in  a  small  distant  object  PQ,  an  inverted  image  pq  will  be 
formed  on  Ap^  and  at  a  distance  from  A  equal  to  the  focal 
length  of  the  mirror :  and  this  image  being  by  the  con- 
struction in  the  focus  of  the  eye-glass,  the  rays  after  re- 
fraction through  it  will  emerge  in  a  state  of  parallelism,  and 
will  therefore  be  fit  for  the  production  of  distinct  vision. 
Objects  will  appear  inverted. 

The  form  of  the  object-mirror  should  be  parabolical,  not 
spherical.     See  Art.  25. 


85.  This  is  the  most  simple  construction  of  the  reflecting 
telescope,  and  is  quite  analogous  in  every  respect  to  that  of 
the  astronomical  telescope.  It  is,  however,  adapted  only  for 
very  large  instruments,  because  if  the  telescope  be  not  large, 
the  observer's  head,  when  looking  into  the  telescope,  will 
materially    interfere    with    the    incidence    of  the    rays :     this 
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defect  is  obviated  by  Newton's  construction,   which  we  shall 
presently  describe. 

86.      The  magnifying  power. 

The  visual  angle  for  the  object  PQ  viewed  with  the  naked 
eye  is  PAQ\  when  viewed  through  the  telescope  it  is  paq, 

paq       paq       Ap 


.'.  magnifying  power 


,  nearly. 


PAQ      pAq      ap 

fo 

where  /^  /^  are    the   focal  lengths  of  the  object-mirror   and 
eye-glass  respectively. 

87.  The  field  of  view. 

The  ragged  edge  may  be  cured,  as  in  the  astronomical 
telescope,  by  placing  a  stop  at  the  common  focus  of  the 
mirror  and  eye-glass,  and  the  field  of  view  will  then  be 
measured  by  the  angle  which  the  diameter  of  the  stop  sub- 
tends at  the  central  point  A  of  the  mirror.  If  there  be  no 
stop,  we  may  take  the  angle  subtended  by  the  eye-glass  at 
the  same  point  as  the  measure  of  the  field  of  view. 

88.  Newton's   Telescope, 
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BAff  is  a  concave  mirror,  which,  if  light  were  incident 
upon  it  from  a  small  distant  object  PQ,  would  form  an  in* 
verted  image  pq  of  PQ  in  the  principal  focus.  But  a  small 
plane  mirror  DCJOf^  placed  at  an  angle  of  45^  with  the  axis 
of  the  object-mirror,  causes  the  image  to  be  formed  at  p'^', 
instead  of  pq^  and  if  a  convex  lens  6  a  6'  be  placed  on  Cp  as 
axis,  and  at  a  distance  from  pq  equal  to  its  focal  length,  the 
rays  will  emerge  after  refraction  through  hah*  in  a  state  of 
parallelism,  and  therefore  a  distinct  image  of  PQ  will  be  seen 
by  an  eye  at  E, 

89.  The  magnifyifig  power ^  andjield  of  view. 

Both  of  these  will  be  the  same  as  in  HerscheFs  con- 
struction ;  the  two  telescopes  are  in  fact  the  same,  the  plane 
mirror  in  Newton'*s  being  introduced  principally  for  the  sake 
of  avoiding  the  necessity  of  looking  directly  towards  the 
object- mirror,  which  in  the  case  of  small  instruments  would 
manifestly  be  most  inconvenient. 

90.  Gregory's  Telescope. 


BAB'  is  a  concave  mirror,  which  being  directed  to  a  dis- 
tant object  PQ  forms  an  inverted  image  oi  \i  pq  in  its  principal 
focus.      DCD'  is  a  small  concave  mirror,  on  the  same  axis  as 
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BAffy  and  at  a  distance  from  p  rather  greater  than  its  focal 
length  ;  the  rays  from  the  different  points  of  pq  diverge  upon 
DCD\  and  after  reflexion  form  an  inverted  image  pq  of 
pq^  which  will  therefore  be  erect  with  respect  to  PQ.  The 
adjustment  is  such  that  p'q'  is  formed  in  the  focus  of  a 
convex  lens  bah\  on  the  same  axis  as  the  two  mirrors,  and 
on  which  the  light  falls  through  a  circular  aperture  in 
the  middle  of  the  object-mirror;  the  rays  of  light  therefore, 
after  refraction  through  it,  emerge  in  a  state  of  parallel- 
ism, and  produce  distinct  vision  of  the  object  PQ  to  an 
eye  at  E. 


Objects  seen  through   this  telescope  will  appear 


91.      The  magnifying  power » 


erect. 


To  find  the  magnifying  power  let  us  trace  the  course  of 
the  ray,  which  would  fall,  from  the  point  Q  of  a  distant  object, 
on  A  the  middle  point  of  the  object-mirror ;  let  AB  be  the 
reflected  ray,  which,  after  reflexion  at  the  small  mirror  will 
pass  very  nearly  through  /  the  focus  of  the  small  mirror,  (on 
account  of  the  distance  of  the  point  A  being  very  consider- 
able,) and  passing  through  the  point  q  of  the  final  image,  and 
being  refracted  through  the  eye-glass,  emerges  in  the  direc- 
tion 6JB,  parallel  to  qa. 

Then  QAP  may  be  regarded  as  the  visual  angle  of  PQ  to 
the  naked  eye,  qap  the  visual  angle  when  the  object  is  viewed 
through  the  telescope ; 
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xu      !•  -^  '  9^P       9^P   -B/C      fp   AC 

therefore  nia£^nifyiDir  power   =  =  ''     -    _  ,     «  ^^^    — 

^     ^    *^   *^  QAP      qfp    BJC      ap   fC 

Jo  Jo  '  yw         1 
-  —    —z—   nearly, 

J  e         Jm 

where  fofmfe  are  the  focal  lengths  of  the  object-mirror,  small 
mirror,  and  eye-glass  respectively. 

92.     Field  of  mew. 

The  field  of  view  may  be  limited  either  by  the  eye-glass, 
or  by  the  small  mirror.  With  the  same  figure  as  in  the  last 
article,  suppose  the  ray  there  traced  to  fall  on  the  extreme 
point  h  of  the  eye-glass,  then  the  eye-glass  will  limit  the  field, 
and  we  shall  have, 

the  field  of  view  =  2PJQ  =  ^BAC 


—  nearly,  where  b  is  the  breadth  of 


Jo'^Jm   Jo 


the  eye-glass. 


If  the  field  of  view  is  limited  by  the  small  mirror,  we 
must  suppose  the  ray  traced  in  the  figure  to  pass  through 
the  extreme  point  D  of  the  small  mirror,  in  which  case  the 

field  of  view  =  — — -  =»  ^  ,  where  c  is  the  breadth  of  the 

small  mirror. 

In  order  that  the  field,  as  limited  by  these  two  considera- 
tions, may  be  the  same,  we  must  have 

-     '^ 
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93.      CassegraifCs  Telescope. 


P 


The  construction  of  this  instrument  differs  from  that  of  the 
preceding,  only  in  having  a  convex  small  mirror  instead  of  a 
concave. 

BAff  is  a  concave  mirror,  which,  being  directed  to  a  dis- 
tant object  PQ,  would  form  an  inverted  image  of  it  pq  in  its 
principal  focus ;  but  the  reflected  rays  are  intercepted  by  the 
small  convex  mirror  DCD\  which  is  so  placed  that  its  focus 
is  a  little  further  from  the  object-mirror  than  the  principal 
focus  of  that  mirror,  and  consequently  an  image  pq\  inverted 
with  respect  to  PQ,  is  formed  at  some  distance  from  the  small 
mirror.  The  adjustment  is  such  that  this  image  is  formed  in 
the  focus  of  the  eye-glass  hab\  and  consequently  the  rays 
after  refraction  emerge  in  a  state  of  parallelism,  and  are  there- 
fore fitted  to  produce  distinct  vision. 

Objects  seen  through  this  telescope  will  appear  inverted. 


94.      The  magnifying  power. 

Let  a  construction  be  made  similar  to  that  for  Gregory^s 
telescope. 
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Then  the  magnifying  power  = 


gap  _  gap    BfC 
QAP  ~  gfp   WAC 

fp    AC  _f,f,-U 


nearly. 


9^,     Field  of  view. 

If  the  field  be  limited  by  the  eye-glass  we  shall  have, 
field  of  view  ^  ^PAQ,  =  2BJC 

AC    '^ 


Jm 


-  nearly. 


Jo       Jm   J 

It  will  be  observed  that  the  expressions  for  the  magnifying 
power  and  field  of  view  may  be  obtained  from  those  in  Gre- 
gory ""s  construction,  by  changing  the  sign  of /«. 

96.      The  Compoimd  Refracting  Microscope, 

We  have  already  explained  (Art.  71)  the  principle  upon 
which  a  small  convex  lens  of  very  short  focal  length  may  be 
used  as  a  magnifying  glass,  or  simple  microscope.  Combina- 
tions of  lenses  may  be  used  for  the  same  purpose,  or  combi- 


408 


OPTICS. 


nations  of  reflectors  and  lenses,  and  such  combinations  are 
called  compound  microscopes.  We  shall  confine  ourselves  to 
the  description  of  the  compound  refracting  microscope  in  its 
simplest  form,  observing  that  to  make  it  practically  useful  a 
number  of  refinements  must  be  introduced. 


BAB*  is  a  small  convex  lens,  before  which,  and  at  a 
distance  from  it  a  little  greater  than  its  focal  length,  if  a 
small  object  PQ  be  placed,  an  inverted  image  pq  will  be 
formed  of  it.  The  adjustment  is  such  that  pq  is  formed  in 
the  focus  of  a  convex  lens  bab',  and  therefore  the  rays  when 
refracted  through  it  emerge  in  a  state  of  parallelism,  and 
therefore  in  a  state  fit  to  produce  distinct  vision ;  and  an 
eye  at  E  will  see  a  magnified  inverted  image  of  PQ. 
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ASTRONOMY. 


1.  We  propose  in  the  following  treatise  to  give  some 
account  of  the  physical  constitution  of  the  universe,  the  mo- 
tions of  the  heavenly  bodies,  and  the  resulting  phenomena, 
with  the  mode  of  making  observations,  all  which  and  other 
kindred  subjects  are  classed  under  the  head  of  Plane  Astro- 
nomy; we  shall  not  here  treat  of  the  Physical  branch  of 
astronomy,  which  investigates  phenomena  on  the  principles 
of  Mechanics,  and  refers  them  to  general  laws,  but  only  of 
that  branch  which  deals  with  facts  as  matters  of  observation. 

As  it  is  of  the  utmost  importance  that  the  student  should 
be  perfectly  familiar  with  the  notion  of  a  sphere,  and  of  lines 
drawn  upon  it,  we  shall  commence  by  presenting  him  with  a 
few  of  the  most  elementary  propositions  and  notions  belonging 
to  the  doctrine  of  the  sphere. 


ON    THE    SPHERE. 


2.  Def.  a  sphere  is  a  surface  every  point  in  which  is 
equidistant  from  a  given  point,  called  its  centre. 

The  distance  from  the  centre  to  the  surface  is  called  the 
radius,  and  any  line  passing  through  the  centre  and  bounded 
by  the  surface  is  called  a  diameter  of  the  sphere. 


3.  Every  section  of  a  sphere 
made  by  a  plane  is  a  circle. 

Let  EDF  be  any  such  section 
of  a  sphere,  of  which  the  centre  is 
O.  Draw  OC  from  O  perpendi- 
cular to  the  cutting  plane,  and  join 
CD,  OD,  D  being  any  point  in  the 
section  EDF. 
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Then  since  OC  is  perpendicular  to  the  cutting  plane,  it 
is  perpendicular  to  any  line  in  that  plane,  and  therefore  to 
CD; 

.-.    OD^^OC  +  Ciyy 

Ciy  ^  OD" -- OC^ ', 


or 


but  OD  and  OC  are  both  constant  quantities,  therefore  CD 
is  constant,  or  the  section  is  a  circle  having  C  for  its  centre. 

4.  A  section  of  a  sphere  made  by  a  plane  passing  through 
the  centre  is  called  a  great  circle;  other  sections  are  called 
small  circles. 

The  diameter  of  the  sphere,  which  is  perpendicular  to  the 
plane  of  any  circle  on  the  sphere,  is  called  the  ama  of  that 
circle ;  and  the  points  in  which  the  axis  meets  the  sphere  are 
called  the  poles  of  the  circle. 

It  is  evident  that  the  poles  of  a  great  circle  are  equi- 
distant from  it ;  also  it  is  easy  to  see  that  the  pole  of  a  circle 
is  equidistant  from  every  point  in  the  circle. 

5.  The  angle  which  is  subtended  at  the  centre  of  a 
sphere  by  the  arc  joining  the  poles  of  two  great  circles^  is 
the  angle  of  inclination  of  the  planes  of  the  circles. 

Let  O  be  the  centre  of  the 
sphere  ;  DCE,  FCG  the  two  great 
circles  ;  OA,  OB  lines  respectively 
perpendicular  to  the  planes  of  the 
circles,  so  that^,  B  are  their  poles.  i> 
Join   OC. 

Then    00  being  in  the   plane 
DCE    is    perpendicular     to    AO^ 
and   being   in  the  plane  FCG,   is 
perpendicular  to  BO;    therefore  CO  is  perpendicular  to  the 
plane  in  which  AO,  BO  He,  and  therefore  to  EG  and  GO ; 

.-.     EOG  is  the  inclination  of  the  planes  of  the  circles. 
But  EOG  =  90^  -  BOE  »  AOB ; 


THE  BPHBRI 


418 


therefore  the  angle  subtended  by  AB  i»  the  inclination  of  the 
planes  of  the  circles. 

Cor.  Hence  also  it  appears,  that  the  arc  joining  the 
points  in  two  great  circles  distant  90^  from  the  point  of  their 
intersection,  subtends  at  the  centre  of  the  sphere  an  angle 
equal  to  the  inclination  of  the  planes  of  the  circles. 

6.      To  determine  the  position  of  a  point  on  a  sphere. 

Let  ^  be  a  point  on  a  sphere, 
the  centre  of  which  is  O;  then  its 
position  may  be  most  conveniently 
determined  as  follows. 

Let  POP^  be  a  given  diameter  of 
the  sphere ;  through  P  A  and  P^  draw 
the  great  circle  PAP' ;  then  if  the 
angle  which  the  plane  of  PAP'  makes 
with  a  given  plane  passing  through 
PP',  and  the  arc  PA^  be  given,  the 
position  of  A  will  be  completely  determined. 


ON  THE  FIGURE  OF  THE  EARTH. 


7.  The  form  of  the  earth  is  nearly,  but  not  accurately^ 
spherical.  Its  true  form  is  that  of  a  slightly  oblate  spheroid, 
or  a  surface  generated  by  the  revolution  of  an  ellipse,  having 
its  axes  nearly  equal,  about  its  minor  axis.  In  the  greater 
number  of  cases  it  is  sufficient  to  consider  the  earth^s  figure 
to  be  that  of  a  sphere. 

The  round  form  of  the  earth  is  easily  concluded  from  such 
considerations  as  the  following ;  the  top  of  the  masts  are  the 
first  portion  of  a  ship  which  become  visible ;  all  the  heavenly 
bodies  with  which  we  are  acquainted  have  that  form ;  and 
moreover  the  earth  has  been  actually  sailed  round.  The  ex- 
periments which  determine  the  actual  figure  to  be  spheroidal 
are  of  a  far  more  delicate  kind,  and  cannot  be  entered  upon 
here. 
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8.  The  heavens  present  to  an  observer  on  the  earth^s 
surface  the  appearance  of  a  hollow  sphere,  at  the  centre  of 
which  the  observer  stands,  and  it  will  be  convenient  to  con- 
ceive of  such  a  sphere  which  we  may  call  the  celestial  sphere^ 
and  in  the  surface  of  which  we  may  conceive  the  heavenly 
bodies  to  be ;  the  actual  point  on  the  surface  of  the  celestial 
sphere  to  which  we  shall  refer  any  given  object,  will  be  the 
point  in  which  the  line  joining  the  eye  of  the  observer,  and 
the  object  meets  the  surface  of  the  sphere. 

On  account  of  the  enormous  distance  of  the  heavenly 
bodies  from  the  earth,  it  will  be,  for  many  purposes,  indif- 
ferent whether  we  consider  the  centre  of  the  earth  or  the 
position  of  the  observer  as  the  centre  of  the  celestial  sphere. 

9.  The  earth  revolves,  as  will  be  explained  more  par- 
ticularly presently,  about  a  certain  axis  coinciding  very  nearly 
with  the  minor  axis  of  its  figure,  considered  as  a  sphe- 
roid; the  points  in  which  this  axis  produced  meets  the 
celestial  sphere  are  called  the  North  and  South  Poles.  The 
great  circle  of  which  these  points  are  the  poles  is  called  the 
equator^  and  the  two  equal  portions  into  which  the  plane 
of  the  equator  divides  the  celestial  sphere  are  called  the 
Northern  and  Southern  Hemispheres, 

The  plane  of  the  equator  cuts  the  surface  of  the  earth 
into  two  equal  portions,  which  are  also  called  respectively  the 
northern  and  southern  hemispheres ;  and  the  circle  in  which 
the  plane  cuts  the  earth  is  sometimes  called  the  equator,  as 
well  as  that  in  which  it  cuts  the  celestial  sphere. 

The  direction  of  a  line  perpendicular  to  the  surface  of 
still  water  at  any  place  on  the  earth^s  surface,  is  called  the 
vertical  at  that  place;  and  the  points  in  which  the  vertical 
line  meets  the  celestial  sphere,  are  called  the  ssenith  and 
nadir  of  the  place.  The  vertical  direction  will  be  very  ap- 
proximately that  of  the  line  joining  the  place  with  the  earth''s 
centre. 

A  plane  perpendicular  to  the  vertical  at  the  earth^s  sur- 
face, is   called   the  sensible  horizon  ;   a  plane    perpendicular 
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to  the  same  line  at  the  earth^s  centre,  the  rational  horizon. 

In  the  greater  number  of  cases,   the    sensible   and  rational 
horizon  may  be  considered  as  coincident. 

The  meridian  of  a  place  is  the  great  circle  passing 
through  the  poles  of  the  heavens  and  the  zenith  of  the 
place. 


ON  TERRESTRIAL  LATITUDE  AND  LONGITUDE. 

10.  The  position  of  a  place  upon  the  earth'*s  surface 
may  be  determined  on  the  principle  explained  in  Art.  6.  Let 
the  meridian  of  some  place,  as  Greenwich,  be  considered  as 
given ;  then  the  angle  between  the  meridian  of  Greenwich 
and  that  of  the  place  in  question,  is  called  the  longitude  of 
the  place,  and  the  angle  subtended  by  the  arc  of  the  meridian 
between  the  zenith  of  the  place  and  the  equator,  is  called 
the  latitude ;  and  the  latitude  is  said  to  be  north  or  souths 
according  as  the  place  is  to  the  north  or  south  of  the  equator. 
The  latitude  and  longitude  being  given,  the  position  of  the 
place  is  defined. 

The  complement  of  the  angle  which  measures  the  latitude 
of  a  place,  is  called  the  co-latitude. 

It  is  usual  to  measure  longitude  through  180°  east  and 
west  of  Greenwich ;  perhaps  it  would  be  more  convenient 
to  measure  through  SGOP  in  the  same  direction. 


ON  THE  EARTH'S  MOTION. 

11.  The  motion  of  the  earth  may  be  conceived  of,  as 
being  compounded  of  two  motions,  namely,  a  motion  of  re- 
volution about  an  axis,  while  at  the  same  time  that  axis  is 
moving  in  space. 

Let  us  first  consider  the  revolution  about  the  axis :  and 
for  a  first  approximation  we  may  say,  that  the  earth  revolves 
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about  a  line  coinciding  with  its  shorter  axis  ^nd  remaining 
fixed  in  space  ;  this  we  shall  find  afterwards  to  be  not  strictly 
true.  The  time  of  revolution  is  twenty-four  hours ;  and  the 
effect  produced  to  an  observer  on  the  earth^s  surface  is  this, 
that,  imagining  himself  to  be  fixed  in  position,  the  celestial 
sphere  appears  to  revolve  about  its  poles,  carrying  the  hea- 
venly bodies  with  it ;  so  that  the  sun  and  stars  describe 
circles  about  the  axis  of  revolution,  the  greater  part  small 
circles,  those  only  describing  great  circles  which  happen  to  be 
in  the  equator.  When  a  heavenly  body  comes  into  the 
horizon  of  any  given  place  it  is  said  to  me,  when  it  reaches 
the  meridian  it  culminates,  and  when  it  again  reaches  the 
horizon  it  sets. 

All  this  coincides  with  observation ;  for  the  stars  are 
observed  to  revolve  about  a  certain  point  in  the  heavens, 
nearly  coinciding  with  a  bright  star,  known  as  the  Pole 
Star,  and  we  are  therefore  obliged  to  adopt  one  of  two  hy- 
potheses, namely,  that  the  celestial  sphere  actually  revolves 
about  the  earth  as  fixed,  or  that  the  celestial  sphere  being 
fixed  the  earth  revolves  about  an  axis  which  remains  fixed 
in  space.  The  great  simplicity  of  the  latter  hypothesis  leaves 
no  doubt  concerning  its  truth. 

This  is  the  diurnal  motion  of  the  earth,  which  gives  rise 
to  the  succession  of  day  and  night ;  in  addition  to  this  there 
is  an  annual  motion,  that  is,  the  earth  is  carried  round  the 
sun  in  a  certain  period,  which  constitutes  one  year.  In  this 
motion  the  axis  of  revolution  moves  always  parallel  to  itself, 
as  is  shewn  by  the  fact  of  its  appearing  always  to  point  to 
the  same  point  of  the  celestial  sphere.  The  centre  of  the 
earth  does  in  fact  describe  an  ellipse  in  one  plane  about  the 
centre  of  the  sun,  and  this  ellipse  does  not  differ  much 
from  a  circle ;  at  present,  however,  we  are  not  concerned  with 
the  actual  path  described  by  the  earth,  but  only  with  the 
fact  of  its  moving  round  the  sun  in  the  plane  of  a  great 
circle,  in  the  course  of  a  year.  According  to  observation, 
the  sun  appears  to  move  in  that  time  round  the  earth,  but 
the  phenomena  will  be  exactly  the  same,  whether  the  earth 
move  round  the   sun,   or   the  sun  round  the  earth,  and  the 
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consideration  of  the  enormous  magnitude  of  the  sun  as  com- 
pared with  the  earth,  combined  with  other  reasons  which  will 
appear  hereafter  when  we  come  to  treat  of  fhe  planets, 
leave  no  doubt  as  to  the  correctness  of  the  hypothesis  of 
the  motion  of  the  earth  about  the  sun,  not  the  sun  about 
the  earth. 

12.  For  purpose»  of  explanation  however,  we  shall  in 
general  speak  of  the  sun  as  moving  in  a  great  circle  about 
the  earth,  and  this  great  circle  we  shall  call  the  ecliptic. 

The  inclination  of  the  plane  of  the  equator  to  that  of  the 
ecliptic  is  an  angle  of  about  239  2S\  and  is  called  the  obliquity 
of  the  ecliptic. 


ON   THE   SEASONS. 

13.  If  a  small  plane  be  exposed  to  heat,  which  ema- 
nates from  any  given  source,  as  for  instance  the  sun,  it  is 
manifest  that  the  quantity  of  heat  received  will  be  greatest 
when  the  plane  is  perpendicular  to  the  direction  in  which  the 
heat  emanates,  and  the  smaller  the  angle  which  the  plane 
makes  with  that  direction,  in  other  words,  the  greater  the 
angle  of  incidence  of  the  sun's  rays,  the  smaller  will  be  the 
quantity  of  heat  received.  On  this  principle  we  can  explain 
the  change  of  the  seasons. 

14.  Let  00"0'Gf"  be    the   path    of  the    earth's   centre 


round  the  sun  S,      Then   the  earth  revolves  about  an  axis, 
27 
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(OP  or  O'P',)  making  an  angle  of  28^28*  with  the  perpendi- 
cular to  the  plane  of  this  path. 

Consider  the  position  O  of  the  centre  of  the  earth  when 
the  angle  SOP  is  the  greatest  possible,  that  is,  when  SOP 
s  113^28'.  Let  A  be  any  point  on  the  earth'^s  surface;  join 
OA  and  produce  it  to  Z,  and  join  SA :  then  the  angle  of  in- 
cidence of  the  sun^s  rays  is  SAZ,  Now  consider  the  exactly 
opposite  position  of  the  earth  in  its  orbit,  when  the  angle 
SO^P^  is  the  least  possible,  that  is,  when  S&P'  »  66^32';  and 
let  A'  he  the  position  of  the  place  A  in  this  case ;  then  joining 
&A'  and  producing  it  to  Z',  the  angle  of  incidence  of  the 
sun^s  rays  is  SA'Z\  an  angle  much  less  than  SAZ.  Hence 
the  heat  in  the  position  A'  will  be  much  greater  than  in  the 
position  A :  A*  will,  in  fact,  be  enjoying  midsummer^  A  will 
be  in  mid-winter.  The  positions  O"  O"'  will  be  positions  of 
intermediate  heat,  and  will  correspond  to  spring  and  autumn 
respectively. 


ON  THE  SUN'S  MOTION  IN   THE  ECLIPTIC. 


15.  Let  O  be  the  centre 
of  the  earth,  supposed  fixed ; 
and  let  the  plane  of  the  paper 
pass  through  O,  the  pole  of  the 
equator  P,  and  the  pole  of  the 
ecliptic  n  ;  E<r  E'  is  the  equa- 
tor, St  S'  the  ecliptic. 

Then  we  may  say,  that  the 
sun  describes  its  course  in  the 
ecliptic  round  O  uniformly  in 
the  course  of  a  year.  The  ecliptic  is  conceived  to  be  di- 
vided into  twelve  equal  portions,  each  therefore  consisting  of 
30°,  and  these  portions  are  called  the  twelve  signs  of  the 
Zodiac ;  they  are  known  by  the  following  names :  Aries,  Tau- 
rus, Gemini,  Cancer,  Leo,  Virgo,  Libra,  Scorpio,  Sagittarius, 


THB  BVS^S  MOTION   IN  THB  ECLIPTIC.  419 

Capricornus,  Aquarius,  Pisces ;  the  origin  of  these  names  will 
be  seen  hereafter;  they  are  denoted  by  different  symbols,  one 
only  of  which  we  shall  use,  ( nr ),  which  is  the  symbol  for 
Aries.  The  first  point  of  Aries  is  determined  by  the  inter- 
section of  the  equator  and  ecliptic,  the  other  point  of  inter- 
section being  the  first  point  of  Libra. 

Suppose  the  sun  to  be  at  or,  which  will  happen  at  the  time 
of  year  called  the  vernal  equinoxy  and  suppose  it  to  be  moving 
in  the  ecliptic  towards  Si  for  three  months  its  distance  from 
the  equator  will  increase,  and  at  the  end  of  that  time  it  will 
be  at  iS",  a  point  in  the  great  circle  passing  through  P  and  11. 
Its  distance  from  the  equator  will  then  diminish,  until  at  the 
end  of  three  months  it  will  again  be  in  the  equator ;  this  will 
happen  at  the  autumnal  equinow.  The  sun  will  now  go  to 
the  south  of  the  equator,  and  at  the  end  of  the  next  three 
months  will  be  at  S'  on  the  great  circle  passing  through  P 
and  n.  Lastly,  after  passing  S*  the  sun  will  again  approach 
the  equator,  and  at  the  end  of  three  months  more  will  be 
again  at  or . 

16.  For  a  few  days  before  and  after  passing  the  points 
S  and  #S^,  the  sun  will  move  nearly  parallel  to  the  equator, 
and  therefore,  will  neither  approach  it  nor  recede  from  it; 
hence,  so  far  as  motion  to  or  from  the  equator  is  concerned, 
the  sun  may  be  said  at  those  points  to  be  stationary  for  a 
short  period,  and  they  are  on  this  account  called  the  solstices^ 
S  is  the  summer  solstice,  Sf  the  wmter  solstice ;  the  great 
circle  passing  through  the  solstices  and  the  poles  of  the 
equator  and  ecliptic,  is  called  the  solstitial  colure. 


ON   CLIMATE. 

17.  It  will  be  easily  seen,  that  all  parts  of  the  earth's 
surface  are  not  equally  affected  by  the  sun'*s  heat ;  the  term 
climate  is  used  to  express  the  difference  between  the  several 
regions  of  the  earth  in  this  respect. 

27—2 
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Let  O  be  the  centre  of  the  earth  ;  v  S  the  ecKptic,  <r  E 
the  equator,  11,  P,  their  respective  poles;  and  let  ^,  p*  »»  «> 


be  the  points  in  which  the  lines  Oil,  OP,  0*S>,  0£,  respectively 
meet  the  earth^s  surface;  also  ittt',  ««',  small  circles  on  the 
earth^s  surface  made  by  planes  parallel  to  the  equator,  and  ee 
the  great  circle  in  which  the  plane  of  the  equator  cuts  the 
earth. 

Then  the  portion  of  the  earth^s  surface  to  the  north  of 
IT  it',  and  an  equal  portion  to  the  south  of  a  similar  small 
circle  round  the  south  pole,  are  called  the  frigid  Zones :  the 
portion  between  tttt'  and  ssy  and  a  similar  portion  in  the 
southern  hemisphere,  are  called  the  temperate  Zones :  and  the 
portion  between  ss'  and  a  similar  circle  in  the  southern  hemi- 
sphere is  called  the  torrid  Zone. 

The  small  circle  wtt  is  called  the  Arctic  Circle^  and  a 
similar  one  in  the  southern  hemisphere  the  Antarctic  Circle. 
The  small  circle  ss'  is  called  the  Tropic  of  Cancer,  and  a 
similar  one  in  the  southern  hemisphere  the  Tropic  of  Ca- 
pricorn ;  because  the  sun  after  receding  from  the  equator, 
turns  (Tpeiret)  on  entering  the  signs  of  Cancer  and  Capri- 
corn, and  again  approaches  the  equator. 

18.  The  peculiarity  of  the  torrid  zone  is  that  a  place 
situated  within  it  will  have  the  sun  vertical,  that  is,  exactly  in 
its  zenith,  twice  in  the  year.     For  let  a  be  the  place  of  the 
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sun  at  any  given  time,  then,  if  we  join  Oa^  this  line  will 
manifestly  intersect  the  earth^s  surface  at  some  point  between 
the  tropics,  and  that  place,  with  all  others  in  the  same  latitude, 
will  have  the  sun  in  the  zenith ;  and  the  same  thing  will  take 
place  when  the  sun  has  passed  the  solstice  by  a  distance  equal 
to  trS.  Even  when  the  sun  is  not  exactly  vertical,  its  rays 
fall  with  a  smaller  obliquity  on  places  between  the  tropics 
than  in  the  temperate  zones;  hence  the  extreme  heat  of 
tropical  climates. 

The  peculiarity   of  the  frigid  zones  will  be   noticed  in 
Article  20. 


ON  THE  LENGTH  OP  THE  DAY. 

19.  The  motion  of  the  sun  in  the  ecliptic  during  one 
day  is  not  very  great;  hence  in  considering  the  effect  of  its 
motion  on  the  length  of  the  day  it  will  be  sufficient  to  suppose 
it  to  preserve  the  same  position  in  the  ecliptic  during  one 
revolution  of  the  earth,  or  during  one  of  its  own  apparent 
revolutions  about  the  earth. 


Let  O  be  the  earth^s  centre,  Z  the  zenith  of  a  place  on  its 
surface,  Hlf  the  horizon  of  the  place,  MSM'  the  equator, 
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P  its  pole.  Then  we  can  determine  the  length  of  the  day  for 
any  given  position  of  the  sun  in  the  ecliptic,  by  suppotiiig 
it  to  describe  a  small  circle  in  a  plane  perpendicular  to  OP; 
as  long  as  it  is  above  the  horison  it  is  day,  the  remaioder 
of  the  twenty-four  hours  is  night.  We  shall  conaider  three 
cases. 

(1)  Let  the  sun  be  in  the  equator;  then  its  diurnal  path 
will  be  the  great  circle  SM^  and  if  we  join  PS  by  an  arc  of  a 
great  circle,  half  the  day  will  be  measured  by  the  angle  MPS 
(called  an  hour»angle).  But  it  is  not  difficult  to  see  that  the 
angle  MPS  is  a  right  angle,  hence  the  hour-angle  measuring 
the  length  of  the  day  is  two  right  angles;  consequently  that 
which  measures  the  length  of  the  night  must  be  two  right 
angles,  or  the  day  and  night  are  equaL  When  therefore  the 
sun  is  in  the  equator,  day  and  night  are  equal  all  over  the 
world  ;  hence  the  equator  is  sometimes  called  the  equinoctial 
line^  and  the  first  points  of  Aries  and  Libra  are  called  the 
equinowes. 

(2)  Suppose  the  sun  to  be  in  the  summer  solstice  ;  then 
its  diurnal  path  will  be  the  small  circle  SiM^  the  arc  MMi 
being  that  which  measures  the  obliquity  of  the  ecliptic.  Join 
SiP  by  an  arc  of  a  great  circle;  then  the  hour-angle  SiPMi 
measures  half  the  day,  and  this  angle  is  greater  than  a  right 
angle,  hence  the  days  are  longer  than  the  nights  to  places  in 
northern  latitudes. 

(3)  In  like  manner,  if  the  sun  is  in  the  winter  solstice, 
and  S2M2  its  diurnal  path,  the  hour-angle  S^PM^  will  measure 
half  the  day,  and  the  days  will  be  shorter  than  the  nights. 

For  intermediate  positions  of  the  sun  the  results  will  be 
easily  inferred. 

20.  Let  us  consider  the  peculiarities  of  day  and  night  in 
the  frigid  zones.  Let  us  suppose  PZ  to  be  equal  to  the 
obliquity  of  the  ecliptic,  then  the  small  circle  ^S'lJfi  will  pass 
through  H\  that  is  to  say,  when  the  sun  is  in  the  summer 
solstice  it  just  does  not  set  to  a  place  upon  the  Arctic  Circle, 
and  in  general,  in  order  that  the  sun  may  set  to  any  given 
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place  its  angular  distance  from  the  Pole,  (or  North  Polar 
distance^  as  it  is  called,)  must  be  greater  than  the  latitude  of 
the  place ;  suppose,  for  instance,  we  take  a  place  in  latitude 
70^,  then  the  sun  will  not  set  to  that  place  from  the  time  that 
its  north  polar  distance  is  70^  until  after  having  passed  the 
solstice  its  north  polar  distance  is  70^  again.  Correspondiug 
to  those  long  summer  days  there  will  be  equally  long  winter 
nights ;  and  at  the  poles  there  will  be  a  day  of  six  months  in 
length,  succeeded  by  a  night  equally  long. 

21.  The  greater  length  of  day  in  summer  than  in  winter, 
is  an  additional  reason  for  the  greater  heat  of  that  season  ; 
for  since  the  earth  receives  heat  from  the  sun  during  the  day, 
and  gives  back  the  heat  by  radiation  from  its  surface,  the 
longer  time  the  sun  is  above  the  horizon  the  greater  will  be 
the  quantity  of  heat  received  by  a  body  on  the  earth'^s  surface, 
both  directly  from  the  sun,  and  also  by  radiation  from  the 
earth. 


ON  THE   MODE  OF  DETERMINING    THE   PLACE   OF 

A  HEAVENLY  BODY. 


22.  This  will  be  done  on  the  general  principle  explained 
in  Art.  6,  and  already  applied  to  the  case  of  terrestrial  latitude 
and  longitude  in  Art.  10. 

Let  O  be  the  centre  of  the  celestial  sphere,  E^^  H  the 
equator,  S^S^  the  ecliptic, 
P  n  their  respective  poles.  Let 
cr  be  any  heavenly  body,  the 
position  of  which  we  desire  to 
determine:  draw  through  o* 
the  arcs  of  great  circles  PaAj 
Xlo-Zr;  then  nn^  is  called  the 
Right  Ascension,  A  a  the  De~ 
clifMiion  of  cr,  and  if  these  be 
given  the  position  of  a  will  be 
determined.  It  will  be  the 
same  thing  if  we  suppose  Per, 
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the  North  Polar  distance,  to  be  given  instead  of  the  declination. 
The  Right  Ascension  is  measured  from  nn  in  the  direction  of 
the  sun^s  motion.  Right  Ascension  is  usually  written  in  the 
abbreviated  form  R.A.,  and  North  Polar  Distance,  N.P.D. 

23.  The  position  of  tr  may  be  equally  well  determined 
by  means  of  the  arcs  nn  L  and  Lcr,  which  are  called  respectively 
its  longitude  and  latitude. 

24.  By  measuring  R.A.  and  longitude  from  nn,  we 
appear  to  assume  that  nn  is  a  fixed  point.  This  is  not  ac- 
curately true,  as  we  shall  see  hereafter;  its  motion  however 
is  sufficiently  slow  to  allow  us,  in  general,  to  conceive  it  to  be 
fixed ;  in  making  observations  the  motion  is  allowed  for. 


ON    THE    MODE    OF    MAKING    OBSERVATIONS 
OF    THE    HEAVENLY    BODIES. 


25.  ViTe  propose  to  explain  the  mode  in  which  the  Right 
Ascension  and  Declination  of  a  star  become  matters  of  obser- 
vation, and  to  describe  the  principal  instruments  by  means  of 
which  the  observations  are  made. 

Let  Z  be  the  zenith  of  the 
place  of  observation,  O  the  centre 
of  the  celestial  sphere,  E  nr  E'the 
equator,  P  its  pole,  HZP  the 
meridian  of  the  place. 

Let  a  be  the  star  or  other 
heavenly  body^  the  R.  A.  and  de- 
clination, or  (N.P.D.,)  of  which 
we  wish  to  determine,  and  sup- 
pose it  to  be  on  the  meridian 
when  we  make  our  observations. 
Then  by  meanjs  of  an  instrument  called  the  Mural  Circle, 
soon  to  be  described,  we  can  observe  with  great  accuracy  Za^ 
the  zenith  distance  of  o-,  and  this  added  to  ZP^  the  colatitude 
of  the   place  of  observation,    which    may   also  be    supposed 
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known,  will  be  the  N.P.D.  of  a.  Again,  rince  the  whole 
heaveos  turn  about  OP  uniformly  in  34  hours,  called  sidereal 
hours,  if  we  note  the  time  of  t  pasriag  the  meridian  and  that 
of  (T,  the  difference  between  these  times  will  measure  tbe  arc 
nr  E,  or  the  R.A.  of  ir  ;  for  instance,  suppose  the  difference  of 

360* 
time  was  l  hour,  then  the  lUA.  would  be ,  or  IS**.     The 

a* 

method  adopted  in  practice  is  to  have  a  clock  which  indicates 
o"  O™  when  nr  is  on  the  meridian,  and  then  the  time  of  a  star's 
passing  the  meridian,  or  the  time  of  its  transit,  converted  into 
degree*  at  the  rate  of  IS"  to  I  hour,  will  be  the  R.A.  of 
the  star. 

Thus  the  determination  of  the  R.A.  and  N.P.D.  of  a 
heavenly  body  is  reduced  to  that  of  the  time  of  passing  the 
meridian,  and  the  meridian  zenith  distance.  We  shall  proceed 
to  describe  tbe  Transit  Instrument  and  the  Mural  Circle,  by 
means  of  which  this  is  effected. 

26.      The  Transit  Instrument. 


This  instrument  consists  of  a  common  astronomical  tele- 
scope, fixed  firmly  to  an  arm  YY",  the 
extremities  of  which  are  cylindrical  and 
are  supported  by  two  pillars  of  solid 
masonry  E,  W,  so  placed  that  the  arm 
YV  points  east  and  west.  In  the  focus 
of  the  object-glass  are  placed  a  certain 
number  of  fixed  vertical  wires,  usually 
five  or  seven,  and  one  horizontal   wire 
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passing  through  the  centre  of  the  field,  as  in   the  annexed 
figure. 

The  telescope  moves,  as  will  be  seen  from  the  preceding 
description,  in  the  plane  of  the  meridian,  and  the  mode  of 
observation  is  as  follows:  before  the  object  to  be  observed 
comes  upon  the  meridian,  the  transit  instrument  is  set  in 
such  a  position  that  the  object  shall  pass  as  near  as  possible 
through  the  centre  of  the  field  of  view ;  this  may  be  done 
by  means  of  a  variety  of  contrivances,  but  it  requires  an  ap- 
proximate value  of  the  zenith  distance  of  the  object,  which 
however  may  be  supposed  known  from  previous  observations 
sufiiciently  nearly  for  the  purpose,  in  the  case  of  all  bodies 
of  which  it  is  necessary  to  observe  the  transit.  The  time 
of  transit  is  the  moment  at  which  the  object  crosses  the 
middle  vertical  wire,  supposing  that  wire  to  be  in  perfect 
adjustment ;  but  to  avoid  the  error  of  imperfect  adjustment, 
and  also  to  diminish  as  far  as  possible  the  errors  of  observa- 
tion, it  is  usual  to  note  the  time  of  transit  across  each  of  the 
vertical  wires,  and  take  the  mean  of  these  observed  times 
as  the  true  time  of  transit. 

The  observation  requires  the  assistance  of  a  sidereal  clock 
which  beats  seconds  in  a  very  distinct  manner;  the  observer 
before  looking  into  the  telescope  takes  notice  of  the  time  indi- 
cated by  the  clock,  and  by  counting  the  beats  of  the  pendulum 
knows  the  time  which  elapses  afterwards ;  having  a  book  and 
pencil  in  his  hand,  he  thus  notes  with  great  accuracy  the  time 
of  transit  over  each  wire. 

27.  The  transit  instrument  is  in  perfect  adjustment  when 
the  Hne  of  collimation^  that  is,  the  line  joining  the  intersection 
of  the  horizontal  and  middle  vertical  wire  with  the  centre  of 
the  object-glass,  moves  in  the  plane  of  the  meridian,  the  instru- 
ment being  turned  about  its  horizontal  axis. 

In  order  therefore  that  the  adjustment  may  be  perfect,  (1) 
the  line  of  coUimation  must  be  accurately  perpendicular  to  the 
geometrical  line  in  the  transverse  axis  about  which  the  instru- 
ment turns ;  (2)  this  geometrical  axis  must  be  accurately  hori- 
zontal ;   (3)  the  same  axis  must  point  accurately  east  and  west. 
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In  practice  the  transit  instrument  is  seldom  or  never  in 
perfect  adjustment,  and  even  if  it  could  be  made  perfect  at  any 
given  time,  so  small  a  cause  is  sufficient  to  sensibly  disarrange 
it  that  the  adjustment  would  soon  cease  to  be  perfect.  The 
three  errors  therefore  corresponding  to  the  three  adjustments 
above-mentioned,  and  which  are  known  as  the  errors  of  colli-- 
mtiHonj  levels  and  deviation^  respectively,  are  ascertained  and 
correction  made  in  the  observed  time  of  transit. 

28.     The  Sidereal  Clock. 

The  clock  when  properly  adjusted  ought  to  indicate 
0^  (P  0"  when  the  first  point  of  Aries  is  on  the  meridian, 
and  should  indicate  the  lapse  of  24  sidereal  hours  during 
the  interval  of  two  successive  transits  of  that  point.  The  time 
of  the  transit  of  a  star  according  to  the  sidereal  clock  will 
be  the  starts  R.A.  in  time* 

The  clock  is  corrected  by  observing  the  time  of  transit  of 
a  star,  the  R.A.  of  which  is  accurately  known,  and  comparing 
the  known  R.A.  with  that  indicated  by  the  clock. 

By  observing  two  transits  of  the  same  star,  or  the  transit 
of  two  known  stars,  we  can  ascertain  the  clock^s  rate,  that  is, 
th^  rate  at  which  it  is  gaining  or  losing. 

And  by  observing  three  transits,  we  can  ascertain  whether 
its  rate  is  regular. 

29*     On  the  Mural  Circle. 

This  instrument  consists  of  an  astronomical  telescope 
firmly  clamped  to  a  flat  circular  rim,  which  moves  about  an 
axis  passing  into  a  strong  vertical  wall  to  which  the  back  of 
the  instrument  is  applied.  The  graduation  is  made  on  the 
side  of  the  rim  perpendicular  to  the  wall,  and  the  reading  off 
is  effected  by  means  of  microscopes  A^  J?,  C,  2>,  E^  F,  In 
the  focus  of  the  object-glass  are  two  fixed  wires,  one  vertical 
and    one  -horizontal,   and  besides  these  there  is   a  moveable 


horizontal  micrometer  wire,  the  nature  of  which  will  require 
some  explanation. 


A  micrometer  wire  is  one  which  is  moveable  by  means  of 
a  screw  within  the  observer's  reach,  the  head  of  which  is  gra- 
duated and  BO  contrived  as  to  indicate  the  distance  through 
which  the  wire  is  moved.  Suppose,  for  instance,  in  the  above 
case,  when  the  micrometer  wire  coincides  with  the  fixed  hori- 
zontal wire,  the  pointer  on  the  screw-head  indicates  0°  o'  o", 
then  if  when  the  wire  is  made  to  coincide  with  any  givea 
object  in  the  field  of  view  the  reading  of  the  screw-head  is  n" 
we  shall  know  that  the  distance  between  the  image  and  the 
fixed  horizontal  wire  subtends  an  angle  of  n"  at  the  centre 
of  the  object-glass,  in  other  words,  that  the  angular  distance 
between  the  object  and  the  centre  of  the  field  of  view  as 
measured  by  an  arc  of  a  great  circle  on  the  celestial  sphere 


30.  Since  the  purpose  of  this  instrument  is  to  observe 
the  zenith  distance  of  heavenly  bodies  as  they  pass  the  meri- 
dian, the  line  of  collimation  ought  to  move  in  the  plane  of  the 
meridian.     But  it  is  not  difficult  to  see  that  the  error  occa- 
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sioned  by  a  slight  deviation  of  the  line  of  collimatiou  from 
that  plane  will  not  be  so  important  as  in  the  case  of  a  transit 
instrument :  the  error  of  principal  importance  is  this ;  when 
the  instrument  is  pointed  to  the  zenith,  one  of  the  microscopes 
ought  to  indicate  accurately  qI\  and  this  will  not  generally  be 
the  case,  the  error  in  the  reading  may  be  called  the  error  of 
collimation  in  altitude,  and  may  either  be  calculated  and 
allowed  for,  or  may  be  got  rid  of  entirely  by  a  method  of 
observation  which  we  shall  presently  describe.  Properly  speak- 
ing, the  error  which  we  have  called  that  of  collimation  in 
altitude  consists  of  two,  one  arising  from  the  fact  that  if  the 
line  of  collimation  were  in  perfect  adjustment  there  would  in 
general  be  an  indeoB  error ^  and  the  other  from  the  usual  want 
of  accurate  adjustment  of  the  line  of  collimation ;  these  two 
however  are  necessarily  joined  together,  and  may  be  conve- 
niently spoken  of  as  one  error. 

31.  The  reading  off  is  made  with  six  microscopes  instead 
of  one,  for  the  sake  of  greater  accuracy,  especially  in  these 
respects ;  we  diminish  the  probability  of  error  from  defective 
graduation;  but  still  more  we  avoid  any  error  arising  from 
false  centering,  i.e.  from  the  centre  about  which  the  circle 
turns  not  coinciding  with  the  actual  centre  of  the  graduated 
rim,  for  it  will  be  easily  seen  that  if  on  this  account  any 
microscope  gives  a  reading  in  excess,  the  opposite  one  will 
give  a  reading  as  much  in  defect,  and  thus  the  mean  of  the 
two  will  be  correct.  The  mode  of  reading  by  means  of  a 
microscope  is  simply  this :  the  part  of  the  graduated  rim,  the 
image  of  which  coincides  with  the  centre  of  the  field  of  the 
microscope,  is  that  the  position  of  which  we  desire  to  deter- 
mine ;  but  this  will  in  general  not  happen  to  coincide  with  a 
line  of  graduation,  we  have  therefore  to  determine  the  distance 
of  the  centre  of  the  field  from  the  nearest  line  of  graduation ; 
this  is  done  by  means  of  a  micrometer  wire,  which  when  it 
coincides  with  the  centre  of  the  field  gives  a  reading  on  the 
screw-head  of  o",  and  hence  if  we  turn  the  screw-head  until 
the  micrometer  wire  coincides  with  the  image  of  the  nearest 
line  of  graduation,  the  reading  on  the  screw-head  will  be  the 
quantity  to  be  added  to  the  reading  of  the  circle,  correspond- 
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^  ^i/'  tli«  nearest  line  in  question.  The  first  reading  is  thus 
it^Mf  with  the  naked  eye,  and  the  microscope  then  furnishes  a 
A/fmcfion  to  this  reading. 

33.  The  mode  of  observation  with  the  mural  circle  is  as 
Allows. 

Before  the  star,  or  other  heavenly  body  to  be  observed, 
crosses  the  meridian,  let  the  telescope  be  directed  downwards 
towards  a  trough  of  mercury,  in  such  a  manner  that  the 
image  of  the  star  seen  by  reflexion  at  the  surface  of  the 
mercury  may  pass  through  the  field  of  vie  w :  this  can  be  done, 
because  the  zenith  distance  is  supposed  to  be  known  approx- 
imately. Let  the  circle  be  clamped  in  this  position,  and  the 
microscopes  read. 

When  the  star,  as  seen  by  reflexion,  comes  into  the  field 
of  view,  let  it  be  bisected  by  the  moveable  micrometer  wire,  a 
short  time  before  it  reaches  the  middle  of  the  field. 

Let  the  circle  be  now  undamped,  and  turned  rapidly 
round  until  the  star  is  visible  by  direct  vision,  and  by  means 
of  a  screw  provided  for  the  purpose  let  the  circle  be  slightly 
moved  until  the  star  is  bisected  by  the  fixed  horizontal  wire. 
This  may  be  efiected  by  a  skilful  observer  soon  after  the  star 
has  passed  the  middle  of  the  field. 

The  microscopes  may  now  be  read,  and  the  mean  of  the 
six  readings  will  be  the  result  of  the  observation  by  direct 
vision.  The  micrometer  may  also  be  read,  and  this  reading 
added  to  the  mean  of  the  readings  of  the  six  microscopes,  as 
examined  before  the  observation,  will  give  the  result  of  the 
observation  by  reflexion. 

The  mean  of  the  two  observations  will  give  the  true  alti- 
tude or  zenith  distance  of  the  star,  free  from  error  of  coUima- 
tion  in  altitude.    That  this  will  be  so  may  be  seen  as  follows. 

33.  Let  TtM  be  the  position  of  the  line  of  coUimation, 
when  the  star  tr  is  seen  by  reflexion.  Then  if  Z  be  the 
zenith  point,  the  reading  ought  to  be  Z/,  but  in  consequence 
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of  the  collimation  error  let  it  be  Z^  +  C.     Also  let  T't'  be 
the  position  of  the  line  of  colliroation,  when  the  star  is  seen 


by   direct   vision,  and  the  reading    will   be    Z{  +  C;   hence 

Zt  —  Zf       it' 

the  mean  of  the  readinirs  «  «  —  «  the  true  altitude 

'^  2  2 

of  the  star. 

34.  The  Transit  Instrument  and  the  Mural  Circle  are  the 
instruments  of  daily  use  in  observatories,  and  we  recommend  the 
student,  if  it  should  be  within  his  power,,  to  visit  some  obser- 
vatory for  the  purpose  of  inspection  of  the  instruments.  We 
shall  conclude  this  part  of  the  subject,  by  describing  Had- 
ley^s  Sextant,  an  instrument  of  great  importance,  on  account 
of  its  applicability  to  nautical  purposes ;  the  instruments 
already  described,  and  all  others  which  require  fixed  sup- 
ports, are  useless  at  sea  on  account  of  the  constant  motion 
of  the  vessel. 

35.  Hadieffa  Sewtant, 

The  principle  on  which  this  instrument  is  constructed, 
depends  upon  a  proposition  proved  in  Optics,  (Art.  279  p.  S63), 
viz.  that  when  a  ray  of  light  is  reflected  at  two  mirrors,  the 
angle  of  deviation  is  equal  to  twice  the  angle  between  the 
mirrors. 
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The  figure  represents  Hadley^s  Sextant ;  DE  is  a  portion 
of  a  graduated   rim,  the  graduation,  as  the  name  imports. 


extending  usually  to  about  one  sixth  of  a  circumference,  but 
sometimes  to  more.  ^F  is  a  moveable  radius  of  the  circle, 
which  carries  with  it  a  small  mirror  A  of  silvered  glass.  B  is 
a  piece  of  glass  silvered  over  half  its  surface,  and  is  so  fixed 
that  when  the  moveable  radius  points  to  the  zero  of  the 
graduation,  the  surfaces  of  the  mirrors  A  and  B  are  parallel. 
C  is  a  small  telescope  attached  to  the  instrument,  and  so  ar- 
ranged that  its  axis  passes  through  the  line  of  division  between 
the  silvered  and  unsilvered  parts  of  the  glass  B. 

To  find  the  angle  subtended  by  the  line  joining  two 
objects,  cr,  (^^  let  the  instrument  be  held  in  such  a  position, 
and  the  moveable  radius  so  adapted,  that  the  image  of  o*  as 
seen  by  reflexion  at  the  two  mirrors,  coincides  with  that  of  a\ 
as  seen  by  direct  vision ;  then  the  angle  between  the  two 
objects  will  be  twice  the  angle  between  the  mirrors,  or  twice 
the  arc  between  F  and  the  zero-point,  since  when  the  mirrors 
were  parallel  F  pointed  to  zero.  Consequently,  if  we  gra- 
duate the  arc  DE  in  such  a  manner  as  to  make  one  of  its 
divisions  correspond  to  2^  the  reading  given  by  F  will  be  the 
angle  required. 

By  means  of  this  instrument  the  angular  distance  between 
two  objects,  or  the  altitude  of  a  heavenly  body  above  the 
horizon,  may  be  ascertained  with  sufficient  exactness  for  nautical 
purposes. 


FINDING  THE  LATITUDR  OF  A   PLAGK.        FIXED  BTARS.  433 


ON  METHODS  OF  FINDING  THE  LATITUDE  OF 

A  PLACE. 

36.  In  our  explanation  of  the  mode  of  finding  the  N.P.D. 
of  a  heavenly  body,  we  have  assumed  the  latitude  of  the  place 
of  observation  to  be  known ;  we  proceed  to  shew  how  it  may 
be  ascertained. 

Let  o-  <r'  be  the  small  circle  described 
by  a  circumpolar  star,  round  the  pole  P, 
in  consequence  of  the  diurnal  revolution 
of  the  heavens ;  Z  the  zenith  of  the 
place  of  observation,  ZaPa  its  meri- 
dian. 

When  the  star  is  on  the  meridian  at  its  upper  transit,  let 
its  zenith  distance  Zs  he  observed ;  and  when  it  is  again  on 
the  meridian  at  its  lower  transit,  let  its  zenith  distance  Za  be 
observed. 

Then  ZP  =  — =  the  colatitude ; 

2 

hence  the  latitude  is  known. 

The  preceding  method  is  applicable,  only  when  we  have 
a  fixed  instrument  in  the  plane  of  the  meridian,  as  in  an  Ob- 
servatory. Methods  applicable  to  observations  made  at  sea 
require  mathematical  calculations,  into  which  it  is  not  the 
purpose  of  this  treatise  to  enter. 


ON  THE  FIXED  STARS. 

37-  If  we  look  at  the  heavens  night  after  night,  we  shall 
easily  conclude  that  the  greater  part  of  the  stars  preserve,  at 
least  approximately,  the  same  relative  positions,  and  if  we 
determine  their  R.A.  and  N.P.D. ,  we  find  them  nearly  con- 
stant ;  such  stars  are  called  ^ed  stars,  a  name  which  dis- 
tinguishes them  from  the  planetary  bodies,  of  which  we  shall 
afterwards  have  to  speak  more  particularly.  The  modes  of 
28 
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determining  the  R.A.  and  N.P.D.  of  a  star,  which  we  have 
described,  will  require  considerable  correction,  but,  supposing 
that  we  have  the  means  of  determining  accurately  these 
elements,  we  can  make  a  catalogue  of  the  fixed  stars.  Such 
catalogues  have  been  made,  and  are  of  the  utmost  use  in 
practical  Astronomy ;  the  place  of  a  star  becomes  known 
accurately,  only  by  a  long  series  of  observations,  and  when 
the  R.A.  and  N.P.D.  of  a  star  have  thus  been  satisfactorily 
established,  it  is  called  a  known  star.  These  fixed  stars  Sire 
at  an  enormous  distance  from  the  earth,  as  is  at  once  concluded 
from  this  fact,  that  the  most  powerful  telescope  does  not 
exhibit  any  sensible  disk ;  but  of  the  greatness  of  their  distance 
we  shall  presently  have  a  more  definite  notion,  when  we  come 
to  speak  of  parallax.  The  stars  are  divided  into  groups 
called  constellations;  this  however  is  not  done  upon  any 
good  and  convenient  system,  but  in  a  manner  apparently 
quite  arbitrary,  and  certainly  very  fanciful.  If  we  refer  the 
places  of  the  stars,  and  those  of  the  sun,  moon,  and  planets, 
to  the  surface  of  the  celestial  sphere,  the  stars  will  be  fixed 
in  position,  and  the  sun  moon  and  planets  will  move  amongst 
them;  hence  we  may  speak  of  the  motion  of  the  sun  among 
the  fixed  stars,  and  the  signs  of  the  zodiac  are  in  fact  the 
names  of  twelve  constellations,  which  at  the  time  the  names 
were  given  were  coincident  in  position  with  the  signs  bearing 
the  same  names,  but  now,  for  reasons  to  be  hereafter  assigned, 
occupy  other  positions. 

The  latitude  and  longitude  of  a  star  may  be  deduced  from 
its  right  ascension  and  declination,  and  stars  may  be  catalogued 
accordingly,  but  this  method  is  not  so  convenient  as  that  of 
registering  their  right  ascensions  and  declinations. 


ON    THE    CORRECTIONS    OF    ASTRONOMICAL 

OBSERVATIONS. 

38,  We  have  described  the  mode  of  determining  by 
observation  the  R.A.  and  N.P.D.  of  any  heavenly  body,  but 
the  observations  so  made  require  several  important  corrections, 
which  we  now  proceed  to  explain. 
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ON    REFRACTION. 

39.      The  first  correction  is  due  to  the  deviation  caused 
in  a  ray  of  light  by  its  passage  through  the  atmosphere. 


Let  O  be  the  centre  of  the  earth,  A  the  place  of  obser- 
vation, Z  its  zenith.  And  conceive  the  atmosphere  to  be 
formed  of  concentric  strata  of  air,  diminishing  in  density  as 
they  are  further  from  the  earth'^s  surface. 

Then  a  ray  of  light  in  passing  through  the  atmosphere 
will,  on  entering  each  stratum,  be  bent  towards  the  normal, 
(Optics,  Art.  7,  page  351),  and  consequently  the  ray  of  light 
by  which  the  object  a  is  seen  by  an  observer  at  A  will  be  of 
the  kind  represented  by  the  line  aabcdeA.  In  the  limit, 
when  we  consider  the  strata  to  be  indefinitely  thin,  the  path 
of  the  ray  through  the  atmosphere  will  be  a  continuous  curve, 
and  the  direction  in  which  the  object  will  be  seen  will  be  the 
tangent  to  the  curve  at  the  point  nearest  the  observer's  eye. 

The  atmosphere  will  be  exactly  similar  on  opposite  sides 
of  the  vertical  plane  through  ZAa^  and  therefore  the  ray  of 
light  will  not  be  refracted  out  of  that  plane.  Hence  a  heavenly 
body  appears  to  be  raised  in  a  vertical  plane  above  its  true 
position,  and  the  zenith  distance  given  by  observation  will  be 

28 — 2 
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too  great ;   the  amount  of  correctioa  to  be  applied  depends 
upon  calculations  into  which  we  shall  not  enter. 

40.      On  the  phenomenon  of  Twilight. 

The  consideration  of  the  effect  of  refraction  upon  the  direc- 
tions of  rays  of  light  passing  through  the  atmosphere,  renders 
this  a  convenient  place  to  explain  the  phenomenon  of  twilight. 
We  have  shewn  in  the  preceding  article,  that  the  heavenly 
bodies  are  apparently  raised  in  a  vertical  plane  by  the  refrac- 
tion of  the  atmosphere,  and  it  follows  that  they  become  visible 
on  the  earth^s  surface  when  they  are  in  fact  somewhat  below 
the  observer'*s  horizon.  But  before  it  becomes  visible,  the 
rays  of  light  from  the  sun  below  the  horizon  illuminate  the 
atmosphere,  which  to  some  extent  reflects  and  scatters  the  rays 
in  all  directions,  and  the  result  is  a  faint  light  which  precedes 
the  rising  of  the  sun  and  follows  its  setting,  and  which  we 
call  twilight.  Twilight  begins  and  terminates  when  the  sun 
is  about  18"  below  the  horizon  ;  but  its  duration  manifestly 
varies  with  the  latitude,  for  the  time  which  is  required  for  the 
sun  to  rise  through  18"  vertically  depends  upon  the  inclination 
of  its  diurnal  path  to  the  horizon  of  the  place,  and  is  less  as 
this  inclination  is  greater,  that  is,  as  the  place  is  nearer  to  the 
equator.  To  take  an  extreme  case,  suppose  the  place  to  be 
on  the  equator,  and  for  simplicity's  sake,  suppose  the  sun  to 
be  in  nn ,  then  its  diurnal  course  will  be  a  vertical  great  circle, 
and  the  duration  of  morning  or  evening  twilight  will  be  time 
taken  to  describe  18"  or  not  much  more  than  an  hour. 

In  more  northern  latitudes  the  twilight  may  endure  all 
night;  it  is  not  difficult  to  determine  the  conditions  under 
which  this  will  take  place. 

Let  Z  be  the  zenith  of  the  place, 
H'H  the  horizon,  P  the  pole  of  the 
equator,  S  the  sun  at  midnight. 
Then  the  condition  of  twilight  last- 
ing all  night  is,  that  the  greatest  :el\ 
depression  of  the  sun  below  the 
horizon  shall  not  be  more  than  18", 
or  HS  not  greater  than  18^ 
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Let  /  be  the  latitude  of  the  place  -  HP^ 
S  the  sun's  declination  «  9(fi  -  PS  : 
then  HS  =  PS  -  /TP  =  90"  -  5  -  /  ; 

we  must  have 

,90°  -5-  /  not  >  18% 
or       5  +  /  not  <  72°. 

For  instance,  the  latitude  of  London  is  51^°,  therefore 
twilight  endures  all  night  so  long  as  the  sun's  declination  is 
not  less  than  20^%  that  is,  from  the  latter  end  of  May  to  the 
latter  end  of  July. 


ON    PARALLAX. 

41.  This  second  correction  is  rendered  necessary  by  the 
fact  of  our  observations  being  made  at  the  surface  of  the 
earth,  and  not  at  the  centre.  If  the  position  of  a  heavenly 
body  were  registered  according  to  its  apparent  position  as  seen 
from  a  certain  place,  the  position  so  determined  would  not 
agree  with  that  determined  by  another  observer  at  a  different 
place  on  the  earth's  surface ;  a  correction  is  therefore  applied 
to  observations,  such  as  shall  reduce  them  to  what  they  would 
have  been  if  made  from  the  earth's  centre.  This  we  proceed 
to  explain  more  particularly. 

Let  O  be  the  earth's  centre,  A 
the  position  of  an  observer  on  its  sur- 
face, Z  the  zenith  ;  and  let  a  be  some 
heavenly  body,  which  an  observer  at  J 
will  refer  to  the  point  0*1  on  a  sphere 
described  with  centre  O,  and  an  ob- 
server at  O  will  refer  to  a^.  Hence 
the  zenith  distance  of  <r  as  observed 
from  J  will  have  to  be  diminished  by 
the  quantity  o-j  0*2  in  order  to  reduce 


438  ASTRONOMY. 

it  to  what  it  would  have  been  if  observed  from  O.  Paral- 
lax, it  is  evident,  takes  place  in  a  vertical  plane,  and  depresses 
a  heavenly  body,  which  is  exactly  the  opposite  effect  to  that 
of  refraction  ;  in  speaking,  however,  of  parallax  as  compared 
with  refraction,  it  is  to  be  carefully  borne  in  mind  that  they 
are  corrections  in  very  different  meanings  of  the  word,  for,  in 
consequence  of  refraction,  the  object  is  not  actually  in  the 
position  in  which  it  seems  to  be,  whereas  the  correction  for 
parallax  is  merely  a  reduction  of  the  observations  made  at  one 
place  to  what  they  would  have  been  if  made  at  another. 

43.     In  the  6gure  let  p  »  A<fO  ^  0*1  o-g  nearly,  ZAa  =  «, 
then,  from  the  triangle  AaO^ 

JO    . 

sm  p  =  — -  sin  X  ; 
Oa 

or  since  p  is  very  small,  if  we  use  the  circular  measure, 

JO   .  ,^ 

p  =  -r—  Sin  %.    (See  page  270,  note). 

This  quantity  je>,  since  it  varies  with  the  altitude  of  the 
body,  is  called  the  diurnal  parallax;  its  greatest  value  is  when 
the  body  is  in  the  horizon  or  i^  «  90^,  in  which  case  (if  we 
call  the  value  P), 

JO 

P  =  -- — ,  and  p  =  P  sin  « ; 

P  is  called  the  horizontal  parallax. 

43.  It  is  found  that  some  of  the  heavenly  bodies,  namely, 
the  fixed  stars,  have  no  sensible  horizontal  parallax,  but  for 
the  sun,  moon,  and  the  planets,  (of  which  we  shall  hereafter 
speak  more  particularly,)  the  value  is  sensible,  and  the  deter- 
mination of  its  value  in  each  case  becomes  a  matter  of  great 
moment ;  for  it  will  be  seen,  that  the  knowledge  of  the  hori- 
zontal parallax  of  a  heavenly  body  informs  us  at  once  of  the 
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distance  of  that  body  from  the  earth's  centre  in  terms  of  the 
earth's  radius,  the  magnitude  of  which  we  shall  presently  shew 
how  to  find.      In  fact,  we  have  by  the  last  article 

JO 


Oi 


P  ' 


and  if  £  be  the  earth^s  radius,  a  the  distance  of  the  heavenly 
body,  and  the  horizontal  parallax  be  given  in  seconds, 

180  X  60  X  60 


«r  ss 


R. 


P  X  3.14159 

(See  Trig.  Art.  54,  page  1 25.) 

The  value  of  the  sun^s  horizontal  parallax  is  about  8.75", 
that  of  the  moon's  5?'  4". 

44.      To  find  the  horizontal  parallax  of  a  heavenly  body 
by  observation. 

Let  Z  Z'  be  the  zeniths  of 
two  places  on  the  same  meri- 
dian PZZ' \  and  let  cr  be  a 
heavenly  body  upon  the  me- 
ridian, which  is  referred  by 
observers  at  the  two  places  to 
the  points  a^  <t^  on  the  celes- 
tial sphere  respectively,  its 
true  position  as  seen  from  the 
centre  of  the  earth  being  (T\. 
Then  if  P  be  the  horizontal 
parallax  of  or,  we  have 

0*1  0*2  =  ^  sin  Z  0*2, 
oTi  0-3  =  P  sin  Z  (T3 ; 

also  Z(T2  —  (Ti  (Ta  +   Z  0*3  —  0*1  0*3  =  ZZ , 

^  (To  +  ju  (T^  —    /j^ 
.'.        P  ^    ~ 

sin  Za2  +  sin  Z  as 

In   this  equation  ZcTg  ZVs  are  known  by  observation,  and 
ZZ'  is  the  difference  of  the  latitudes  of  the  places,  (or  the  sum 
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if  the  places  are  on  opposite  sides  of  the  equator,  as  in  the 
figure ;)  hence  P  is  completely  determined. 

This  method  is  applicable  to  the  moon,  the  parallax  of 
which  is  considerable ;  but  the  sun''s  parallax  being  a  very 
minute  quantity,  can  only  be  satisfactorily  determined  by  the 
help  of  very  particular  phenomena,  a  description  of  which  we 
shall  not  here  enter  upon. 


45.  The  diurnal  parallax  of  the  fixed  stars  is  found  to 
be  wholly  insensible :  but  there  is  another  kind  of  parallax  due 
to  the  change  of  position  of  the  earth  in  her  orbit,  which  is 
called  annual  parallax,  and  it  becomes  a  question  how  far  this 
will  affect  the  apparent  position  of  a  fixed  star. 


Let  S  be  the  sun,  E,  E'  two  positions  of  the  earth  on 
opposite  sides  of  it ;  o*  a  star  which  an  observer  on  the  earth 
at  E  refers  to  the  point  ci,  and  an  observer  on  the  earth  at  E 
to  the  point  a%  on  the  celestial  sphere;  then  EaE*  is  the 
greatest  variation  in  the  position  of  o*  caused  by  parallax,  and 
as  the  distance  EE  is  about  190,000,000  miles,  we  should 
expect  that  this  angle  would  be  sensible :  but  so  enormous  is 
the  distance  of  the  fixed  stars  that  ordinary  observations  detect 
no  annual  parallax.  By  observations  of  extreme  delicacy, 
Bessel,  the  eminent  astronomer  of  Konigsberg^  believes  that  he 
has  detected  parallax  in  one  star  (6l  Cycni) ;  this  is  a  double 
star,  that  is,  when  seen  through  a  good  instrument  it  appears 
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to  consist  of  two  distinct  bodies  revolving  about  each  other, 
or  rather  about  the  centre  of  gravity  of  the  two,  and  this  was 
one  reason  for  its  selection  for  the  purpose  of  attempting  to 
detect  parallax,  because  the  distance  of  the  point  halfway 
between  the  two  stars  from  any  given  point  admits  of  more 
exact  determination  than  that  of  the  distance  of  a  star  itself: 
another  reason  for  choosing  this  star  was,  that  it  has  a  larger 
amount  of  proper  motion^  that  is  to  say,  its  place  in  the 
heavens  instead  of  being  absolutely  fixed,  is,  after  every  cor- 
rection has  been  made,  found  to  vary  regularly  from  year  to 
year,  and  to  whatever  cause  this  may  be  due,  a  large  amount 
of  proper  motion  would  seem  almost  certainly  to  indicate  pro- 
portionate proximity  to  our  system.  (See  page  448.)  The 
mode  of  observation  was  to  determine  the  distance  of  the  point 
midway  between  the  stars  from  two  other  small  stars,  which  it 
was  considered  might  be  supposed  to  be  free  from  sensible 
parallax,  and  by  continuing  the  observations  for  a  year,  it  was 
found  that  after  every  allowance  had  been  made,  there  appeared 
to  be  a  change  of  position  due  to  annual  parallax.  The  result 
is,  that  the  star  6l  Cycni  appears  to  have  an  annual  parallax  of 
about  0".314,  which  gives  its  distance  from  the  sun  to  be  657,700 
times  that  of  the  earth  from  the  sun,  or  6*2,484,500,000,000 
miles :  light  takes  rather  more  than  10  years  to  traverse  this 
space;  yet  this  is  probably  one  of  the  nearer  of  the  fixed 
stars.  The  period  of  revolution  of  the  component  stars  about 
their  centre  of  gravity  is  about  540  years ;  hence,  concluding 
their  distance  from  each  other  from  the  preceding  calculated 
distance  from  the  earth  and  their  apparent  angular  distance 
from  each  other,  we  can  deduce  the  sum  of  their  masses,  which 
proves  to  be  about  half  that  of  the  sun. 


ON  ABERRATION. 

46.  The  third  correction  to  be  applied  to  observations 
is  due  to  the  fact  of  light  travelling  with  a  finite  velocity ;  the 
manner  in  which  this  circumstance  affects  the  apparent  position 
of  a  star  may  be  explained  as  follows. 
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Suppose  a  particle  to  move  with  a  uniform  velo- 
city from  S  towards  7,  and  suppose  it  is  required 
to  hold  a  tube  ABCD^  which  is  also  in  uniform 
motion  in  a  direction  perpendicular  to  ST^  in  such  a 
position  that  the  particle  shall  move  along  its  axis. 
Let  a,  a  point  in  the  axis,  be  the  place  of  the  par- 
ticle at  any  given  time ;  let  c  be  any  other  point ;  A/Ja 
draw  cd  perpendicular  to  ST^  then  if  the  inclina-  //  /^ 
tion  of  the  axis  of  the  tube  to  ST  be  such  that 


md, 


cd  :  ad  ::  velocity  of  tube  :  velocity  of  particle,       c^^^^ 

it  is  manifest  that  when  the  particle  has  arrived  at 

rf,  c  will  also  have  arrived  there,  and  the  particle  '^" 

will  always  be  on  the  axis  of  the  tube,  as  was  required. 

« 
Let  0  be  the  angle  of  inclination  of  the  tube,  v  the  velocity 

of  the  tube,  V  of  the  particle,  then  we  must  have 

tan  0  s  — . 

Now  the  case  we  have  supposed  is  nearly  analogous  to 
that  of  a  heavenly  body  viewed  through  a  telescope ;  for  the 
telescope  is  in  motion  in  consequence  of  the  motion  of  the 
point  of  the  earth^s  surface  on  which  it  is  fixed,  and  in  order 
that  a  star  may  be  visible  through  it,  we  must  hold  it  in  such 
a  direction  that  a  ray  of  light  coming  from  the  star  may  pass 
down  its  axis;  hence  we  conclude  from  what  precedes,  that 
the  direction  of  the  axis  of  the  telescope  does  not  coincide 
with  the  direction  in  which  light  proceeds  from  the  star,  but 
is  inclined  at  angle  (9)  determined  by  the  equation 

tan  0  =  -  , 

where  v  is  the  velocity  of  the  earth  in  its  orbit,  and  V  the 
velocity  of  light.  If  then  v  be  comparable  with  K,  there  will 
be  a  consequent  error  in  our  observations,  and  this  error  is 
said  to  be  due  to  aberration.  We  shall  shew  how  it  can  be 
ascertained  by  observation  that  the  error  is  appreciable,  but 
first  we  must  explain  more  particularly  the  effect  of  aberration 
in  altering  a  star**s  apparent  place  on  the  celestial  sphere. 
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47.      Let  AOfi  be  the  ecliptic,  [1  its  pole,  S  the  sun,  E 
the  earth   in  its  orbit  CEDy  a  a  fixed   star.     Draw  EO   a 


tangent  to  the  earth'*s  orbit,  then  EO  is  the  direction  of  the 
earth''s  motion,  and  oE  that  of  light  from  the  star,  hence 
aberration  takes  place  in  the  plane  aEO;  join  aO  by  an  arc 
of  a  great  circle,  and  let  a  be  the  apparent  place  of  the  star. 
Join  o-'E,  and  draw  o-'JE'  parallel  to  aE  ;  then,  by  what  has 
been  said,  we  must  have 

EI^  :  (rE{=aE)   ::    velocity  of  earth  :   velocity  of  light; 


.*.  sin aa  =  sin  aEa  «  sin  EaE 


EE 
a  E 


sin  aEOy 


,      velocity  of  earth    .        ^  , 

or  aa  =  — , — -. iriT-r-  s^"  o-O,  nearly. 

velocity  of  light  "^ 

The  angle  cO  is  called  the  eartVs  way. 

The  velocity  of  the  earth  in  its  orbit  is  so  much  greater 
than  that  of  any  point  in  its  surface  due  to  rotation  about  the 
axis,  that  we  may  confine  our  attention  to  the  former  as  pro- 
ducing the  error  of  aberration. 

It  will  be  easily  seen,  that  the  efi*ect  of  aberration  is  to 
make  the  apparent  place  of  a  star  describe  a  small  curve  about 
its  real  place  in  the  course  of  a  year. 

48.  Let  us  now  examine  a  particular  case :  suppose  a  to 
be  on  the  solstitial  colure  AUPBy  and  the  earth  to  be  in  nr  ,  as 
at  the  autumnal  equinox.     Then  the  earth  is  moving  towards 
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A  parallel  to  the  solstitial  colure,  and  consequently  the  star  <r 
is  displaced  by  aberration  into  the  position  a  9  if 

,  .         .  .       n      /    1.  velocity  of  earth\ 

(TO-   =  a  sin  a  A  =  a  sm  aB ;    (  where  a  =  — z — 7^ — ^  ,.  ,     ) . 

\  velocity  of  light/ 

Again,  at  the  vernal  equinox  the  apparent  place  of  the 
star  will  be  a'\  if 

aa    «=  a  sin  aB  ^  aa . 

Hence  we  are  furnished  with  the  means  of  determining  the 
coefficient  of  aberration  (a)  without  previous  knowledge  of  the 
velocity  of  light.  For  let  dd!  be  the  N.P.D.  of  the  star  at  the 
autumnal  and  vernal  equinox  respectively,  then 

d' '-  d  aso-'o-"*  2(r(T'=  2a  sin  aB  =  2acos((/  +  co), 

(o)  being  =  H  P,  the  obliquity  of  the  ecliptic)  ; 


a  = 


2  cos  (rf  +  ft))  ' 


49.  Hence,  also,  we  are  able  to  determine  the  velocity  of 
light,  for  it  may  be  deduced  at  once  from  the  value  of  a,  if  the 
velocity  of  the  earth  in  its  orbit  be  known ;  but  this  is  deter- 
mined by  the  distance  of  the  earth  from  the  sun,  which  is 
known  from  the  value  of  the  sun''s  parallax.  Thus  the  phe- 
nomenon of  aberration  enables  us  to  determine  the  velocity  of 
light,  and  the  coincidence  of  the  value  thus  obtained  with  that 
deduced    by  a   perfectly  independent  method,  which   will  be 
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mentioned  in  the  sequel,  leaves  little  doubt  concerning  the 
truth  of  the  principle  of  both  investigations. 


ON  PRECESSION  AND  NUTATION. 

50.  The  preceding  articles  contain  an  account  of  the 
three  astronomical  corrections  which  are  necessary  to  be  ap- 
plied to  any  observation;  but  besides  these,  another  correction, 
though  of  a  different  kind,  must  be  applied  to  the  R.A.  and 
N.P.D.  of  a  star,  as  determined  by  observation,  in  order  to 
make  them  coincide  with  those  registered  in  a  catalogue  of 
stars.  To  understand  this,  it  is  only  necessary  to  observe, 
that  the  R.A.  and  N.P.D.  of  a  star,  when  considered  as  fixing 
its  position,  necessarily  assume  the  pole  of  the  equator  and 
the  point  nn  to  be  fixed  with  regard  to  the  ecliptic,  which 
they  are  not.  We  have  already  alluded  in  a  cursory  manner 
to  this  fact;  we  shall  now  attempt  an  exposition  of  its  physical 
cause. 

We  shall  hereafter  shew  how  to  prove  by  observation  a 
fact  which  has  been  already  mentioned,  and  which  we  shall 
here  assume,  namely,  that  the  figure  of  the  earth  is  not 
accurately  spherical,  but  that  of  an  oblate  spheroid  or  sur- 
face generated  by  the  revolution  of  an  ellipse  about  its  minor 
axis. 

51.  Let  us  first  con- 
sider the  motion  of  a  hoop, 
which  is  revolving  uniform- 
ly in  its  own  plane  about 
its  centre  O,  supposed  sta- 
tionary :  and  let  NON'  be 
the  line  of  intersection   of 

the  plane  of  the  hoop  with  a  certain  fixed  plane  through  O. 
Now  suppose  each  particle  of  the  hoop  to  receive  a  sudden 
small  impulse  perpendicular  to  its  plane,  and  tending  to 
bring  it  to  coincide  with  the  fixed  plane  before-mentioned; 
let  us  see  what  the  effect  will  be.  Consider  any  particle  P 
which  is  moving  in   the  direction  P/,  and  receives  a  sudden 
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impulse  in  the  direction  Pt!^  then  the  resultant  motion  of  P 
will  be  in  a  direction  intermediate  to  Pt  and  Pt\  and  pro- 
ducing this  direction  to  meet  the  fixed  plane,  we  see  that 
the  line  NN*  will  have  regreded  by  the  impulse  into  the 
position  n  n.  The  angular  velocity  of  the  hoop  will  not  be 
aiFected,  because  the  impulse  on  each  particle  is  perpendicular 
to  the  motion  of  the  particle.  Moreover  the  inclination  of 
the  plane  of  the  hoop  to  the  fixed  plane  will  not  be  aiFected, 
for  whatever  tendency  there  is  in  the  impulse  on  a  particle 
P,  which  is  moving /row  the  plane,  to  diminish  the  inclina- 
tion, there  is  exactly  the  same  tendency  in  the  impulse  on  a 
particle  P',  which  is  moving  towards  the  plane,  to  increase 
it.  If  instead  of  a  single  impulse,  we  suppose  continuous 
forces  acting  in  the  manner  described,  namely,  always  tending 
to  bring  the  plane  of  the  hoop  into  coincidence  with  the 
fixed  plane,  the  result  will  be,  that  the  angular  velocity  and 
inclination  will  be  unaltered,  and  the  line  of  intersection  of 
the  two  planes  will  regrede  on  the  fixed  plane,  that  is,  will 
move  in  the  opposite  direction  to  that  of  the  hoop'*s  revo- 
lution. 

52.  The  motion  which  we  have  described  will  also  be 
that  of  a  body  shaped  like  the  earth,  which  may  in  fact  be 
conceived  of  as  a  sphere  surrounded  by  hoops  of  matter, 
producing  the  protuberance  at  its  equator.  And  the  attrac- 
tive force  of  the  sun  has  always  a  tendency  to  make  the  plane 
of  the  equator  coincide  with  that  of  the  ecliptic,  as  may  be 
seen  with  a  very  little  consideration,  since  it  tends  to  bring 
all  particles  into  the  plane  in  which  it  is  itself  moving. 
Hence  the  result  of  the  sun'*s  attraction  on  the  protuberant 
matter,  in  the  mid-regions  of  the  earth's  surface,  is  to  make 
the  first  point  of  Aries  regrede,  that  is,  move  in  a  direction 
opposite  to  that  of  the  earth's  rotation,  or  of  the  sun's  motion, 
without  affecting  the  length  of  the  day,  or  the  obliquity  of 
the  ecliptic.  This  regression  of  t  gives  rise  to  wliat  is  called 
the  precession  of  the  equinooces;  for  since  nr  moves  in  the 
opposite  direction  to  the  sun,  it  goes  as  it  were  to  meet  the 
sun,  and  consequently  the  time  of  arriving  at  the  equinox 
will  precede  the  time  at  which   the  sun   would  reach  it  if  it 
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were  stationary.  The  whole  phenomenon  of  the  motion  of  the 
first  point  of  Aries  is  called  Precession;  the  motion  is  about 
50'^  annually.  It  is  not  difficult  to  see,  that  in  consequence 
of  the  regression  of  the  line  of  intersection  of  the  equator 
and  ecliptic,  the  pole  of  the  former  will  describe  about  that 
of  the  latter  a  small  circle  of  the  celestial  sphere ;  in  other 
words,  the  straight  line  drawn  through  the  earth^s  centre, 
perpendicular  to  the  plane  of  the  equator,  will  describe  about 
the  line  perpendicular  to  the  plane  of  the  ecliptic,  a  cone 
having  for  its  semi-vertical  angle  the  obliquity  of  the  ecliptic. 

53.  The  results  of  this  precessional  motion  are  remark- 
able :  it  will  be  easily  seen  that  the  fixed  stars  will  change 
their  position,  with  respect  to  the  equator  and  its  pole,  and 
the  change  of  their  position  will  be  represented  by  supposing 
the  whole  celestial  sphere  to  revolve  with  a  slow  angular 
motion  from  west  to  east,  about  an  axis  passing  through  the 
pole  of  the  ecliptic  ;  the  time  of  this  revolution  is  about  26,000 
years.  As  an  illustration  it  may  be  observed,  that  it  is  only 
an  accident  of  the  present  age,  that  we  have  what  is  called  a 
pole  star  ;  the  star  which  is  now  so  near  the  pole,  will,  after  a 
series  of  years,  leave  that  position,  and  only  return  to  it 
after  a  complete  revolution  of  the  heavens. 

It  may  also  be  observed,  that  when  the  names,  Aries, 
Taurus,  &c.,  were  given  to  the  signs  of  the  zodiac,  the  be- 
ginnings of  those  signs  were  found  in  constellations  bearing 
those  names ;  but  now  the  signs  are  far  distant  from  the 
constellations  which  have  respectively  the  same  names. 

54.  It  is  not  difficult  to  see,  that  the  action  of  the  sun 
on  the  earth  is  not  exactly  the  same  for  all  periods  through- 
out the  year ;  the  mean  effect  on  the  pole  of  the  equator  will 
be  such  as  has  been  described,  but  to  represent  the  facts 
more  accurately,  we  must  suppose  the  pole  to  describe  about 
the  pole  of  the  ecliptic,  not  a  small  circle,  but  a  tortuous 
curve,  sometimes  approaching  the  pole  of  the  ecliptic,  some- 
times receding  from  it,  this  curve,  however,  never  differing 
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much  from  a  circle.     This  irregularity  of  the  motion  of  the 
pole  is  called  its  natation. 

55.  There  will  be,  in  like  manner,  a  Precession  and  Nu- 
tation of  the  pole  of  the  equator  due  to  the  action  of  the 
moon,  but  these  are  not  nearly  so  important  as  those  due 
to  solar  action,  and  will  not  be  further  considered. 


ON   THE  PROPER  MOTION  OF  THE   FIXED  STARS. 

56.  If  the  R.A.  and  N.P.D.  of  any  fixed  star  be  found 
by  observation,  and  all  the  corrections  which  we  have  de- 
scribed be  applied,  it  will  nevertheless  be  found  that  the 
position  of  the  star  is  not  actually  fixed.  The  change  of 
position  is  very  small  and  regular,  and  for  many  stars  is  a 
known  quantity.  No  physical  cause  has  been  certainly  assigned, 
but  the  variation  is  attributed  to  a  proper  motion  of  the  stars 
\hemselves.  And  reflection  will  shew  that  such  a  proper 
motion  might  have  been  expected  a  priori;  for  supposing  the 
law  of  attraction  which  holds  in  our  own  system  to  extend,  as 
most  probably  it  does,  to  the  regions  of  the  fixed  stars,  then 
the  mutual  attractions  of  the  stars  must  prevent  them  from 
being  actually  fixed  in  space.  Nevertheless,  in  consequence  of 
their  enormous  distance,  the  proper  motion  of  a  star  will  pro- 
duce an  extremely  small  apparent  change  of  position  to  an 
observer  on  the  earth''s  surface,  and  therefore  we  still  use  the 
nsLine^ed  stars,  although  believing  the  bodies  so  called  to  be 
really  in  motion. 


ON  THE  MODE  OF   DETERMINING  THE   EARTHS 

FIGURE  AND   MAGNITUDE. 

57.  We  shall  first  explain  how  the  radius  of  the  earth 
may  be  found,  supposing  its  form  to  be  spherical. 

We  have  already  explained  (Art.  S6),  how  to  determine 
the  latitude  of  a  place;  now  let  two  places  be  found  on  the 
same  meridian,  the  difference  between  the  latitudes  of  which  is 
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1^9  and  let  the  distance  between  these  two  places  be  measured 
as  accurately  as  possible,  and  be  found  to  be  D.  Let  R  be 
the    earth^s    radius,    then  its  circumference    is    ^irR^    where 

ir  =  3*14159 (see  Trig.   Art.  51,    page  122);    and    since 

angles  are  proportional  in  the  same  circle  to  the  subtending 
arcs^  we  have 

2 Trig  _^  360^  [ 

.-.  if  =  —  A 

TT 

which  equation  determines  Ri  from  such  measurements  it  is 
found  that  R  =  4000  miles  nearly. 

58.  But  it  is  found  that  when  the  distance  between  two 
places,  the  latitude  of  which  differs  by  1°,  is  measured  in 
different  parts  of  the  same  meridian,  the  results  do  not  agree. 
It  is  found  that  the  length  of  a  degree  (as  it  is  called)  in- 
creases with  the  latitude,  L  e»  is  least  at  the  equator  and 
increases  as  we  approach  the  poles;  in  other  words,  near 
the  equator  it  requires  a  smaller  change  of  our  position  than 
near  the  poles  to  produce  the  same  amount  of  change  in  the 
position  of  the  zenith :  now  it  is  manifest,  that  the  more  the 
surface  of  the  earth  is  curved  the  more  rapid  will  be  the 
change  of  zenith  to  a  person  walking  over  it,  hence  we  con- 
clude that  the  curvature  of  the  earth  is  greatest  at  the  equator, 
and  diminishes  towards  the  poles.  Hence  the  equatoreal  radius 
must  be  greater  than  the  polar  radius,  and  the  earth  may  be 
conceived  of  in  general  as  a  globe  slightly  flattened  at  the 
poles.  Accurate  observation  shews  that  the  rate,  at  which  the 
curvature  of  the  earth'*s  surface  changes,  agrees  with  the 
hypothesis  of  its  form  from  being  that  of  an  oblate  spheroid, 
as  has  already  been  assumed. 

ON   THE    SOLAR   SYSTEM. 

59.  We  shall  now  proceed  to  give  a  more  accurate  ac- 
count of  the  sun  and  the  bodies  revolving  about  it,  of  which 
the  earth  is  one. 

29 
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The  principal  planets  are  named  as  follows,  the  order 
being  that  of  their  distances  from  the  Sun,  Neptune*,  Uranus, 
Saturn,  Jupiter,  Mars,  the  Earth,  Venus,  Mercury.  Besides 
which  there  are  five  very  small  planets,  called  asteroidsy  and 
bearing  the  names,  Ceres,  Pallas,  Vesta,  Juno  and  Astraea; 
these  are  invisible  to  the  naked  eye,  and  in  point  of  distance 
from  the  sun  are  intermediate  to  Mars  and  Jupiter.  Two  of 
these,  Neptune  and  Astrsea,  have  been  very  recently  added  to 
the  list,. and  even  now  others  may  exist  which  have  not  been 
recognised,  for  among  the  multitude  of  telescopic  stars  few, 
comparatively  speaking,  have  been  sufficiently  observed  to 
enable  us  to  decide  upon  the  constancy  of  their  position. 

60.  The  paths  of  the  planets,  with  the  exception  of  the 
asteroids,  are  in  planes  making  a  small  angle  with  the  plane  of 
the  ecliptic,  and  their  motions  are  governed  by  the  three 
following  remarkable  laws,  called  from  their  discoverer  Eepler^s 
Laws. 

I.  The  planets  move  in  ellipses^  each  having  the  sun^s 
centre  in  one  of  its  foci. 

II.  The  areas  swept  out  by  each  planet  about  the 
sun  are 9  in  the  same  orbits  proportional  to  the  time  of 
describing  them. 

III.  The  squares  of  the  periodic  times  are  propor- 
tional to  the  cubes  of  the  major  awes. 

It  will  be  easily  seen  that  these  three  laws  follow  at  once 
from  the  hypothesis  of  a  force,  varying  inversely  as  the  sqjuare 
of  the  distance,  resident  in  the  sun''s  centre.  (See  Newton^ 
Props.  I.  XI.  and  XV.)  Speaking  accurately,  the  centre  of  the 
sun  is  not  a  fixed  point,  the  motion  taking  place  in  fact  about  the 
centre  of  gravity  of  the  whole  system  ;  but  on  account  of  the 
enormous  mass  of  the  sun,  as  compared  with  any  one  or  with 

*  The  title  of  Neptune  has  been  applied  to  the  new  planet,  the  discovery  of 
which  has  been  made  during  the  passage  of  the  present  work  through  the  press,  as 
being  that  which  appeafs  to  be  most  likely  to  be  agreed  upon  as  the  permanent  name. 
The  discovery  forms  one  of  the  most  remarkable  epochs  in  the  history  of  Astronomy. 
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all  of  the  planets,  the  centre  of  gravity  is  very  near  the  centre 
of  the  sun,  and  may  generally  be  conceived  of  as  coincident 
with  it.  Moreover,  no  one  of  Kepler's  laws  is  quite  rigidly 
true,  because  not  only  does  the  sun  attract  each  of  the  planets, 
but  the  planets  mutually  attract  each  other,  and  produce  slight 
perturbations  or  deviations  from  laws  which  would  hold  strictly 
for  any  one  undisturbed  planet ;  it  may  be  as  well  to  observe 
here,  that  with  respect  to  such  perturbations  theory  and  ob* 
servation  are  in  complete  accordance. 

61.  The  planets  which  are  at  a  greater  distance  from  the 
sun  than  the  earth,  are  called  superior  planets,  those  which 
are  at  a  smaller  distance,  inferior.  It  will  be  anticipated  that 
the  phenomena  exhibited  by  these  two  classes  to  an  observer 
on  the  earths  surface  will  be  in  many  respects  different. 

Let  S  be  the  sun's  centre,  EE'  the  earth^'s  orbit,  PP 
the  orbit  of  an  inferior  planet, 
supposed  for  simplicity's  sake  to  be 
in  the  plane  of  the  ecliptic.  Then 
it  is  evident  that  the  planet'^s 
elongation  from  the  sun,  that  is, 
the  angle  subtended  at  the  earth 
by  its  distance  from  the  sun,  can 
never  exceed  a  certain  limit  ;  for 
from  Ef  the  position  of  the  earth, 
draw  EPf  EP  tangents  to  the  planet's  orbit,  then  PES^  or 
PES,  will  be  the  maximum  angle  of  elongation,  and  the 
elongation  will  vary  between  zero  and  this  value ;  sometimes  the 
planet  may  even  pass  between  the  earth  and  the  sun,  and  it  will 
then  be  seen  to  cross  over  the  sun's  face  like  a  dark  spot.  Now 
suppose  the  sun  and  the  planet  to  revolve  round  E^  then  the 
time  of  passing  the  meridian  of  any  given  place  will  not  be 
very  different  for  the  sun  and  the  planet ;  for  example,  let 
Venus  hav«  her  maximum  elongation,  and  suppose  her  to  rise 
some  time  before  the  sun  so  as  to  be  a  morning  star,  then  the 
time  by  which  her  rising  precedes  that  of  the  sun  diminishes 
until  at  last  she  is  so  near  the  sun  that  she  becomes  invisible  : 
afterward  she  begins  to  rise  after  the  sun,  and  therefore  to  set 
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after  him,  and  thus  becomes  an  evening  star.  Mercury  is 
seldom  sufficiently  far  from  the  sun  to  be  visible  with  the 
naked  eye.  There  is  manifestly  no  limit  to  the  elongation  of 
the  superior  planets,  and  therefore  no  connection  between  the 
times  of  their  rising  or  setting  and  that  of  the  sun. 

62.  The  inferior  planets  present  to  the  earth  phases, 
exactly  as  does  the  moon ;  this  will  be  seen  to  be  a  necessary 
result  of  the  manner  in  which  they  are  illuminated,  for  since 
only  one  hemisphere  of  the  planet,  namely  that  which  is  turned 
towards  the  sun  is  illuminated,  the  portion  of  the  illuminated 
surface  visible  from  the  earth  must  depend  upon  the  relative 
positions  of  the  sun,  earth,  and  planet.  Of  the  superior  planets, 
Mars,  which  is  the  nearest  to  the  earth,  presents  sometimes  a 
slightly  gibbous  appearance,  that  is,  a  phase  like  that  of  the 
moon  when  near  full,  but  the  others  have  no  perceptible 
changes  of  phase,  because  the  direction  in  which  light  falls 
upon  them  from  the  sun  is,  on  account  of  their  great  distance, 
very  nearly  the  same  as  that  in  which  they  are  viewed  from 
the  earth. 

63.  The  limits  of  this  treatise  will  not  allow  us  to  enter 
upon  a  description  of  the  physical  peculiarities  of  the  various 
planets.  We  cannot  however  omit  to  take  notice  of  the  very 
remarkable  object,  called  Saturn's  ring.  It  would  be- more 
correct  to  speak  of  two  rings,  for  there  are  in  fact  two,  lying 
in  one  plane  and  separated  from  each  other  by  a  narrow  inter- 
val, the  inner  one  being  separated  by  a  much  wider  interval 
from  the  planet  itself.  The  ring  has  a  rapid  rotation  in  its 
own  plane,  the  centrifugal  force  arising  from  which  is  doubt- 
less the  means  of  preserving  its  form  and  its  position. 

64.  The  earth  and  the  superior  planets  are  accompanied 
by  secondary  bodies,  termed  satellites,  revolving  about  them  in 
the  same  manner  as  they  themselves  revolve  about'  the  sun. 
Of  these  satellites  or  moons,  the  earth  has  one,  Jupiter  four, 
Saturn  seven,  Uranus  certainly  two  and  perhaps  six ;  whe- 
ther Neptune  is  attended  by  satellites  has  not  been  at  present 
ascertained. 
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For  much  interesting  information  on  this  and  other  subjects 
the  reader  is  referred  to  Sir  J.  F.  W.  Herschei'^s  Treatise  on 
Astronomy,  being  a  volume  of  the  Cabinet  Cyclopaedia ;  in 
that  work  the  facts  of  astronomy  are  treated  with  a  clearness 
and  liveliness  of  illustration  which  cannot  fail  in  the  highest 
degree  to  interest  and  instruct. 


ON  THE  MOON. 

65.  The  earth  is  accompanied  (as  has  been  already  men- 
tioned) in  its  course  round  the  sun  by  a  secondary  body,  which 
we  call  the  moon,  and  which  revolves  round  it  in  the  same 
kind  of  way  as  the  earth  revolves  about  the  sun,  and  from 
west  to  east.  The  distance  of  the  moon  from  the  earth,  as 
concluded  from  the  value  of  its  horizontal  parallax,  is  about 
60  of  the  earth'^s  radii.  The  moon  revolves  round  the  earth 
according  to  the  ordinary  rules  of  bodies  moving  in  central 
orbits,  deviating  however  from  the  strictness  of  these  rules 
materially  in  consequence  of  the  disturbing  force  of  the  sun, 
which  is  much  greater  than  that  of  one  planet  on  another,  and 
therefore  causes  the  moon'^s  orbit  to  deviate  more  from  the 
elliptical  form  than  is  the  case  with  the  orbit  of  a  planet. 
The  time  of  the  moon'^s  revolution  about  the  earth  is  27  days 
7  hours  nearly. 

66.  The  most  remarkable  phenomenon  exhibited  by  the 
moon  is  the  change  of  her  phase^  which  has  been  already 
alluded  to  in  speaking  of  the  phases  of  the  inferior  planets,  and 
which  is  an  immediate  result  of  her  being  illuminated  by  the 
sun.  It  is  manifest  that  when  the  moon  and  sun  are  on  oppo- 
site sides  of  the  earth,  or  the  moon  is  in  geocentric  opposition^ 
the  bright  side  of  the  moon  will  be  turned  towards  the  earth, 
or  it  will  be  full-fnoon  ;  and  when  the  moon  is  between  the 
earth  and  sun,  or  in  geocentric  conjunction^  the  bright 
side  will  be  turned  away  from  the  earth,  or  it  will  be  new- 
moon.  Between  these  two  extreme  cases  the  moon  vKO.  present 
every  variety  of  phase.  The  time  elapsing  between  two  suc- 
cessive full-moons  is  not  that  of  the  moon'^s  revolution,  because 
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the  sun  has,  during  the  month,  advanced  in  its  course ;  the  time 
will  be  equal  to  the  time  of  revolution  of  the  moon,  together 
with  that  which  the  moon  takes  to  pass  over  the  space  moved 
through  by  the  sun,  or  about  29^  days.  This  is  called  a 
lunatioTij  or  a  synodic  period. 

&J.  It  may  be  noticed  that  the  moon  when  full,  being  in 
exactly  the  opposite  quarter  of  the  heavens  from  the  sun,  or  in 
other  words,  distant  from  the  sun  180^  in  R.A.,  comes  upon  the 
meridian  12  hours  after  the  sun,  i.e.  at  12  o^clock  at  night; 
hence  the  moon  is  brightest  at  a  time  when  the  darkness  of  the 
night  would  otherwise  be  the  most  intense. 

68.  The  moon  revolves  on  its  own  axis  in  the  same 
direction  in  which  it  revolves  about  the  earth,  and  in  the 
same  period ;  the  consequence  is  that  it  always  presents  to 
the  earth  the  same  face.  The  appearance  of  the  face  is 
extremely  ragged  and  mountainous ;  the  height  of  some  of 
the  mountains  has  been  ascertained,  and  it  thus  appears 
that  they  are  very  much  greater  as  compared  with  the  size 
of  the  moon,  than  in  the  case  of  terrestrial  mountains. 

The  most  obvious  office  of  the  moon  is  that  which  she  per- 
forms in  giving  light  to  the  earth,  but  an  equally  important 
one  is  that  of  producing  tides,  of  which  we  shall  presently 
speak  more  particularly. 

The  phenomenon  of  eclipses  also,  which  the  moon  is  in- 
strumental in  producing,  will  be  separately  considered. 


ON   TIDES. 

69.  The  accurate  theory  of  tides  is  one  of  the  utmost 
difficulty ;  but  a  general  explanation,  sufficient  for  many  pur- 
poses, may  be  given  as  follows. 

Let  £  be  the  earth,  M  the  moon ;  and  suppose  the  earth 
to  be  surrounded  by  a  sea,  and  the  moon  to  be  at  rest  with 
respect  to  it.    Then  the  attraction  of  the  moon  on  each  particle 


of  water  will  tend  to  draw  the  water  away  from  the  earth 
on  the  side  turned  towards  it,  and  thus  to  make  a  protube- 
rance of  water:  there  will  be  a  similar  protuberance  on  the 
opposite  side  of  the  earth,  because  the  force  which  draws  any 
particle  of  water  away  from  the  earth  is  the  difference  between 
the  attraction  of  the  moon  on  that  particle  and  on  the  earth, 
and  hence  the  force  in  question  upon  a  particle  on  the  op- 
posite side  of  the  earth  from  the  moon  will  tend  from  the 
earth ;  and  hence,  as  we  have  said,  there  will  be  a  protuberance 
of  water  on  the  side  of  the  earth  which  is  turned  away  from 
the  moon,  as  well  as  on  the  other.  The  accurate  form  of  the 
surface  of  the  sea  is  a  spheroid,  having  its  larger  axis  passing 
through  the  moon. 

If  there  were  no  moon  there  would  be  a  similar  disturbance 
of  the  spherical  form  of  the  sea  by  the  sun's  attraction.  In 
order  to  determine  the  result  of  their  combined  action,  it  will 
be  sufficient  to  observe,  that  if  the  sun  and  moon  are  on  the 
same  side  of  the  earth,  or  the  moon  in  geocentric  conjunction, 
the  action  of  the  two  will  be  combined,  and  we  may  suppose 
the  effect  to  be  the  sum  of  those  due  to  their  separate  actions : 
but  if  the  sun  and  moon  are  on  opposite  sides,  or  the  moon  in 
geocentric  opposition,  the  effect  will  be  the  difference  of  the 
two ;  in  other  positions  of  the  sun  and  moon  the  results  will 
be  intermediate.  Let  us  now  suppose  that  as  the  moon  re- 
volves the  tidal  protuberance  follows  it,  then  as  the  earth 
turns  on  its  axis  each  place  of  the  surface  will  have  low  and 
high  water  succeeding  each  other  at  intervals  of  twelve  hours. 
From  what  has  been  said  it  is  clear  that  the  highest  tides  will 
be  at  the  new  and  full  moon,  and  the  lowest  at  the  times  half 
way  between ;  the  former  are  called  spring-tide8,  the  latter 
nee^tidea.  In  order  to  make  this  theory  agree  tolerably  well 
with  observation,  it  is  necessary  to  suppose  that  the  axis  of  the 
tidal  spheroid  lags  somewhat  behind  the  moon, 
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ON  ECLIPSES. 


70.  Eclipses  are  of  two  kinds,  namely,  of  the  moon  and 
of  the  sun,  and  may  be  described  in  general  as  being  caused 
respectively,  by  the  passage  of  the  moon  through  the  shadow 
thrown  behind  the  earth,  and  by  the  passage  of  the  moon 
between  the  earth  and  the  sun,  so  as  to  intercept  the  sun^s 
light  from  the  earth.  It  is  manifest  that  if  the  motions  of  the 
sun,  earth,  and  moon,  be  accurately  known  so  that  their  rela- 
tive positions  at  any  time  can  be  predicted,  it  will  be  only  a 
matter  of  calculation  to  determine  when  an  eclipse  will  take 
place ;  but  the  method  of  calculation  must  be  very  di£FereDt 
in  the  case  of  a  lunar  from  that  of  a  solar  eclipse,  and  the 
latter  will  be  very  much  more  complicated  than  the  former,  as 
will  be  seen  when  we  have  described  the  phenomena  more 
particularly. 

Lunar  Eclipse. 

71*  Let  S  be  the  sun,  E  the  earth,  draw  the  common 
tangents  to  their  surfaces  ACU9  BDUj  meeting  in  27,  and  the 
two  APDF\  BPCF^  meeting  in  P  between  the  sun  and 
earth. 


Then  the  portion  of  the  cone,  of  which  the  vertex  is  U, 
behind  the  earth  is  the  earth's  shadow,  and  is  called  the  umbra ; 
the  portion  of  the  cone,  of  which  the  vertex  is  P,  behind  the 
earth  is  partially  free  from  the  sun's  rays  in  consequence  of 
the  intervention  of  the  earth,  and  is  called  the  penumbra. 
When  the  moon  is  eclipsed  it  is  observed  to  enter  the  penum- 
bra first,  and  afterwards  the  umbra:  on  account  of  the  re- 
lative magnitude  of  the  earth's  diameter  and  the  distance  of 
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the  moon,  the  distance  of  the  vertex  of  the  umbra  from  the 
earth  is  always  greater  than  that  of  the  moon,  and  hence  the 
moon  will  always  pass  through  the  umbra  if  at  the  time  of 
geocentric  opposition  its  path  is  rightly  directed. 

72.  But  there  is  not  necessarily  an  eclipse  of  the  moon 
at  each  opposition,  because  the  moon'^s  orbit  is  inclined  to  that 
of  the  ecliptic,  and  at  the  time  of  opposition  it  may  not  be 
sufficiently  near  to  a  node^  (or  point  in  which  her  path  crosses 
the  ecliptic,)  to  pass  through  the  umbra.  We  shall  endeavour 
to  explain  the  mode  of  making  the  calculations  to  determine 
whether  at  any  given  opposition  the  moon  will  be  eclipsed, 
and  to  what  extent. 

73.  Let  EN  be  a  small 
portion  of  the  path  of  the 
centre  of  the  earth^s  shadow 
at  the  distance  of  the  moon, 
considered  as  a  straight  line, 
MN  a  portion  of  the  path 
of  the  moon's  centre,  M 
being  the  position  at  the  time  of  opposition,  and  N  the  node. 
Then  it  will  be  convenient  to  suppose  the  earth  to  remain 
fixed,  and  the  moon  to  move  in  an  imaginary  orbit  MN\ 
called  a  relative  orbit,  such  that  the  distance  between  the 
centres  of  the  moon  and  shadow  shall  always  be  the  same  as 
they  actually  are.  Let  m'  be  the  moon's  centre  when  the 
centre  of  the  shadow  is  at  E' ;  join  Eifn\  take  mm  equal  and 
parallel  to  EE\  and  join  Em\  then  Em  will  be  equal  and 
parallel  to  E'  m  y  and  m  will  therefore  be  a  point  in  the  rela- 
tive orbit.  It  is  not  difficult  to  see  that  the  relative  orbit 
MN*  will  be  a  straight  line,  and  its  inclination  MN'E  to  the 
plane  of  the  ecliptic  may  be  calculated  from  a  knowledge  of 
the  inclination  of  the  moon's  orbit  and  of  the  relative  velocities 
of  the  earth  and  moon. 

The  radius  of  the  umbra  at  the  moon's  distance,  or  rather 
the  angle  subtended  by  that  radius  at  the  earth,  may  be  easily 
calculated  from  the  parallax  of  the  sun  and  moon  and  their 
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apparent    diameters,    all    which    quantities    are    known     and 
registered. 

Now  draw  EJ  perpendicular  to  the  relative  orbit,  then 
since  ME,  which  is  the  moon^s  latitude  at  the  time  of  op- 
position, and  EMA  are  known,  EA  may  be  calculated.  EA 
is  the  nearest  approach  of  the  centres  of  the  moon  and  the 
umbra ;  if  then  EA  be  greater  than  the  sum  of  the  radii  of 
the  moon  and  the  umbra,  there  will  be  no  eclipse,  if  less  there 
will  be  an  eclipse  of  greater  or  smaller  degree  of  obscuration 
according  to  the  value  of  EA,  If  we  draw  two  lines  Eu^ 
Euy  each  equal  to  the  sum  of  the  radii  of  the  moon  and 
umbra,  then  u  and  u'  will  be  the  positions  of  the  moon^s 
centre  at  the  commencement  and  termination  of  the  eclipse  re- 
spectively ;  and  by  calculating  these  positions  we  can  easily 
determine  the  time  of  the  commencement  and  termination. 

74.  Since  a  lunar  eclipse  is  caused  by  an  actual  depriva- 
tion of  the  sun^s  light,  in  order  to  determine  the  places  at 
which  a  given  lunar  eclipse  will  be  visible,  it  is  only  necessary 
to  determine  the  places  which  will  have  the  moon  above  their 
horizon  at  the  time.  The  calculation  is  easily  made,  but  for 
practical  purposes  it  is  sufficient  to  proceed  as  follows :  take  a 
common  terrestrial  globe,  determine  upon  it  the  moon's  place 
at  the  commencement  of  the  eclipse,  then  all  places  on  the 
hemisphere  lying  round  this  point  will  see  the  commencement 
of  the  Eclipse  ;  in  like  manner  determine  the  hemisphere  from 
all  places  of  which  the  termination  is  visible ;  then  the  whole 
of  the  eclipse  will  be  visible  from  all  places  which  are  common 
to  these  two  hemispheres. 

Solar  Eclipse. 

75.  The  calculation  of  a  solar  eclipse  is  more  difficult 
than  that  of  a  lunar,  because  the  moon  by  its  interposition 
between  the  earth  and  sun  will  intercept  the  sun's  light  from 
some  portions  of  the  earth's  surface,  but  not  from  others,  and 
the  sun  may  be  visible  at  a  given  place  during  an  eclipse 
although  the  eclipse  may  not  be  visible. 


ECLIPSES. 
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We  shall  attempt  to  give  some  account  of  the  mode  of 
calculating  the  circumstances  of  a  solar  eclipse,  premising  that 
as  we  have  already  supposed  the  earth  to  remain  fixed  and  the 
moon  to  move  in  a  relative  orbit,  so  here  we  shall  suppose  the 
sun  to  be  fixed  and  the  moon  to  be  apparently  depressed  by 
the  difference  of  the  solar  and  lunar  parallax,  or  (as  we  may 
call  it)  the  relative  parallax.  This  relative  parallax,  as  well 
as  the  apparent  diameters  of  the  sun  and  moon  are  known 
from  the  Nautical  Almanack,  or  some  equivalent   work. 

76.  Let  P  be  the  pole  of  the  equator,  and  for  distinctness^ 
sake,  let  the  plane  of  the  paper  be  the  plane  of  the  solstitial 
colure :  S  the  sun^s  centre  supposed  fixed,  MM'  the  moon's 
relative  orbit;  round  S  draw  a  small  circle,  having  for  its 
radius  the  sum  of  the  apparent  semidiameters  of  the  sun  and 
moon ;  then  to  any  place,  which  is  so  situated  that  the  moon'^s 
centre  can  be  sufficiently  depressed  by  parallax  to  make  it  fall 
within  this  small  circle,  the  eclipse  will  be  visible. 


Let  us  find  the  place  at  which  the  eclipse  will  be  first 
seen.  Draw  SaM  an  arc  of  a  great  circle,  and  make  Ma 
equal  to  the  relative  parallax,  and  produce  SM  to  Z,  so  that 
Za  a  90®,  then  Z  will  be  the  zenith  of  the  place  required,  for 
to  such  a  place  M  will  be  depressed  towards  S  by  the  whole 
relative  horizontal  parallax. 

Again,  suppose  we  wish  to  determine  those  places  on  the 
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earth's  surface  to  which  the  first  contact  for  different  positions 
of  the  moon  first  becomes  visible.  Let  m  be  any  position  of 
the  moon  in  the  relative  orbit,  then  from  m  we  can  draw^  in 
general,  two  arcs  of  great  circles  mb^  mh'*^  to  meet  the  small 
circle  round  S^  and  if  we  produce  these  to  Z'  and  Z'\ 
making  hZ'  ^  HZ!'  »  90^  the  moon  will  appear  depressed  as 
much  as  possible  to  these  two  places,  and  therefore  for  the 
position  m  of  the  moon  Z'  Z"  are  the  zeniths  of  the  two 
places  to  which  an  apparent  contact  will  be  first  visible.  And 
so  we  may  trace  a  curve  on  the  earth^s  surface  including  all 
places  determined  by  this  construction. 

In  like  manner  any  other  problem  may  be  solved ;  the 
most  general  perhaps  is  this,  to  find  all  places  on  the  earth^s 
surface,  at  which  a  given  portion  of  the  sun'^s  surface  will 
appear  obscured  at  a  given  time. 

By  methods  founded  upon  the  principles  which  we  have 
endeavoured  briefly  to  describe,  maps  are  constructed,  such 
as  those  in  the  Nautical  Almanack,  exhibiting  curves  on  the 
earth^s  surface  comprehending  all  places  for  which  an  eclipse 
will  be  visible  in  a  given  degree. 

ON  THE  SATELLITES  OP  THE  PLANETS. 

77'  l^he  satellites  have  been  already  described  as  se- 
condary bodies,  which  attend  the  planets  in  their  orbits,  and 
revolve  about  them  in  the  same  manner  as  the  planets  them- 
selves revolve  about  the  sun.  The  earth  is,  as  we  well  know, 
attended  by  one  such  satellite,  viz.  the  moon,  a  body  which  on 
account  of  its  peculiar  interest  to  ourselves  has  already  received 
a  separate  notice.  In  these  systems  Kepler^s  laws  are  obeyed, 
except  so  far  as  the  motion  is  disturbed  by  extraneous  causes. 

78.  The  satellites  of  Jupiter  are  those  which  have 
been  most  observed ;  they  revolve  from  west  to  east,  that 
is,  in  the  same  direction  as  the  moon  and  planets,  and  in 
planes  nearly  coinciding  with  the  equator  of  the  planet.  Their 
eclipses  are  frequent;  in  fact,  on  account  of  the  smallness  of  the 
inclinations  of  their  orbits  and  the  great  length  of  Jupiter's 

*  The  letters  hh'  are  omitted  in  the  figure. 
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shadow,  three  out  of  the  four  are  eclipsed  at  every  revolution, 
usually  the  fourth  also,  though  on  account  of  the  greater  in- 
clination of  its  orbit  not  invariably. 

79.  The  most  remarkable  result  of  observations  of 
Jupiter'^s  satellites  is  the  discovery  of  the  fact  of  the  propa- 
gation of  light  with  a  finite  velocity,  and  the  actual  calculation 
of  that  velocity.     This  we  proceed  to  explain. 

It  was  observed  by  Roemer,  that  the  eclipses  of  Jupiter^s 
satellites  always  happened  too  soon^  that  is,  sooner  than  he 
expected  from  an  average  of  observations,  when  Jupiter  was 
in  geocentric  opposition^  and  therefore  the  earth  as  near  to 
Jupiter  as  possible,  and  too  late  when  in  geocentric  con- 
junction^  and  therefore  the  earth  as  far  from  Jupiter  as 
possible.  This  was  accounted  for  by  the  hypothesis  that  light 
required  a  finite  time  for  its  propagation,  and  that  therefore 
the  same  phenomenon  would  not  appear  to  happen  at  the  same 
moment  to  two  observers  at  stations  190,000,000  miles  apart, 
as  is  in  fact  the  case  with  two  observers  at  opposite  sides  of 
the  earth's  orbit.  It  is  easy  to  see  that,  supposing  the  error 
in  the  time  of  the  eclipses  to  be  due  to  this  cause,  we  have 
sufficient  data  for  calculating  the  actual  velocity  of  light,  and 
the  velocity  thus  found  coincides  with  that  which  results  from 
the  phenomenon  of  aberration,  which  has  been  already  ex- 
plained (Art.  49) :  the  coincidence  of  the  two  independent 
determinations  leaves  no  doubt  respecting  the  accuracy  of 
each. 

ON   TIME. 

80.  There  are  three  kinds  of  days  recognised  by  astro- 
nomers, viz..  Sidereal,  Solar,  and  Mean  Solar.  Each  of  them 
is  divided  into  24  hours,  each  hour  into  60  minutes,  and  each 
minute  into  60  seconds. 

The  sidereal  day  is  the  interval  between  two  successive 
transits  of  the  true  first  point  of  Aries ;  or  it  is  the  time  of 
the  earth'^s  revolution  on  its  axis.  Sidereal  hours  are  those 
marked  by  the  sidereal  clock  already  described.  (Art.  28.) 


■  i 
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The  8olar  day  is  the  interval  between  two  successive  tran- 
sits of  the  sun,  and  is  therefore  not  of  constant  length ;  hence, 
although  the  beginning  of  this  day  is  marked  by  a  very  ob- 
vious phenomenon,  viz.,  the  transit  of  the  sun,  yet  it  would 
be  extremely  inconvenient  as  the  ordinary  standard  of  time. 

The  mean  solar  day  is  equal  in  length  to  the  average  of 
true  solar  days;  its  commencement  is  marked  by  no  actual 
phenomenon,  but  by  the  transit  of  an  imaginary  sun  which  is 
supposed  to  move  uniformly  in  the  equator  with  the  sun^s 
mean  or  average  velocity. 

Ordinary  clocks  indicate  mean  solar  time,  and  are  there- 
fore sometimes  in  advance  of  the  sun,  sometimes  behind  it. 
The  quantity  which  must  be  added  to,  or  subtracted  from, 
true  solar,  to  give  mean  solar  time,  is  called  the  equation  of 
time,  and  requires  a  particular  explanation. 

81.      The  Equation  of  THme. 

The  equation  of  time  may  be  conceived  of  as  arising  from 
two  distinct  causes,  viz.,  first,  the  motion  of  the  sun  in  the 
ecliptic,  and  not  in  the  equator,  in  consequence  of  which  the 
time  of  noon  would  vary  even  if  the  motion  of  the  sun  in  its 
orbit  were  uniform  ;  and,  secondly,  the  variable  motion  of  the 
sun  in  its  orbit,  in  consequence  of  which  there  would  be  an 
equation  of  time  even  though  the  ecliptic  had  no  obliquity. 
It  will  give  distinctness  to  our  explanation  to  consider  these 
two  parts  of  the  equation  separately. 


I.     Let  £  T  E'  be  the  equator,  C  y>  C  the  ecliptic,  P,  n 
their  respective  poles:  and  let  S  be  the   sun  in  the  ecliptic 
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betw^n  T  and  the  summer  solstice.  Draw  the  declination 
circle  PSS19  then  Si  is  the  place  of  the  sun  in  the  equator. 
Now  the  mean  sun  is  to  be  supposed  to  start  with  the  true 
sun  from  ^ ,  and  to  move  in  the  equator  with  the  sun's  velo- 
city ;  hence  it  is  manifest  that  the  two  suns  will  be  on  the 
solstitial  colure  at  the  same  time,  and  will  meet  at  the  au- 
tumnal equinox:  but  between  T"  and  the  solstice,  the  R.A. 
of  the  mean  will  be  greater  than  that  of  the  true  sun,  for  the 
R.A.  of  the  mean  sun  is  to  be  equal  to  St^  which  it  is 
easy  to  see  is  greater  than  a^i  nr ;  because,  if  we  take  the 
case  of  the  sun  being  very  near  y^ ,  we  may  treat  St  Si  as 
a  plane  right-angled  triangle,  in  which  the  hypothenuse  Sy 
is  the  greatest  side,  and  the  same  will  be  true  until  the  sun 
reaches  the  solstice,  when  the  R.A.  of  the  two  is  the  same. 
Take  then  S^  as  the  place  of  the  mean  sun,  *y2  being  fur- 
ther from  y  than  Si.  Now  the  earth  revolves  about  its  axis 
in  the  same  direction  as  that  in  which  the  sun  moves,  conse- 
quently the  meridian  of  any  place  is  brought  to  Si  before  it 
reaches  S29  that  is,  apparent  noon  precedes  mean  noon  when 
the  sun  is  moving  from  an  equinox  to  a  solstice.  In  like 
manner  it  will  appear,  that  the  reverse  is  the  case  from  a  sol- 
stice to  an  equinox.  Hence  the  equation  of  time,  so  far  as 
it  depends  upon  the  obliquity  of  the  ecliptic,  is  svhtra^ctwe 
from  an  equinox  to  a  solstice,  additive  from  a  solstice  to  an 
equinox,  and  vanishes  at  both  solstice  and  equinox. 

II.  In  consequence  of  the  eccentricity  of  the  sun'^s  orbit, 
and  the  law  of  Kepler,  according  to  which  the  areas  swept 
out  in  equal  times  are  equal,  the  sun  moves  with  more  than 
its  mean  velocity  when  near  perigee,  and  less  when  near 
apogee.  Suppose  a  fictitious  sun  to  move  in  the  ecliptic 
with  the  sun'^s  mean  motion,  and  to  coincide  with  the  real 
sun  in  perigee ;  then  from  perigee  to  apogee  the  real  sun 
will  be  before  the  mean  sun,  and  therefore  mean  noon  will 
precede  apparent;  the  opposite  will  be  the  case  when  the 
sun  is  moving  from  apogee  to  perigee :  hence  from  perigee  to 
apogee  the  equation  of  time  is  additive,  from  apogee  to  perigee 
subtractive,  and  zero  at  both  apogee  and  perigee. 
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To  conceive  of  these  two  effects  as  combined,  it  is  only 
necessary  to  consider  the  sun  which  moves  in  the  ecliptic,  and 
which  we  spoke  of  as  the  real  sun  when  discussing  the  equa- 
tion of  time  arising  from  the  obliquity,  to  be  not  the  real 
sun,  but  a  second  fictitious  sun  moving  in  the  ecliptic  with 
the  sun's  mean  motion,  and  coinciding  with  the  real  in  pe- 
rigee and  apogee. 

82.      To  Jind  the  Mean  Time  by  observation. 

If  we  have  a  fixed  observatory,  nothing  is  more  simple, 
because  we  have  only  to  observe  the  time  of  the  sun's  transit, 
which  will  give  the  time  of  apparent  noon,  from  which  we  de- 
duce the  time  of  mean  noon  by  adding  or  subtracting  the 
equation  of  time :  or  we  may  observe  the  transit  of  a  known 
star,  which  will  give  us  the  sidereal  time,  from  which  the 
solar  may  be  deduced ;  for  the  sidereal  time  determines  the 
position  of  t  ,  and  since  we  have  tables  giving  the  mean  R.A. 
of  the  sun,  we  may  hence  deduce  the  position  of  the  mean 
sun  with  respect  to  our  meridian  at  the  time  of  observation. 

But  when  we  have  no  fixed  observatory,  we  must  resort 
to  other  methods :  we  shall  describe  only  one.  Let  an  obser- 
vation of  the  altitude  of  the  sun  be  made  before. noon,  and 
another  made  when  the  altitude  is  the  same  after  noon  ;  then 
the  sun  was  on  the  meridian  at  a  period  equidistant  from  the 
two  observations ;  or,  if  a  clock  indicates  h  and  h'  hours  at 
the  two  observations  respectively,  the  time  of  apparent  noon 

by  the  clock  is :  apparent  noon  being  known,  the  mean 

At 

time  may  be  deduced. 

The  preceding  result  is  only  approximately  true,  on  ac- 
count of  the  sun's  motion  between  the  two  observations ;  but, 
if  necessary,  a  correction  may  be  introduced. 

83.     On  the  different  kinds  of  Years. 

Three  kinds  of  years  may  be  reckoned,  which  we  may 
call  astronomical,  the  tropical^  the  sidereal^   and  the  anoma- 
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listic;  besides  which  there  is  the  year  in  the  vulgar  acceptation 
of  the  word,   which  we  may  call  the  civil  year. 

The  tropical  year  is  the  interval  between  the  two  succes- 
sive  arrivals  of  the  sun  at  the  first  point  of  Aries,  and  its 
length  is  about  S65^  5^  48™. 

The  sidereal  year  is  the  interval  between  the  sun'^s  leaving 
and  returning  to  the  same  point  of  the  heavens.  Its  length 
differs  from  that  of  the  tropical  year  on  account  of  the  motion 
of  nr ,   which  has  been  before  explained,  and  is  found  to  be 

The  anomalistic  year  is  the  interval  between  two  succes- 
sive passages  of  the  sun  through  perigee,  and  differs  from  the 
preceding  on  account  of  a  slow  motion  of  the  perigee,  produced 
by  the  disturbance  of  the  planets;   its  length  is  365^  6^  13". 

No  one  of  these  years  would  be  convenient  for  ordinary 
purposes^  because  a  year,  to  be  convenient,  should  consist  of  an 
integral  number  of  days.  The  civil  year  is  therefore  made  to 
consist  of  365  days,  but  to  prevent  the  seasons  from  falling  at 
different  periods  of  the  year,  every  fourth  year,  or  leap-year, 
is  made  to  consist  of  S66  days.  By  this  means  the  average 
length  of  a  civil  year  is  made  to  be  365^  6\  which  is  rather 
more  than  a  tropical  year ;  to  correct  this  error,  which  in 
the  course  of  centuries  would  become  considerable,  the  inter- 
calation is  ordered  to  be  omitted  in  the  years  completing  cen- 
turies, when  the  number  of  years  is  not  divisible  by  four; 
thus  only  97  days  are  intercalated  in  400  years  instead  of  100  : 
the  error  which  remains  will  not  amount  to  a  whole  day  in 
4500  years. 

ON    THE    MODES    OP    DETERMINING    TERRESTRIAL 

LONGITUDE. 

84.  The  problem  of  finding  the  longitude  is  one  of  the 
greatest  practical  importance,  and  one  which  for  a  long  time 
presented  great  difficulties.  It  is  evident  that  if  by  any 
means  we  can  ascertain  at  a  given  moment  what  is  our  own 
mean  time  of  day,  and  also  what  is  the  mean  time  at  some 
given  place,  as  Greenwich,  we  shall  know  how  many  degrees 
30 
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we  are  situated  to  the  east  or  west  of  Greenwich;  now  the  time 
of  day  at  any  place  may  be  ascertained  by  observation,  as 
already  explained  (Art.  82),  hence  the  problem  of  the  longi- 
tude reduces  itself  to  that  of  ascertaining  at  any  given  time 
and  place  mean  Greenwich  time. 

It  is  obvious  therefore  that  the  problem  is  solved,  if  we 
can  obtain  watches  set  to  Greenwich  time  and  of  sufficient 
accuracy  to  be  depended  upon;  and  the  perfection  to  which 
chronometers  have  been  brought,  has  in  fact  made  the  dis- 
covery of  the  longitude  at  sea  a  matter  of  perfect  simplicity. 
Nevertheless  there  are  certain  astronomical  methods  which 
deserve  notice ;   the  following  are  some  of  them. 

85.  By  observation  of  an  eclipse  of  Jupiter* s  satellites. 

The  time  of  an  eclipse  of  one  of  Jupiter'^s  satellites  is  evi- 
dently quite  independent  of  the  place  from  which  it  is  observed; 
and  the  motions  of  the  satellites  being  known,  it  is  possible  to 
predict  every  eclipse  and  to  register  the  time  of  its  happening 
according  to  Greenwich  mean  time ;  if  then  an  observer  at 
another  place  observes  an  eclipse  and  notes  the  time  of  its  hap- 
pening, he  will  be  able  to  compare,  by  means  of  the  Nautical 
Almanack,  his  own  mean  time  with  that  of  Greenwich,  and  so 
determine  his  longitude. 

86.  To  find  the  longitude  by  observing  the  distance  of 
the  moon^s  centre  from  certain  fixed  stars. 

This  is  a  mode   which  can  be  practised  at  sea. 

Let  the  observer  with  a  Hadley'*s  sextant  observe  the 
distance  of  a  star  from  the  moon's  centre,  by  noting  its 
distance  from  the  nearest  and  furthest  point  of  the  moon''s 
disk  and  taking  half  the  sum  of  these  distances.  The  distance 
thus  found  must  be  corrected  for  parallax  and  refraction. 

Also,  let  the  observer,  immediately  after  making  the  pre- 
ceding observation,  (or  another  observer  simultaneously,)  take 
the  altitude  of  the  star.  From  this  observation,  coupled  with 
the  N.P.D.  of  the  star  and  the  latitude,  which  are  supposed 
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known,  the  apparent  time  of  the  place  of  observation  may  be 
found. 

Now  the  Nautical  Almanack  gives  the  distance  of  the 
moon  from  certain  stars,  of  which  that  observed  must  be  one, 
for  every  three  hours,  and  from  this  we  can  easily  determine 
the  Greenwich  time  for  which  the  distance  of  the  moon  and 
star  is  exactly  that  which  we  have  determined,  that  is,  we  can 
determine  the  Greenwich  time  of  taking  the  observation  ;  and 
the  comparison  of  this  with  the  apparent  time  at  the  place  of 
observation  determines  the  longitude. 

87.  The  longitude  of  a  fixed  Observatory  may  be  deter- 
mined thus.  Suppose  the  moon  is  observed  at  the  Observatory 
in  question  to  culminate  with  a  certain  fixed  star,  then  the 
same  star  and  the  moon  will  not  culminate  together  to  a  place 
on  a  different  meridian,  because  the  moon  will  have  moved  in 
R.A. :  suppose  that  the  difference  of  time  (a)  between  the 
transit  of  the  moon  and  the  star  is  observed  at  the  second  place, 
which  will  be  in  fact  the  moon's  motion  in  R.A.  Also  let  A 
be  the  motion  of  the  moon  in  R.A.  in  the  time  of  a  complete 
revolution  of  the  earth,  and  x  the  difference  of  longitude  of 
the  two  places,  then  we  shall  have 

0?^  :   360P  ::   a  :   A; 

a 
or  ct?"  =:  —360",  the  difference  of  longitude  required. 


ON   COMETS. 

88.  We  shall  conclude  this  treatise  with  a  few  words  on 
comets.  These  are  in  fact  planets  revolving  in  conic  sections 
about  the  sun  in  their  focus,  but  in  orbits  of  very  great 
eccentricity ;  the  orbits  of  the  greater  number  are  ellipses  so 
much  elongated  as  to  be  sensibly  parabolas,  and  some  seem  to 
move  in  hyperbolas.  The  number  of  these  bodies  belonging 
to,  or  rather  infesting,  our  system,  appears  to  be  very  great 
indeed ;  but  few  have  been  sufficiently  observed  to  identify 
them,  when  after  travelling  far  into  space  they  again  approach 
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the  sun,  and  becoine  visible  to  us.  Of  the  few  so  observed  we 
may  notice  that  which  bears  the  name  of  Halley'^s  Comet,  the 
period  of  which  is  about  75  years ;  also  Encke's  Comet,  the 
period  of  which  is  3^  years ;  and  Biela^s,  6^  years. 

The  last  two  possess  remarkable  interest ;  the  former  from 
the  fact  of  its  period  being  found  to  diminish,  or  its  distance 
from  the  sun  to  diminish,  a  fact  which  would  seem  to  indicate 
the  existence  of  some  resisting  medium  in  which  the  planets 
move,  but  which  has  at  present  not  sensibly  affected  the 
motions  of  the  larger  planets.  The  latter  is  remarkable  as 
having  been  lately  discovered  to  be  a  double  comet,  or  com- 
bination of  two  comets,  probably  revolving  round  the  centre 
of  gravity  of  the  two. 

The  masi  of  the  comets  appears  to  be  very  small,  but 
they  are  more  easily  visible  than  they  otherwise  would  be  from 
the  fact  of  their  throwing  out  enormous  tails  of  light,  which 
are  observed  to  be  always  turned  away  from  the  sun,  but 
have  not  as  yet  been  accounted  for  as  physical  phenomena. 


THE     END. 
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